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PLANE TRIGONOMETRY; 



• DEFtKlTtOKS. - 

^' rLAKk Trigohometrt treats, of the relations and 
Calculations of the sides and an^es of plane, triangles.- 

2. The tii-cunoference of every circle (as before observed 
in Gebip. Dd& ^7 is supposed to be divided into 360 equal 
parts, called p^^ees ) also each degree into 60 Minutes^ 
and each minute into 60 Seconds, and so on. Hence a se- 
Inicircle. contains ISOiiegrees^ and a quadrant 9Q d^ees. 

3. T5fe Measure of an angle (Defc 57, Geom.) i^ an arc 
of any circle contained between the two lines which form 
that angle, the angular point being the centre j and it is 
estimated by the number of degrees contained in that arc. 

Hence, a right angle, being measiu-^ by a quadrant, or 
quarter ofi the circle, is an angle of 90 degrees ; and the 
stim of the three angles of every triangle, or two right 
angles, is equal to 180 degrees^ Therefore, in a right-angled 
triangle, taking one of the acute angles frpni"90 degreesi 
leaves the other acvttd^^iq^le; and the sum of the two angles, in 
any triangle, taken froin 180 degrees, leaves the third angle; 
or one angle being taken from 180 degrees^ leaves the sum 
Cf the other two angles; ... 

Vol.. ift. B 4. Degrees 
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4* Degrees are marked at the top of the figure with a 
smaU^'-miantes-widi^ aecoadswith'", and so on. Thn^ 
'5T 30' 12'\ denote 57 degrees 30 minutes and 12 seconds. 

5. The Complement of an arc, is 
what it wants of a quadrant or 90P. 
Thus, if AD be a quadrant, then bd is 
the complement of die arc ab ; a^dy 
reciprocally, ab is the complement of 
BD. So that, if AB be an arc of 5(f, 
then its complement bd will be 40^. 

6. The Supplement of an arc, is 
what it wants of a semicircle, or ISO''. 
Thus^ if Ab!E be a semicircle, then bde is the supplement of 
the arc AB; and} reciprocally, AB is the supplement of the 
arc BDE. So that, if AB be an arc of 50^, then its supple* 
ment bde will be 1 30^ 

7. The Sine, or Right Sine, of an arc, is the line drawn 
from one extremity of the arc, perpendicular to the diameter 
which passes through the other extremity. Thus, bf is the 
sine of the an: ab^ or of the jsupplemehtal arc bde. Hence 
the, sine (bf) is half the chord (bg) of the double arc 
(bag). 

8. The Versed Sine of an arc, is the part of the diameter 
intercepted between the arc and its sine. So, A f is the versed 
sine of the arc AB,,and £p the versed sine of the arc edb. 

9. The Tangent of an arc, is a line touching the circle in 
one extremity of that arc, continued from thence to meet a 
Hne drawn from the centime throu^ the other extremity; 
which last line is called the Secant of the same arc. Thusy 
AH is the tangent, and cu the secant', of the arc ab. Also, 
£1 is/:he tangent, and ci the secant, of the supplemental arc 
BDE. And this latter tangent and secant are equal to the 
former, but are accounted negative, as being drawn in an 
opposite or contiltry direction to the former. 

10. The Cosine, Cotangent, and Cosecant, of an arc, 
are the sine, tangent, and secant of the complement of that 
Arc, the -Co being only a contraction of the word comple- 
ment. Thus, the arcs ab, bd, being the complements of 
each other, the sine, tangent, or secant of the one of these, 
is the cosine, cotangent, or cosecant of the other. So, bf, 
the sine of AB, is the cosine of bd; ^d bk, the sine of 
BD, is the cosine of ab: in like manner, ah, the tangent 
of ab, is the cotangent of bd; and dl, the tangent of 
db, is the , cotangent of ab : also, ch, the secant of ab, 
is the cosecant of bd ; and CL, the secant of md, is the co- 
secaut o{ AB. 
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Orp/. Hence 8ev<eralr,reinaFkable»ju*opertjjes easily follow 
from these d,^fiiUtions ; 23, ,'.1 / 

1st, That an arc and its ^upplemeptiJi^ve the sUme sines 
tangent, and secant ; but the two latter, the tangent and 
secant, are accounted megatiye whea the arC: is greater than 
^ quadrant or 90 degrees.. . , : 

2d J When the arc is 6, or nothings the sioe and tangent 
pure nothing, but the secant is then the.radius CA^ the least it 
can be. As the arc increases from 0, the sines, tangents^ 
and secants, all proceed increasing, till the arc becomes at 
whole quadrant ad, and then the sine is the greatest it can 
be, being the radius cd of the circle; and both the tangent 
and secant are infinite; 

SJf Of any arc ab, the verged sine^ A^, and cosine fiic^ 
or CF, together make up the radius ca of the circle. — The 
radius ca, the tangent ah, and the secant ch, form a right*^ 
angled triangle cah. So also do the radius, sine, and cosine^ 
form another right-angled triangle cbf or cbk. As also the 
radius, cotangent, v and cosecant, another right-angled tri* 
angle cdl. And all these right-angled triangles are simila^ 
to each other. 

11. The sine, tangent, or 
recant of an angle, is the sine^- 
tangent, or secant of the arc 
by which the angle is mea« 
sured, or of the degrees, 8cc. 
in the same arc or angle. 

12. The method of con« 
structing the scales of chords^ 
sines, tangents, and siecants, 
usually engraven on instru* 
ments, for practice, is exhi- 
bited in the annexed figure. 

13. A Trigonometrical 
Canon, is a table showing 
the length of the sine, tan« 
gent, and secant, to every 
degree and minute of the 
quadrant, with respect to the !2 ^ 
radius, which is expressed by ^ j 
Unity or 1, with any number 
of ciphers. The logarithms 
of these sines, tangents, and 
secants J are also ranged in the 
B 8 tables) ' 
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tables '9 and these are most commonljf* nsed, as they perform the 
calculations by only addition and subtraction} instead of the 
maltiplic2(tion and dividon by the natural sines, &c, accdrd- 
Ing to the nature of logarithms. Such a table of log. sines 
and tangents, as well as the logs* c^ common numbers, are 
placed at the end of this volume, and the description and 
use of them are as follow; viz. of the sines and tangents; and 
the other table, of common logs, has been already explained 
in the first volume of this Course. 

Description of the Table of Log. Sines and Tangents. 

In the first column of the table are contained all the arcs, 
or angles, for every minute in the quadrant, viz. from 1' to 
450, descending from top to bottom by the left-hand side^ 
and then returning back by the right-hand side, ascendin{|f 
from bottom to top, from 45'' to 90°; the degrees being set 
at top or bottom, and the minutes in the column. Then 
the sines, cosines, tangents, cotangents, of the degrees and 
minutes, are placed on the same lines with them, and ia 
the annexed columns, according to their several respective 
names or titles, which are at the top of the columns for the 
degrees at the top, but at the bottom of the columns for the 
degrees at the bottom of the leaves. The secants and* cose- 
cants are omitted in this table, because they are so easily 
found from the sines and cosines; for, of every arc or angle, 
the sine and cosecant together make up 20 or double the ra- 
dius, and the cosine and secant together make up the same 
*20 also. Therefore, if a secant is wanted, we have only to 
subtract the cosine from 20 ; or, to find the cosecant, take 
the sine &om 20. And the best way to perform these sub- 
tractions, because it may be done at sight, is to begin at the 
left hand, and take every figure from 9, but the last or right 
hand figure from 10, prefixing 1, for 10, before the first 
figure of the remainder. , 

PROBLEM J. 

r 

To compute the Natural Sine and Cosine (fa Given Arc. 

This problem is resolved after various ways. One of these 
IS as follows, viz. by means of the ratio between the diameter 
and circumference of a circle, together with the known series 
for the sine and cosine, hereafter demonstrated. Thus, the 

semi- 
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PROBLEMS. 5 

iteffllcircranferenfee of the circle, whose 'radiiisn is 1, being 

^•141 592653589793 Sec, the proportion will therefore be, 
as the number of degrees or minutes in the simicircle^ 
is to the degrees or minutes in the proposed arc,- 
so is 3*14159265 &c, to the length of the said arc. 
This length of .the arc being denoted by the letter a; an4 

its sine and cosine by s and c; then will these two be ex-- 

pressed by the two following series, viz. 

J- = a 1- - — — — -4- &c. 

2.3^2.3:4.5 2.3.4.5.6.7^ 

- =fl J h&c. 

^ d" a* a^ 

"^ "" ^ """2 "^i^Iii^^XiXe ■*" *^' 

Exam. I. If it be re^uif^d tp ^nd the sine and cosine of 
1 minute. Then, the number of minutes in 180" being 
10800, it will be first, as 10800 : 1. :: 314159265 &c. : 
-000290888208665 f= the Ipgth of an arc of one minute. 
Therefore, in this casp, 

/? =:; -00029,08882 
and 1^3 — -000000000004 &c, 
the dif. is J = '0002908882 the sine of 1 minute. 
Also, from 1. 

take ^a^ = 0*0000000423079 &c, 

leaves q = -9999999577 the cosine of 1 minute." 

' ExAif . 2. For the sihe and cosine of 5 degrees. 

Here, as 180° : 5* : : 8*14159265 &c. : -08726646 = a the 

length of 5 degrees. Hence a = -08726646 

-Itf'ir: - -00011076 . 

4-^fl«= -00000004 



these collected give s s: •08715574 tlve sine of 5* 

And, for the cosine, 1 =: 1 • 

- 4^ * = - '00380771 
+ ^fl*= -00000241 



these collected give c zz '99619470 the cosine of 5°. 

After the same manner, the sine and cosine of any other 
are may be computed. But the greater the arc ig, the slower 

N the 
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|8 PLANE TRIGONOMETRY. 

the si>ries will converge, in which case a greater nuttber %t 
terms must be taken^ to bring out the conclusion to the same 
degree of exactness. 

Or, having found the sine^ the cosine will be found from 
it, by the property of the right-angled triangle cbf, viz. the 

cosine cf zz -v/cb* — bf% or ^ = v^ 1 — -f** 

There are also other methods of constructing the eanoh 
of sines and cosines, which, for brevity's sake, are here 
omitted. 

PROBLEM II. 

To compute the Tangents and' Seci^nfs. 

The sines and cosines being known,' or found by the 
foregoing problem; the tangents and secants will be easily 
found, from the principle of similar triangles, in the follow- 
ing manner : 

In the first figure, where, of the arc ab,.be is the sine* 
CF or BK the cosine, AH the tangent, CH. the secant, dl 
the cotangent, and cl the cosecant, the radius being CA g^r 
CB or CD J the three similar triangles cfb, cah, cdl, give thcj 
following proportions : 

Isty CF : FB : : ca : ah; whence the tangent is known^ 
being a fourth proportional to the cosine, sine, and radius. 

2dy CF : CB : : Ca : CH ; whence the secant is known^ 
being a third proportional to the cosine and radius. 

Sdy BF : Fc : : CD : DL ; whence the cotangent is known^ 
being a fourth proportional to the sine, cosine, and f adius. * 

4/i6, BF : BC :: cd : cl ; whence the cosecant is known^ 
being a third proportional to the sine and radius. 

As for the log. sinesj tangents, and secants, in the tables^ 
they are only the logarithms of the natural sines, tangent5| 
and secants, calculated as ab^ve.- 

Having given an idea of tlie calculation and use of sines^ 
tangents and secants, we may now proceed to resolve the 
several cases of Trigonometry ; previous to which, however^ 
it may be proper to add a few preparatory notes and obser- 
vations^ as below. ; * 

Note 1. There are usually three methods of resolving tri- 
angles, or the cases of trigonometry ; namely. Geometrical 
Construction, Arithmetic^ Computation, and Instrumental 
Operation. 

In the First Method^ The triangle is constructed, by making 
the parts of the. given magnitudes, namely, the sides firom a 
scale of equal parts, and the angles from a scale of chords, 

or 



THEOREM I. I t 

or bf some other instrumbn^ Then' ^tefiCurlug* the un- 
known parts by the same seniles or ki»trfimdn^l(j}l^ ^oltition 
will be obtained near .the truifch« . , 

In the Second Mtthod^ Having; stated the tenns* o£ the 4>r6^ 
portion according to the proper rule or theorem^ revive it 
. like any other proportion^ 'in which a fburtti-tbrn^ i»$o{ be 
found from three giren terms, by mujtiplyi^ tihe stCOvM 
and third tbgetfaer, and dividing the prodluct by tHe %ct^% 
in' working with the natural' numbers;; oryr in.1rt)i^iog yrith 
the logarithms^ add (he logs, of the second and third terms 
together, and from the sum taJte th* logt of the £rsi(.terfiaia 
then the natural number answering to the renx^ inder is the 
fourth term sought* . -/ 

In the Third method^ Or Instrumentallyj as suppose by the 
log. lines on one side of the common two-foot scales ; Ex- 
fend the Compasses from the first term, to the second or 
third, which happens to be of the same kind with it % thett 
that extent will reach from the other term to the foartS 
term, as required, taking both extents towards the same rthJ 
of the scale. . • 

Note 2. Every triangle has six parts, viz. three sides and 
three angles. And in every triangle, or case in trigonome- 
try, there must be given three of these parts, to find the 
other three. Also, of the three parts that are given, one q( 
them at least must be a side ; because, with the same angleS| 
the sides may be greater or less in any proportion. 

Note .3« AU the cases in trigoncMnetry, may b^ comprised 
in three v|u*,ietie» only; vi?. , 

Ix/, When a side and its opposite aogle are glv^i. 

2 J, When two sides and the contained angle are given. 

Srf, When the three sides are given. 

For there cannot possibly be more thab these three varie- 
ties of cases ; for each of which it will therefore be proper to 
give a separate theorem, as follows : 

THEOREM I. V \ 

When a Side and its Opposite Angle are two df^e Given Parts. 

Then the unknown* parts will be found by this theorem ; 
viz. The sides of the" triangle have the same proportion to 
«ach other, as the sines of their opposite angles have* 
That is. As any one side, 

Is to the sine of its opposite angle ) 

So is any other side, 

To the sine of its opposite angle. 

Demenstr. 
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Demotiitr. Vary 4et abc b« the pro- r 

{x>sed triangki having ib the greatttt ^ 

sidei and Bc the least. Take id ^ ^^' 

Be, considering it as a radius ( and let ^^ 1; 
fall the ptipendiculars de> cf, which "^ ^ 
will evid^tly be the sines of the an* 
gles A and b* to the radius ad or bc. 
Now the triangles adEj acf, ?ve equiangular; they therefore 
have their like sides proportional, namely, ac, : cf : : aq 
or bc : DE ; that is, the side ac is to the sine of its opposite 
angle b, as the sid^ bc is to the sine of its opposite angle a* 

Note 1. In practice, to find an angle, begin the proportion 
with a side opposite to a given angle. And tp find a sidej 
begin with an angle opposite to a given side* 

. Note 2. An angle found by this rule is ambiguous^ or un^ 
pertain whether it be acute or obtuse, unless it be a right 
ang}e, or unless its magnitude be such as to prevent the 
^biguity ; because the sine answers tp two angles, which 
are supplements to each other ; and accordingly the geome-^ 
|:rical construction forms two triangles with the same parts 
that are given, as in the example below ; and when there is 
no restriction or limitation included in the questioUi either 
of them may be taken. The number of degrees in the table, 
j3inswering to the sine^ is the acute angle ; but if the angle be 
obtuse, Subtract those degrees from 180*, and the remainder 
win be th6 obtuse angk. When a given angle is obtuse, or 
it right one^ there can be no ambiguity ; for then neither of 
the other angles can be obtuse, and the geometrical construct 
lion will form only one trianglCf 

■1 r • ■ - > 

-' ' EXAMPLE I, 

' In the plane triangle abc^ 



Cab 345 yards 
Given ^ bc 232 yards 
^Z A 87** 20* 
B.eq\jire4' tj^fi^ othqr parts. 




1, 
1. Geometricalk.' 

Drayir an indefinite line ; oh which ^^t off ab = 345^ 
frpm some convenient scafe of equal parts.-— Make theangl6 
A = 37**!.— With a radius of 232, taken from the ^ame 
scale of equal parts, and centre b, .cross Ac in the two 
points Cf c. — ^Lastly, JQi6 Bc, pe, an4 the fig!Cu*e is con«? 
. '• ' ' ' "^ ^tructedj 



\ 
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stmctedf vA&A gives two trianglesi and showing that the 
ca e is ambiguous; 

. Then) the sides ic measured by the scale of equal parts^ 
anc the angles b and c measured by the line of chords^ or 
p^r instrumeati will be found to be nearly as below ^ vtz^ 

AC 174 ^ b27'» z c 115**4. 

« 374^ or 78J or 64 i, 

2. Arithmetically. ' 

Firsts to find the angles at c. 

As side BC 232 • - Jog. 2-365488 

^osin.op. ZA 37^20'* - 9'782796 

So side A^ 345 - . 2'5S781d 

To sin. op. z c 1 15** '361 or 64<^ 24' 9*©5S127 
♦ add z A 37 20 37 20 

t}ie sum 152 5G or 101 44 

taken from 180 00 180 00 '' 

leaves z B 27 04 or 78 16 

Then, to find the side AC. 

As sine 4 a 37° 20' - - . log. 9*782796 

To op. side BC 232 ^ - 2-365488 

C5 . r27° 04' -. - 9-658037 

- sm. v^ B 1 73 16 ^ ^ . 9-990829 

To op. side AC 174*07 - - 2-240729 

qr «74'56 • - 2-573521 

3. Imirumentally. 

In the first proportion.— •Extend the compasses from 232 
^o 345 on the line of numbers j then that extent reaches,. 
on the sines, from 37«j.to 640x, the angle c. 

In the second 'proportion. — Extend the compasses from 
^Ty to 27** or 78°:J:, on the sines ; then that extent reaches, 
on the line of numbers, from 232 to 1 74 or 374^^, the two 
yalues of the side AC. 

EXAMPLE II. 

In the plane triangle abc, 

r AB 365 poles r Z « 98* 3' 

GivcnJ z A 57«> 1?' Ans. \ ac 154*33 

Iz b. 24 45 C BC 309-86 

^e^uired the o^her4)arts. 

EXAMPLE 
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EXAMPLE ni. ' ' . ' ' 

• t 

Id the plane triangle abCj 



C AC 120 feet 




Given < BC 112 feet Ans 

(^ A 57° 28' 

Required the ether parts. 



THEOREM II. 

When tivo Sides and their Contained Angle are given* 

First add the two given sides tG^ether^ to get their suni» 
and subtract them, to get their dimerence* Next subtract 
the given angle from 180% or two right angles, and thq re- 
mainder will be the sum of the two other angles ; then di- 
vide that by 2, which will give the half sum of the said un- 
known angles. Then say. 

As the sum of the two given sides, 
Is to the .difference of the same sides ; 
So is the tang, of half the sum of their op. angles^ 
To the tang, of half the diff. of the. same angles. 
Then add the half difference of the angles, so found, to 
their half sum, and it will give the greater angle, and sub- 
tracting the same will leave the less angle : because the half 
sum of any two quantities, increased by their half difference^ 
gives the greater, and diminished by it gives the less. 

Then all the angles being now known, the unknown side 
will be found by the former theorem* 

Note, Instead of the tangent of the half sum of thp un- 
known angles, in the third term of the proportion, may be 
used the cotangent of half the given angle, which is the 
same thing. 

Demonst.'Let ABc be the proposed 
triangle, having the two given sides 

AC, BC, including the given angle c. 
With the centre c, and radius c A, 
the less of these two sides, describe 
a semicircle, meeting the other side 
BC produced in D, e, and the un- 
known side A£ in A, G* Join a£, 

AD, GG, and draw df parallel to ae. 

Then BE is the sum of the two given sides ac, cb, or of 
EC, CB \ and bd is the diff^erence of the same two given sides 

AC, 
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XCf BC) 6r of CO) CB. Ako, the external angle ace, is equal 
to the giVeh sum of the two internal angles cah^ cba ; but 
the angle ade, at the circumferencef is equal to half the 
angle ace at the centre; therefore the same angle adb is 
equal to half the given sum of the angles cab, cba. Also, 
the external angle agCj of the triangle bcg, is equal to the 
sum of the two internal angles gcBj gbc, or the angle gcb 
is equal to the difference of the two angles agc, gbc ; but 
the angle cab is equal to the said angle agc, thei^e being 
opposite to the equal side^ ac, cg ; and the angle dab, at the 
circumference, is ecfual t6 half the angle dcg at th^ centre; 
therefore the angle f)AB is equal to half the difference of the 
two angles cab, cba ; of wluch it has been shown that ade 
or CDA is the half sum. 

Now the angle dae, in a semicircle, is a right angle, or ae 
is perpendicular to AD ; and df, parallel to ae, is also per- 
pendicular to AD : consequently ae is the tangent of jcda the 
half sum, and df the tangent of dab the half difference of 
the angles, to the same radius ad, by the definition of a tan 
gent. But the tangents ae, df being parallel^ it will be* as 
BE : bd : : Ae : DF ; that is, as the sum of the sides is to 
the difference of the sides, so is the tangent of half the 
sum of the opposite angles, to the tangent of half their 
difference. 

EXAMPLE }. 

In the plane triangle abc> 
r AB 345 yards 
Given •{ AC 174'-07 yards 
i/ A 37° 20' 
Required the other parts. 

1. Geometrically, 

Draw AB =: 345. from a scale of equal parts. Make the 
angle a = 37"* 20'. Set off a c = 174 by the scale of equal 
parts. Join Bc, and it is done. 

Then the other parts being measured, they are found to 
be nearly as follow ; viz. the side Bc 232 yards, the angle 
^ 27», and the angle c 115®4* 

2. Arithmetically, 

The side ab 345 From 180* 00' 

the side AC 174*07 take ^ A 37 20 

their sum 519*07 sum of c and b 142 40 

their differ. 170*93 half sum of do. 71 20 ' 

As 
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As snm of sides ab, ic, - . 51 9*07 log* 2*715226 
To diff. of sides AB, AC, - - 170*93 - 2*2S281g 
So tang, half sum 1$ c and b Tl"" 20 - 10*47129^ 
To tang, half diff. zs c and B 44 16 - 9*988»9a 

these added give / c 115 36 

and subtr. give Z b 27 4 

Then, by the former theorem, 

As sin. / c 115° 36' or 64" 24' - log. 9*955126 

To its op. side ab 345 - - - 2*53781 9* 

So sin. of z A 37° 20' - - - 9782796 

To its op. side bc 232 • - • 2;365489 

3. Insirumentally. 

\n iiit first proportion. — Extend the compasses from 519 
to 171, on the line of numbers; then that extent reaches, 
on the tangents, from 71 «f (the contrary waj, because the 
tangents are set back again from 45"^) a little beyond 45, 
which being set so far back from 45, falls upon 44"^, the 
fourth term. 

In the second prpportion.— Extend from 64**^ to 37®y, on 
the sines ; then that extent reaches, on the numbers, from 
5^5 t(J 232, the fouith term sought, 

EXAMPLE II. 

In the plane triangle abc, 

AB 365 poles i C BC 309*86 



Given < ac 154*33 Ans.^z B 24^45' 

Z A 5T 12' fz c 98 3 

Required the other parts. 



EXAMPLE III. 



In the plane triangle ABC, 

r AC 120 yards r ab 112*6 

Given t BC 112 yards Ans.j ^ a 57^ 28 

I Z c 57° 57' t i^ B 64 35 

Required the other parts. 

THEOREM III. 

When the Three Sides of a Triang/e are givertm 

First, let fall a perpendicular from the greatest anglf on 
the opposite side, or base, dividing it into two segments, and 
the whole triangle into two right-angled triangles : then the 
proportion will be, . ' 

As 
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As the base) or sum of the segments. 
Is to the sum of the other two sid^ ; 
So is the difference of tho$e sides^ ^ 

To the difi. o£ the segments of the base. 

Then take half this ^di^i'cnGe of the segments, and add 
it to the half sum, or the half base, fot* the greater segment ; 
and subtract the same for die less segment. 

Hence, in each of the two right-angled trianglps, there 
will be known two sides, and the right angle opposite to one 
of them ; consequently the other angles will be found hj the 
first theorem. 

Demonstr. By theorl 35, Geom. the rectangle of the sum 
and difference of the two sides, is equal to the rectangle of 
the sum and difference of the two segments. Therefore, 
by forming the sides of these rectangles into a proportion by 
theor. 76, Geometry, it will appear that the sums and dif- 
ferences are proportional as in this theorem. 

EXAMPLE I* 

In the plane triangle abc, 
/-.. r AB 345 yards 

the sides |g^ j^^.Q, 

To find the angles. 

1. GeometrtcaU^* 

Draw the base 'ab = 3*5 by a scale of equal parts. With 
radius 232, and centre a, describe an arc ; and with radius 
174, and centre B, describe another arc, cutting the former 
in c. Join Ac, Bc, and it is done. 

Then, by measuring the angles, they will be found to be 
nearly as follows, viz. 

z A 27«, z B 37°|, and / c 1 l5o|. 

2. Arithmetically » 

Having let fall the perpendicular cp, it will be. 
As the base ab : ac + bc : : ac — bc : ap — bp, 
that is, as 34>: 406-07 : : 57-93 : 68*18 = ap - bp, * 

its half is - 34-09 

the half base is 1 72-50 

the sum of these is 206*59 = af 
and their diff. is 13S*41 = bp 

Then, 
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Then, in the triangle apc, right-angled at Tf 

As the side AC - - 232 - log. 2-86548S 
To sin. op. ^ P - . 90P - 10000000 

So is the side ap - - 206*59- - 2-S15I09 

To sin. op. z ACP • - 62*56' - 9'94962i 
Which taken from - 90 00 
leaves the z A 27 04 

Again, in the triangle bpc, right angled at P, 

As the side bc - , - 174*07 - log. 2-240724 

To sin, op. -^ P - ' - 90* . 10*000000 

So is side BP - - 138*41 - - 2-141168 

To sin. op. z BCP - - 52^ 40' - . 9*900444 

which taken from - 90 00 
leaves the z B 37 20 

Also, the Z ACP 620 ss' 

added to Z bcp 52 40 

gives the whole z acb 115 36 

So that all the three angles are as follow, viz. 
the Z a 27** 4'; the Z B 37^* 20'; the Z c 115^ 36'. 

3* Instrmnentally. 

In the first proportion.^^Extend the compasses from 345 
to 406, on the line of numbers ; then that extent reaches, 
on the same line, from 58 to 68*2 nearly, which is the dif- 
ference of the segments of the base. 

In the second proportion.— Ektend from 232 to 206^, on 
the line of numbers; then that extent reaches, on the sinesj 
from 90** to 630. 

In the third proportion. — ^Extend from 174 to 138^; then 
that extent reaches from 9(y> to 52°|. on the sines. 

EXAMPLE II. 

In the plane triangle abC, 

./! vP < AC 154-33 Ans.< ^ B 24 45 

*^ ^^^^Ubc 309-86 lzc93 3 

To find the angles^ 

y EXAMPLE 



THEOtULM IV. IS 



• 



EXAMPLE III. 

In the plane triangle abc, 

AB 120 Cz a57«28' 

AC 112'6 Ans.< z B 57 57 

Bc 112 (Z c64 35 
To find the angles. 



Given 
the sides 



The tht-ee foregoing the^orems include all^the cases of 
plane triangles, both right-angled and oblique. But there 
are oth^ theorems suited to spme particular forms of 
trianglesj which are sometimes more expeditious in their use 
than the general ones ; one of which) as the case for which 
it serves so frequently occursi may be here taken^ as fol- 
lows : ' 

THEOREM rv. 

J^Tfen a Triangle is Right- angled ; any of the vnhnown parts may 
bejound by the following proportions : viar. 

As radius. 

Is to eid&er leg of the triangle ; 

So is tang, of its adjacent, angle^ 

To its opposite leg ; , 

And so is secant of the same angle^ 

To -die hypothenuse. \ 

Demonstr. ab being the given leg, in the 
right-angled triangle abc ; with the centre 
A, and any assumed radius ad, describe an 
arc D£, and draw df perpendicular to ab, 
or parallel to Bc. Then it is evident, from 
the definitions, that df is the tangent, and 
Ai? the secant of the arc de, or of the 
angle a which is measured by that arc, to the radius ad. 
Then, because of the parallels bc, df, it will be, - - - 
as AD : AB : : df : bc and : : af : ac, which is the same 
as the theorem is in words. 

. Note. The radius is equal, either to the sine of 90*, or the 
tangent of ^S"*; and is expressed by 1, in a table of natural 
sines, or by 10 in the log. sines. 

example I. 
In the right-angled triangle abc, 

1. Geometrically. 
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i. Arithmeticall]^ 




162 ^ 
53^ r 48" ^ 
216 

53* r 48'* 
270 


kg. lO'OCiOOOa 
2-209515 

• 10-124937 
2-334452 

^ 10-22184S 
2-431S63 



1. Geomeiricattj* 

Make ab = J 62 equal parts, and the ^n^e A =5 5S* T 48''| 
then raise the perpendicular aC| meeting Ac in c* So shall 
AC measure 270^ and Bc 216. . 



As radius • 
To leg IB 

So tang. /A •• 

To leg. BC [ms 

' So secant / A - 
To hyp. AC 

3« Instrumentally* 

Extend the compasses from 45* to 53*-^ on the tangents^ 
Tlien that extent will r^ach from 162 to 216 on the hne of 

numbers* 

' EXAMPLE ir- 

tn the right-angled triangle ABC, 

M.y CthelegABlSO ^^^ Cic 892-0146 

^^^^'^ [the /a 62- 40* A^ [bc 348-2464 

To find the other two sides* 

Note. There is sometimes given another method for rights 
angled triangles^ which is this : ' 

ABC being such a triangle, make one 
leg AB radnis ; that is, With centre a, 
smd distsuice ab, describe an afc bf, 
llien it is evident that the other leg bc 
represehts the tangent, and the hypo- 
thenuse Ac the secant, of the arc Br, or 
of the sHigle A. 

In like manner, if the leg 'be be made 
radius \ then the other leg ab will re 
present the tangent, and the hy^othenuse AC tHe secant, o^ 
the arc bg or angle c. 

But if the hypothenuse be made radius ; then each leg 
will represent the sine of its opposite angle ; namely, the \t^, 
AB the sine of the arc ae or angle c, and the leg bc the sine" 
of the arc cd or angle a. 

Then the general rule for all these cases is this, namely, 
that the sides of the triangle bear to each other the same 
proportion as the parts which they represent. 

And this is called^- Making every side radius. 

• NoU 
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N$te 2» When there are given two sides of a right-angled 
triangle} to find the third side; this is to be found by the 
property of the squares of the sides, in theorem 34, Geom. 
viz. that the square of the hypothenuse, or longest side, is 
equal to bo^h the squares of the two other sides together^ 
Therefore^ to find the longest side, add the squares of th^ 
two shorter sides together^ and extract the square root of 
that sum ; but to find one of the shorter sides^ subtract the 
one square from the other, and extract the root of the re- 
mainder. 



Of heights and DISTANCES, &c. 

BY the mensuration and protraction of lines and angles, 
are determined the lengths, heights, depths, aad distances of 
bodies or objects. 

Accessible lines are measured by applying to them some 
certain measure a number of times, as an inch, or a foot) . or 
yard. But inaccessible lines must be measured by taking 
angles, or by such-like method, drawn from the principles 
of geometry. 

When instruments are used for taking the magnitude of 
the angles in degrees, the lines are then calculated by trigo- 
nometry: in the other methods, the lines are calculated from 
the principle of similar tri^gle^ or some other geometrical 
property, without regard to the measitf e of the angles.- 
^ Angles of elevation, or of depression, are usually take^ 
either with a theodolite, or with a quadrant, divided into 
degrees and minutes, and furnished with a plummet suspend- 
ed frdm the centre, and two open sights fix,ed on one of the 
radii, or else with telescopic sights. 

To take tm Angle of Altitude and Depression with the Quadrant. 

Let A be any object, as the sun, 
moon, or a star, or the top of a 
tower, or hill, or other eminence : 
and let it be required to find<the 
measure of the angle abc, which a 
line drawn from the object niakes... 
above the horizontal line Bc. 

Place the centre of the quadrant 
in the angular point, and move jt 

Vol. II. C round 
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round there as a centre, till with one eye at x>, the other 
'being shut, jou perceive the ofa^ct a through the sights ^ 
then will the arc gh of the quadrant, cut off by the plumb* 
line BH, be the measure of the angle ABc as required. 

The angle abc of. depression of ft- — ^ JJ 

any object a, below the horizontal 
line BC, is taken in the same man* 
ner ; except that here the eye is ap- 
plied to the centre, and the measure 
of the angle is the arc gh, on the 
other side of the phimb*line. 

The following examples are to be constructed and calcu- 
lated by the foregoing methods, treated of in Trigonometry. 




EXAMPLE I* 

Having measured a distance of 200 feet, in a direct ho- 
rizontal line, from the bottom of a steeple, the angle d( 
elevation of its top, taken at that distance, was found to be 
4T 30' ; hence it is required to find the height of the steeple. 

< 

Constructhfg* 

Draw an indefinite line ; on which set off AC =r '£00 equal 
parts, for the measured distance. Erect the indefinite per- 
pendicular AB \ and draw CB so as to make the angle c =i 
4^7^ 30', the angle of elevation ; and it is done. Then ab> 
measured on the scale of equal psuetsy is neatly 218^. 



CaictdUtien, 



As radius - - 
To AC 200 - 
So tang. Z.c47**S0' 
To AB 2ia*26 required 



lO-OOOOOO 
2-301080 

10-037948 
2--338978 



c — 




EXAMPLE IX. 



What was the perpendicular height of a cloud, or of a- 
balloon, when its angles of elevation were 35^ and 64% as 
taken by two observers, at the same time, both on the same 
side of it, ahd in the same vertical plane ; the distance be.*- 
tween them being half a mile or 880 yards. And what was 
its distance from the said two observers i 

Cmsiruction. 






» 



Constructim* 

thxw in indefinite ground Une> o& wluch set off the 
^vth distance ab r: S80 j then a and B are the places o^ 
the obsenpers. Make the angle a ^ S$^, and the angle 
li = 64''; then the intersection of. the lines at c will be the 
olace of the balloon c whence the perpendicular cd, being let 
&II9 will be its perpendicular heights Then by measure* 
cient are found the distances ana height nearly as ibUpw^ 
viz. AC I63I9 BC 1041, DC 93^ ^ " 



Calcu/ation. 

First>from z b 
take / A 
leaves z acb 




f% 



Ti 



Then in the triangle ABc, 



As sin« jl acb 
To op. side ab 

So sin. z A 
To op. side BC 



29« 
880 
35* 
1041-125 . 



As 


sin. 


z acb 


29* 


To 


op. 


side Ab 


880 


Soi 


Bin. 


/Bll6° 


or 64** 


To 


op. 


side AC 


1631^142 - 



2*94448$ 
^•758391 
S'OilSOS 

9-685571 
6*944483 
^•953660 
3*212572 



f 



10-000000 
8-017503 
9-953660 
2-97116^ 



And in the triangle BtD, 
As sin. jt D §0^ - * ^ 

Toop.sideBc 1041*125 - - 
So sin. z B 64'' ... 

To op. side CD 935-757 - . - 

BXAMPLE III. 

t 

Having to find the height of an obelisk standing on the 
top of a declivity, I first measured from its bottom a distance 
01^40 feet, and there found the angle, formed by the oblique 
plane and a line imagined to go to the top of the obelisk, 
41**; but after measuring on in the same direction 60 feet 
farther, the like angle was only 23'' 45'. What then was 
the height of the obelisk ? 

C 2 Construction^ 



fA 






f^ 
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Ccnstruction. 

Draw an indefinite line for the sloping plane or declivitfr 
in which assume any point a for the Dottom of the obelisk^ 
from which set off the distance ac = 40, and again cd = 60' 
equal parts. Then make the angle c=:41^, and the angle 
D = 23^ 45' ; and the point B where the two lines meet will 
be the top of the obelisk. Therefore ab, joined, will be its 
height* 

Calculation* 

From the /. c 41* 00' 
take the ^ d 3S 45 
leaves the / dbc 17 15 




Then in the triangle dbc. 
As sin. z pBC iT 15 - - 
To op. side dc 60 - 
So sin. z D 23 45 
To op. side CB 81*4^8 

And in the triangle abc. 
As sum of sides cB, ca 121*488 
To diff. of sides cb, ca 41 •48a 
So tang, half sum / s A^ b 69° 30' 
To tang, half diff. z s A, b 42 24^ 

the diff. of these is z cb a 27 Bl 



9»47208er 
ri7815l 
9-605052 
1-911097 



2-084533 

1-617923 

10-427262 

9-960652 



Lastly, as sin. z CBA 27* S'i 
To op. side cA 40 

So sin. z c - 41° 0' 
To op. side ab 57*623 



9*658284 
1*602060 
9-816943 
1-760719 



Ml 



EXAMPLE IV. 

Wanting to know the distance between two inaccessible 
trees, ^r other objects, from the top of a tower 120 feet 
high, which lay in the same right line with the two objects, 
I took the angles formed by the perpendicular wall and lines 
conceived to be drawn from the top of the tower to the 
bottom of each tree, and found them to be 33^ and 64^4** 
What then may be the distance between the two objects ? 

Construction. 



\ 
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Construction. 

Drawthe indefinite ground line ^^ 

® D, and perpendicular to it ba = /\ ** •• 

1*20 equal parts. Then draw the ^ ',. ''••.,. 

two lines AC, ad, making the two ^ 

angle9 bag, bad, equal to the ^ \ ^ ''''^T 

given measures SS'* and 64°i. So it c 1> 

shall c and d be the places of the 
two objects. 

Cakulaiwn* 

First, in the riglit«angled triangle abc^ 

As radius ----- 10-000000 

To AB - 120 . • - 2 079181 

So tang. /BAG 33<^ - - - §*8 12517 

To BC - 77-929 > - • 1-891698 

Then in the right-angled triangU abd, 

As radius - - - • . lO-OOOOOO 

ToAB - - 120 . ,- 2079181 

So tang. /bad- 64^4 - - 10'S21504 

Tobd - 251-585 - - 2*400685 
From whichtake BC 77-929 
leaves the dist. co 173*656 as required* 

EXAMPLE V. 

c • 

Being on the side of a river, and wanting to know the 
distance to a house which was seen on the other side, I mea^ 
^ured 200 yards in a straight line by the side of the river ; 
and then, at each end of this line of distance, took the hori- 
zontal angle formed between the house and the other end of 
the line; which angles were, the one of them 68** 2', and 
the other 73** 1 5'. What then were the distances from each 
end to the house? 

Construction, 

Draw the line AB == 200 equal parts. Then draw ag $o 

as to make the angle A = 68^ 2\ and bc to make the angle 

B = 73^ J 5'. So shaU the point c be the place of the hous« 

reguired* 

. ' Calcu/atiof9* 




it Or RfilCRTS 

To the given z a 68^ 2' 

add tiM fyrm z B 73 IS 

then thrir sum 141 17 

being taken fitmi ISO 

leaves the third z e 38 45 

Hence» As sin. ^ c 38"" 43' - 9^96206 

To op. side AB 200 - 2301060 

So sin. z A 68* 2' - 9'967268 

To op. side Bc 296*54 - 2*472092 

And^ As sin. / c 36* 43' • 9*796206 

To op. side AB 200 • 2*301030 

So sin. £ B 73'' IS' • 9-9tll71 

To op. side AC 306*19 - ^'485995 

Exam. ti. From the .edge of a ditch, of 36 feet wide, 
surrounding a fort, having tkken the i^gle of elevation of 
the top of die wall* it was found to be 62 40' : required the 
height of the wall, and the length of a ladder to reach from 
my station to the top df it? ^ r height of wall 69*64, 

*\ ladder, 73*4 feet. 

Exam. vii. Required the length of a shoar, which being 
to strut 1 1 feet from the upright of a building, will support a 
jamb 23 feet 10 inches from the ground? 

Ans. 26 feet 3 inches. 

Exam. viji. A ladder, 40 feet long, can be so planted, 
that it shall reach a window 33 feet from the ground, on one 
side of the street) and by turning it dver, withput moving 
the foot put of its place, it will do the same by a window 
21 feet high^ on the other side: required the breadth of the 
street? Ans. 56*649 feet. 

Exam. ix. A maypole, whose top was broken off by a 
blast of wind, struck the ground at 15 feet distance from the 
foot of the p<^: what was the height of the whole maypole, 
supposing the broken piece to measure 39 feet in length? 

Ans. 75 feet. 

Exam. x. At 170 feet distance from the bottom of a tower^ 
the angle of its elevation was found to be 52^ 80' : required 
the altitude of the tower? . , Ans. 221*55 feet. 

Exam. xi. From the top of a tower> by the sea-side, of 
143 feet high, it was observed that the angle of depression 
of a ship's bottom, then at anchor, measured 35®; what then 
was the ship's distance from the bottom of the wall? 

Ans. 204*22 feet. 
Exam* 



AND DISTANCES^ tX 

£xAM. XTi. What is the perpendicular height of a hill i 
its angle of elevation, taken at thfe bottom of it, being 46°, 
and 20C> yards farther off, on a level with the bottom, the 
angle was ST? Ans. 286-28 yards. 

Exam. xm. Wanting to know tht height of an inacces-* 
sibk tower ; at the leafst di^ance frdm ity on the same hori« 
zontal plane, I took its angle of elevation equal to 58^; th^n 
going SOO feet directly from it, found the angle there to be 
only 32^: required its height, and my distance from it at the 
first Ration? At.* f^^g^ 307-53 

^'^^ I distance 192-1^ 

£xAM. xit« Being on a horizontal plane, and wanting to 
know the height of a tower placed on the top of an inacces- 
sible hill; I took the angle of elevation of the top of the hill 
40% and of the top of the tower 51**; then measuring in a 
line directly from it to the distance of 200 feet farther, I 
found the angle to the top of the tower to be 33® 45'. What 
then ts the hei^t of the tower? 

Ans. DS'33148 feet* 

Exam. xv. From a window near the bottom of a house, 
which seemed to be on a level with the bottom of a steeple, 
I took the angle of elevation of the tm of the steeple equal 
40^; then from another window, 18 feet directly above the 
ibrmer, the like angle was 37^ 30': what then is the height 
and distance of the Steele ? a n 5 ^^^^ 9 1 0*4^4 

^"*' 1 distance 250-79 

Exam. xvi. Wanting to know the height of, and my 
distance from, an object on the other side of a river, which 
appeared to be on a level with the place where I stpod, close 
by the side of the river; and not having room to measure 
backward, in the same line, because of the immediate rise 
of the bank, I placed 2^. mark where I stood, and measured 
in a direction from the object, up the ascending ground, to 
the distance of 264 feet, where it was etident that I was 
above the level of the top of the object ; there the angles 
of depression were /ound to be, viz. of the mark left at the 
river- s side 42% of the bottom of the object 27% and. of its 
to^ 19^. Required then the height of the object, and the 
distance of the mark from its bottom?, 

^^^"1 distance 150-50 

« 

Exam, xvii. If the height *of thfe mountain called the 

Peak of Teneriffe be 24 miles, as it is nearly, and the angle 

• '. ' > taken 



34 Of heights 

taken at the top of it^ as formed between a plumb-line and a 
line conceived to to^lch the earth in the horizon, or furthest 
visible point, be 87^ 58'; it is required firom these measures 
to determine the magnitude of the whole earth, and the 
utmost distance that can be seen on itt sorfsMre finmn the top 
of the mountain, supposing the form of the earth to be per* 
fe^tlj globular? 

^^' { dianu 7936 } ™*^' 



Exam, xvxii. Two ships of war, intending to cannonade 
a fort, are, by the shallowness of the water, kept so hr 
from it, that they suspect their guns cannot readi it with 
effect. In order therefore to measure the distance, they se» 
parate from each other a Quarter of a mile, or 440 yaurds $ 
then each ship observes and measures the angle which the 
other ship and the fort subtends, which angles are 83^ 45' 
and SS"" ] 5\ What then is the distance between each ship 
and the fort ? a«« / 2292*26 yards. 

^"^•\ 2298-05 

> 

Exam. xix. Being on the side of a river, and wanting to 
know the distance to a house which was seen at a distance on 
the other side ; I measured out for a base 400 yards in a 
dght line by the side of the river, and found that the two 
angles, one at each end of this line, subtended br the other 
end and the house, were 68''2' and 73*" 15^ What then 
•was the distance between each station and the house? 

Ans. I f ?3'^^ y"*- 
^^1612-38 

Exam. xx. Wanting to know the breadth of a river, I 
.pleasured a base of 500 yards in a straight line close by one 
side of it ; and at each end of this line I ^und the angles sub* 
tended by the other end and a tree, clos^ to the bank on the 
other bide of the river, to be 53** and 79° 18'. What then 
ivas jthe perpendicplar breadth of the river? 

Ans. 529*48 yards. 

Exam. xxi. Wanting to know the extent of a piece of 
water, or distance between two headlands; 1 measured from 
each of them to a certain point inland, and found the two 
distances to be 735 yards and 840 yards; also the horizontal 
angle subtended between these two lines was SS"" 40', What 
then was the distance required ? Ai^* '741 '2 yards. 

, Exam. xxit. A point of land was observed, by a ship at 
;&ea, to bear east-by-south; and after sailmg north-east 12 
iflil^s^ it was foim(l to bear south-ea$t-by**east. It is required 

t© 
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to determine the place ef that headlands and the ship^s di« 
itance from it at the last observation ? Ans. 26*0728 miles» 

Exam* xxiii. Wanting to know the distance between a 
house and a mill» which were seen at a distance on the other 
side of a river> I measured a base, line alon^; the side where 
I was, of 600 yards, and at each end of it took the angles 
subtended by the other end and the house and mill, which 
were as follow, viz. at one end the angles were 58® 20^ and 
95** 20', and at the other end the like angles were 53* 30' and 
98° 45'. What then was the distance between the house and 
mill ? Ans. 959-5866 yards. 

Exam. xxiv. Wanting to know my distance from an in* 
accessible object 0, on the other side of a river ; and having 
no instrument for taking angles, but only a chain or cord- 
for measuring distances ; .from each of two stations, a and b, 
which were taken at 500 yards asunder, I measured in a di- 
rect line from the object 100 yards, viz. AC and bd each 
equal to 100 yards ; also the diagonal ad measured 550 yards, 
and the diagonal bc 560. What then was the distance of 
^he object from each station a and 6 ? 

-^ I BO 500*09 

Exam. xxv. In a garrison besieged are three remarkable 
objects, a, B, c, the distances of which from each other are 
discovered by means of a map of the place, and are as fol- 
low, viz. ab 266^ AC 530, bc 3274 yards. Now, having to 
erect a battery against it, at a certain spot without the place, 
and being desirous to know whether my distances from the 
three objects be such, as that they may from thence be bat- 
tered with effect, I took, with an instrument j the horizontal 
angles subtended by these objects from my station s, and 
found them to be as follow, viz. the angle ASB 13° 30', and 
the angle bsc 29» 50'; required the three distances, SA, sb, sc; 
the object b being situated nearest to me, and between the 
two others a and c ? rsA 757'14j 

Ans.<^ SB 537-10 
Isc 655-30 

Exam. xxvi. Required the same as in the last example, 
when the ol^ect B is the farthest from my station, but still 
-seen between the two others as to angular position, and those 
angles being thus, the angle asb 33° 45', and Bsc 22* 30', 
laiso the thr^e di3tancef, ab 600,. ac 800, BC 4^00 yards ? 

Csa 709 j. 
Ans. ^ SB 1042 J 
/ sc 934 

MENSURATION 
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MENSURATION OF PLANE& 



THE Area of any plane figure, is the measure of the 
space contained within its extremes or bounds i without any 
regard to thickness. 

This area, or the content of the plane figure, is estimated 
by the number of little squares that may be contained in it; 
the side of those little measuring squares being an inch, or a 
foot, or a yard, or any other fixed quantity. And hence the 
area or conttot is said to be so many square incbeSf or square 
feet, or square yards, &c* 

Thus, if the figure to be measured be 
the rectangle abcd, and the little square 
£, whose side is one inch, be the mea* 
suring unit proposed : then as often as 
the said little square is contained in the 
rectangle, so many square inches the 
rectangle is said to contain^ which in 
the present cas^e is 12. 



JD. 
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PROBtBM I. 

^0 find the Area of am Parallelogram ; whether it he a Square^ & 
Rectangfey a RhotjftuSf or a Rhomboid. 

Multiply the length by the ^perpendicular breadth, or 
height, and the product will be th^ area *• 

EXAMPLES. 



* The truth of this rule is proved in the Geom. theor. 81, 
cor. 2, 

' The same is otherwise proved thus : Let the foregoing rect« 
ang^e be the figure proposed ; and let the length and breadth be 
divided into several parts, each equal to the linear measuring 
unit, being here 4 for the length, and 3 for the breadth } and let 
the opposite points of division be connected by right lines."— 
Then it is evident that these lines divide the rectangle into 
a number of little squares, each equal to the square measuring 
unit E 3 and further, that the number of these little squares, or 
the area of the figure, is equal to the number of linear mea* 
curing units in the length; repeated as often as there are linear 

measuring 
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EXAMPLES* 



Ex. !• To find the area of a parallelogrtmi, the length being 
12*25) and breadth or hei^t 8*5. 

12*25 length 
8'5 breadth 



6125 
9800 



104*125 area. 



Ex-^» To find the area of a square^ whose side is 35*25 
fihains. Ans. 124 acres, 1 rood, 1 perch^ 

Ex. 3. To find the area of a rectangular board, whose 
length is 124- feet, and breadth 9 inches. Ans. 9^ fett: 

Ex. 4. To find the content of a piece of land, in form of 
a rhombus, its length being 6*20^chains, and perpendicular 
breadth 5*45. Ans. 3 acres, 1 rood,- 20 perches. 

Ex. 5. To find the number of square yards of painting in 
a rhomboid, whose length is 37 reet, and height 5 feet 3 
inches. Ans. 2 1 -iV square yards. 



PROBLEM II. 

To find the Area of a TriangUi 

Rule 1. Multiply the base by th^ perpendicular height, 
and take half the product for the area *. Or, multiply the, 
one of these dimensions by half th^ other. 



measttring units in the breadth, or height j that is, equal to the 
length drawn into the height; which here is 4 X 3 or 12. 

And it is proved (Geom. theor. 25, cor. 2), that any oblique 
parallelogram is equal to a rectangle^ of equal length and per- 

£sndicular breadth. Therefore the rule i^ general for all paraU 
lograms whatever. 

* The truth of this rule is evident^ because any triangle is 
the half of a parallelognun of equal base and altitude, by Geom. 
theor. 20. ^ ^ 

EXAMPLES. 



2t MENSURATION 

SZAlfPLKS. 

£z. 1. To find the area of a trianglei whose btse U 625, 
and perpendicular height 620 links ? 

Here 625 x S60 = 169500 square links» 
4>r equal 1 acre, 2 roods, 20 perches, the answer. 

Ex* 2. How many square yards contains the triangtet 
whose base is 40, and perpendicular 30 feet ? 

Ans. 6&I square yards* 

Ex. $. To find the number of square vards in a triangle^ 
whose base is 49 feet, and height 25J. feet r 

Ans.6Bf|,or6g*7861. 

Ex. 4. To find the area of a triangle, whose base is 18 feet 
4 inches^and height 11 feet 10 inches ? 

Ans. 108 feet, 5|> inches. 



Rui.x II. When two sides and their contained angle are 
given : Multiply the two given sides together, and take half 
their product : Then say, as radius is to the sine of the given 
angle, so is that half product, to the area of the triangle. 

Or, multiply that half product by the natural sine of the 
said angle, for the area *. 

Ex. 1. What is the area of a triangle, whose two sides 
are 30 and 40, dnd their contained angle 2SP 57' ? 

£y Natural Numbers. By Logarithms^ 
First, i X 40 X 30 = 600, 

then, 1 : 600 : : -484046 sin. 28^ 51' log. 9*684887 

600 2*778151 



Answer 290*4276 the area answ. to 2*463038 



0'mmm^mmmmmmmm^m^t^mi^ iiii i i ■ ■ ■ i ii— — i ■ ■ ■ ■ i 

* For^ let AB, AC, be the two given sides^ 
induding the given angle A. Now ^ ab X 
c|> is the area, l^ the first rule, CP bein^ 
the perpendicular. But by trigonometry, 
as sin. I, p* or radius : AC : : sin. Z a : ,cp, 
which is therefore == AC X sin. Z a, taking 
radius = 1 . 1 herefore the area f a b X CF 
is z= ■§- AB X AC X un. Z A, to radius l ; 
iir, as radius : sin. Z a : : f AB X AC : the area. 
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Ex, 2- How many square yards contauns the triailgie, of 
which one aiigle is 45% and its containing sides 25 and SI^. 
feet ? Ans. 20*d6»4.7. 

Rule III. .When the three sides are given : Add all the 
three sides together, and take half that sum. Next, subtract 
eich side severally from the siid half sum, obtaining three 
remainders. Then multiply the said half sum and those 
three remainders all together, and extract the. square root of 
the last product, for the area of the triangle *. 




IC 



* For, let ABC be the given 
triangle. .Draw the parallels 
AE, ROy meeting the two sideii 
AC, CB, product, is^ D and E, 
and making CD s CB> and 
CB = CA. Also draw cfg bi- 
secting DB and AE perpendicu- 
larly in Fand g-j and fhi pa- 
rallel to the side ab, meeting 
AC in H, and A B produced in I. 
Lastly, with centre h, dtid radius MP, describe a circle meeting 
AC produced in k ; which will pass through o, because o is a 
right angle, and through i, because, by me^s of the parallels, 
Ai =: FB =: DF, therefore Ho = ha, and iIf = hy == ^ab. 

Hence ha or hd is half the diiSerence of the sides AC, cb, and 
HC = half their sum or » f ac + 4 cb j also hk » hi a f if 
orf ab; conseq. ck » | ac + ^CB + ^AB half the sum of all 
the three sides of the triangle abc, or CK » -(s, calling s the sum 
of those three sides. Again hk « Hi » i if = ^ ^b, or kl » ab^ 
theref. cl =: ck — kl = -Js — ab, and ak = ck — cA rzts "" 
AC, and AL n dk = ck — cd =: -Js — cb. 

Now, by the first rule, AO . CG =: the A ace, and AG . fg s 
the A.ABE, theref. AG . cf = A abc. Also by the parallels, 
AG : CG : : DF or lA : CF, theref. AG . CF=r (A acb :r) CG • lA == 
CG . df, conseq. AG . CF . cg . df n A^acb. 

But CO.CF=CK.CL=:^S. (fS-*AB), and AG .DF = AK. AL 

= (^s— AC), (is — Bc) } theref. AG . cf. CG. df=A* acbz: 
is, (fs— AB).(is — Ac).js— BC) is the square of the area of the 
triangle abc. q. e. d. 

Otherwise, 
Because the rectangle ag . <;f = the A abc> and since 
CG : AG : : CF : DF, drawing the first and second terms into cf^ 
and the third aiid fourth into AG, the proper, becomes 
CG . CF : AG .cf:: AG .CF:ao.DF, of CG. CF:A A3C: : AABc: 
bg . DF, that is, the A abc is a mean proportional between C6 . CF 
and AG.DF, or between is.(is— -ab) and (iS"^Ac).(iS'— bc). 

9. E. D. 
Ex. I.. 



so MENSUHATION 

Ex. 1. To indthe ireaof th* triangle whoae three tides 

20 45 . 45 45 

30 20 30 40 

40 — — — 

-^^^ 25 l9t rem. 1 5 2d rem. 5 3d rem* 

3 )90 — — — 

45 half sum 

Then 45 x 25 x 15 x 5 = 84375, 
The root of which is 290'4787, the area. 

Ex. 2. How many square yards of pbstering are in a. 
triangle, whose sides are 30, 40, 50 feet ? Ans. 6^. 

Ex. 3. How many acres, &c. contains the triangle, whose 
sides are 2569, 4900, 5025 Unks i 

Ans. 61 acres, I roodi 89 perches. 



Ti^^fkl tie Ana &fa Trdpe%oii* 

Ann together the two paralld sides; then multiply their 
sum by tli^ perpendicular breadth, or the distance between 
them \ -and take half the pitxluct for the area. By Geom. 
theor. 29. 

Ex. 1. In a trapezoid, the parallel sides are 750 and 1225, 
and the peqiendicubr distance between them 1540 links.: to 
find the area. 
1225 
750 



19*75 >< 770 = 152075 square links =15 acr. 33 perc. 

Ex. 2. How many square feet are contained in the plank, 
whose length is 12 feet 6 inches, the breadth at the greater 
end 15 inches, and at the less end 11 inches ? 

Ans. 13^ feet- 
Ex. 3. In measuring ajong one side ab of a quadrangular 
field, that side, and tt^ two perpendiculars let fall fyn it trom 
the two opposite comers, measured as follow : required the 
content. 

AP 
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M ss 110lmk9 
Aa.a 745 
AB = 1110 
CP s 352 
D<^=s 595 
Ans. 4> acres> 1 roodj 5*792 perches. A. 
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PROBLEM IV. 

Tojind the Area of any Trapizium. 

Divide the trapezium into two triangles by a diagonal^ 
then find th£ areas of these triangles^ and add them ti>- 
geth^r. 

Or thus^ let fall two perpendiculars on the diagonal from 
the other two opposite angles'; then add the$e two perpen* 
diculars together, and multiply that sum by the diagonal, 
taking half the product lor the area of the trapezium. 

Et. 1. To find the area of the trapezium, whose diagonal 
it 42, and the two perpendiculars on it 16 and- 1 8. 

Here 16 + 1« = 34, its half is IT. 
Then 42 x 17 = 714 the area. 

Ex. 2. How many square yards of paving are in die tra^ 
pezium, whose diagonal is 65 feet, and the two perpendicu- 
lars let fall on it 28 and 33^ feet ? Aas. 222-rV yards. 



Ex. 3. In the quadrangular field abcd, on account of ob- 
structions there could only be taken the following measures, 
viz. the two sides bc 265 and ad 220 yards, the diagonal 
AC 318, and the two distances of the perpendiculars from the 
ends of the diagonal, namely, ae 100, and cf 70 yard^. 
Required the construction of the figure, and the area in 
acres, when 4840 square yards make an. acre ? 

Ans. 17 acres, 2 roods, 21 perches^ 

PROBLEM V. 

Tojind tie Area of an Irregular Polygon. 

Draw diagonals dividing the proposed polygon jinto tra- 
peziums and triangles, llien find the areas of all these 
separately, and add them together for the content of the 
whole polygon. 

^ Example. 



^ 

li 



St MENSURATION 

Example. To find the content of the irregulir figure 
ABCDBPGA, in. which are given the following diagonak and 
perpendjiculart : namely, 

AC 55 ^/Aw 

FD 52 ^y^^^^ 

Gni IS ^"v ' — '^'* •^' ■ ■ ■■ ■ ^^^ c 

Bn 18 N. : ,.."""f, 

GO 12 fL""^' 

Bp 8 . /\ '- 

Dq:23 / \ ;::/v 



PROBLBM TI. 

Tojini the Area of a Regular Polygon. 

RuLB L MuLTiVLT the perimeter of the polygon, or sum 
of its sides, by the perpendicular drawn from its centre op 
one of its sides, and take half the product for the area *. 

Ex. 1. To find the area of a regular pentagon, each side 
being 25 feet, and the perpendicular firom the centre on each 
side 17-20477S7. 

Here 25 x. 5 = 125 is the perimeter. 
And 17-2047737 x 125 = 2150'5967i45. 
Its half 1075*29835^ is the area sought. 

Rule II. Square the side of the polygon ; then multiply 
th^it square by the tabular area, or multiplier set against its 
name in the following table,^ and the product will be the 
area f . 

No. 



^ This is only in effect resolving the polygon into as many equal 
triangles at it has sides, by drawing lines from the centre to all the 
angles; then finding their areas^ and adding them all together. 

f This rule is founded on the property, that like polygons, be-* 
ing similar figures, are to one another as the squares of their like 
sides 3 which is proved in the Geom. theor. 89. Now, the multi- 
pliers in the table, are the areas of the respective polygons to the 
side ]. Whence the rule is manifest 

Note. 
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No. of 
Side^. 


Names. 


Areas^ or 
Multipliers. 


3 


Trigon or triangle 


0*4330127 


4 


Tetragon or square 


1-000()0C0 


5 


Pentagon 


172047X4 


6 


Hexagon , 


2-5980762 


7 


Heptagon 


3-0339124 


8 


Octagbri 


4-8284271 


9 


Nonagon 


6-1818242 


10 


Decagon 


7*6942088 


11 


Undecagoti 


9-3056399 


12 


Dodecagoii 


11*1961524 



ExAk. Taking here the same example as before, namely/ 
ft pentagon, whose side is 25 feet. 

Then 25* being a: to 625, 

And the tabular area 1*7204774 ; . 

Thcref. 1*7204774 x 625 i= 1075*298375, as before. 

Ex* 2. To find thfe area of the trigon 01" equilateral tri- 
angle, whose side is 20. Ans. 173*20508. 

JSx. 3. To find the area oJF the hexagon whose side is 20.' 

Ans. 1039*23048. 

Ex. 4. To find the area of an octagon whose side is 20. 

Ans. 1931-37084. 

£x. 5. To find the area of a decagon whose side is 20. 

Ans. 3077*68352. 




Note. The areas in the tabli^, to each side 1 , 
inay be computed in the following manner: 
From the centre c of the polygon draw lines 
to every angle^ dividing the whole fijgutQ into 
^8 many equal triangles as the polygon has 
^id^BS ; and let abc be one of those triangles, 
the perpendicular of which is CD. Diride 
360 degrees by the number of sides in the po- 
lygoiix the quotient gives the angle at the bentre acb. The ^aljf 
of this gives the angle acd ; and this taken from 90^; leaves the 
angle CAD. Then it will be, as radiUs is to ad> so is tatig. angle 
CAD, to the perpendicular CD. This perpendiisular, multiplied by 
the half base ad, gives the area 6f the triangle abc ^ which be^ 
ing multiplied by the number of the triangles, or of the sides of 
the polygon, gives its whole area, as in the table, for every one of 
the figures; 

Vol* II J5 i»roblh^ 
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PROBLEM VII. 

> 

To find the Diameter and Circumference of any Circle^ thr 

one from the other* 

This may be done nearly by either of the two following 
proportions, 

viz. As 7 IS to 22, so is the diameter to the circumference. 
Or, As 1 is to 3' 141 6, so is the diameter to the circum- 
ference *. 

Ex. 1. To find the circumference of the. circle whose dia- 
meter is 20. 

By the first rule, as 7 : 22 : : 20 . 62^, the answer. 

PIx. 2^ 



* For, let ABCD be any circle, >*hose centre 
is £, and let ab, r.c be any two equal arcs. 
Draw the several chords as in the figure, and 
join be; also draw the diameter da, which 
produce to f, till bf be equal to the chord bd. 

Then the two isosceles triangles nr.B, nnr, 
are equiangular, because they have the angle at 
D comraon j consequently di: : "bu : : db : df. 
But the two triangles afb, dcb are identical, 
or equal in all respects, because they have the 
angle f n the angle boc, being each equal to 
the angle adb, these being subtended by the 
equal arcs a r, bc ; also the exterior angle fab of the quadrangle 
ABCD, is equal to the opposite interior angle at c j and the two 
triangles have also the side bp ir the side bd j therefore the side 
AF is also equal to the side dc. Hence the-proportion above, viz. 
de: db : : db : df=:da-|-af, becomes Dr. : Du': : DB: 2de+dc. 
Then, by taking the rectangles of the extiemes and means, it is 
D li- z=. 2de2 + DE . bc. 

Now, if the radius de be taken r: i, this expression becomes 

DB'^rr 2 4- DC, and* hence the root on r: -v/ 2 + dc. That 
is, if the measure of the supplemental chord of any arc be in- 
creased by the number 2, the square root of the sum wiU be the 
supplemental chord of half that arc. 

Now, to apply this to the calculation of the circumference of 
the circle, let the arc ac be taken equal to \ of the circum- 
ference, and be successively bisected by the above theorem : thus, 
the chord AC of J of the circumference, is the idde of the in- 
scribed regular hexagon, and is therefore equal to the radius ae 
or 1 : hence, in the right-angled triangle acd, it will be dciz 

,/Xl>^— AC 
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Ex. 2. If the circumference of the earth be 25000 miles, 
What is hs diameter ? 

Bj the 2d rule, as 3-1416 : 1 : : 25000 : 7957J nearly 
the diameter. » 

PROBLEM 



-•ad^ - AC^ = v^2*.— 1* rr a/ 3 =17320508076, the supple- 
mental chord of -J- of the periphery. 

Then, by the foregoing theorem, by always bisecting the arcs, 
and adding 2 to the last square root> there will be found the sup- 
plemental chords of the 1 2th, the 24th, the 48th, the 96th, &c, 
parts of the periphery J thus. 



^^37320508076 
V'3-93185l652:5 
V3 -9828897227 
V^3-9957178465 
^3 -9989291 743 

'v/a -9997322737 

V3 -9999330678 
V'S '9999832669 



1-93 185 1 6525" 
1*9828897227 

i "998929 1743 

l'9997^22T57 
1-9999330678 

1*9999832669 



I 

a 

CO -^ 



k 

X 

1 
t 

TTfZ 
ITT 



f 



JQ 

a, 



Since then it is found that 3*99^9832669 is the square' of the 
supplemental chord of the r536th part of the periphery, let this 
' number be taken from 4, which is the square of the diameter, and 
the remainder 0*00001 6733 1 will be the square of the chord of 
the said 1536'th part of the periphery, and consequently the root 
V'0-0()G0167331 =0-00409f>(5ll2 is the length of that chord 5 
this number then being multiplied by 1536 gives 6283 J 788 for 
the perimeter of a regular polygon of 1536 sides inscribed in the 
circle J which, as the sides of the polygon nearly coincide witii 
the circumference of the circle, must also express the length of 
the circumference itself, very nearly. 

But now, to show how near this determination 
IS to the truth, let aqp = 0-00409061 12 represent 
one side of such a regular polygon of 1536 sides, 
and SRT a side of another simiJar polygon de- 

. scribed about the circle j and from the centre e 
let the perpendicular eqr be drawn, bisecting ap 
aUd ST in q and r. Then since aq is :i: ^ ap =i 

' 0020453056, and ea = 1, therefore eq^ =ea* 
— AQ^rz 9999958 167, and consequently its root 
gives EQ = 99S9979084 3 then because of the 
parallels ap, st, it is eq : er : : af: st : : asthe whole inscribed 
perimeter : to thecircumscribedone, that is, as •999997^'0^"^ • 1 ^• 
6-2831788 : 6*2831920 the perimeter of the circumscribed poly- 
gon. Now, the circumference of the circle being greater than 

D2 ^« 
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PROBLEM VIII. 

To find the Length of any Are cfa Circle* 

Multiply the decimal 'Oll^B by the degrees in the give» 
arc, and that product by the radius of tM circle, for the 
length of the arc *. 

Ex. I. To find the length of an arc of 30 degrees, the 
radius being 9 feet. Ans. 4'71 15. 

Ex. 2. To find the length of an arc of 12* IC, or 12^^ 
the radius being 10 feet. ' Ans. 2*1281. 

PROBLEM IX. 

* To find the Area of a Circle \. 

RuLB I. Multiply half the circumference by half the 
diameter. Or multiply the whole circumference by the 
whole diameter, and take ^ of the product. 

Rule 



the perimeter of the inner polygonj but less than that of the 
Ottter^ it must consequently be greater than 6*2831788^ 

but less than 6'2831920, 
and must therefore be nearly equal to \ their sum, or 6*2831 854« 
which in fact is true to the last figure> which should be a 3, in- 
stead of the 4. 

Hence the circumference being 6*2831854 when the diameter 
is 2, it will be the half of that, or 3* J 41 5927, .when the diameter 
is 1^ to which the ratio in the rule, viz. 1 to 3*14 16 is very near. 
Also the other ratio in the rule, 7 to 22 or 1 to 3j =: 3*1423 &c> 
is another near approximation. 

' ^ It having been found, in the demonstration of the foregoing 
problem, that when the radiua of a circle is I , the length of the 
whole circumference isi 6*283 1 854, which consists of 30o degrees ; 
therefore as 360® : 6*2831854 : : 1° : *01745 &c, the length of 
the arc of l degree. Hence the decimal '01745 multiplied by 
any number of degree?, will give the length of the arc of those 
degrees. And because the circumferences and arcs are in propor- 
tion as the diameters, or as the radii of the circles, therefore as 
the radius 1 is to any other radius r, so is the length of the arc 
above mentioned, to •01/43 x degrees in the arc X r, which is 
the length of that arc, as in the rule. 

f The first rule is proved in the Geom. theor. 94. 
- And the 2d and 3d rules are deduced from the first rule, in 
this manndr.— By that rule, dc -~ 4 is the area, when d denotes 

the 
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Rule II. Square the diameter, and multiply that square 
by the decimal '7854, for the area. 

Rule IIL Square the circumferencej and multiply that 
square by the decimal •079.58. 

* £x. 1. To £nd the area of a circle whose diameter is 10» 
and its circumference 3 1*4 16. 



By Rule !• 
31-416 
10 



By Rule 2. 
•7854 
10*= 100 



4)31416 
* 78-54 



78-54 



fty Rule 3. 
81-416 
Sl-416 



986-965 
•07958 

78-54 



So that the area is 78*54 by all the three rules. 

# 

Ex. 2. To find the area of a circle, whose diameter is 7, 
and circumference 22. Ans. 38^. 

Ex. 3. How many square yards are in a circle whose dia- 
meter i^ 3i feet ? Ans. r069 

Ex. 4. To find the area of a circle whose circumference is 
12 feet. Ans. 11-4595. 



PROBLEM X. 

To find the Area of a Circular Ring^ or 6f the Space included 
between the Circumferences of two Circles; the one being 
contained within the other > 

Take the difference between the areas of the two circles, 
as found by the last problem, for the area of the ring. — Or, 



the diameter/ and c the circumference. But, by prob. 7, c is =^' 
S'lAiQdi therefore the^ said area dc jl»4, becomes d X 3*\4l6d 
-r4= •7854(/^ which gives the 2d rule.— Also by the san^e 
prob. 7, d'ls rz c J^ 3'l4l6; therefore again- the same first area 
cfc •1-4, becomes c^3'l4l(> x C4-4 =c2^ 1 2-5654, which is 
= c^ X 'O7958, by taking the reciprocal of 12*5664, or changing 
that divisor into th^ multiplier '07958 ; which gives the 3d rule. 
CoroL Hence the areas of different circles are in proportion to 
one another, as the square of their diameters or as the square of 
their circumferences 5 as before proved in the Geom. theor. 93. 

' * 

which 
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which is the sune thing, subtract the square of the less dia- 
meter from the square of the greater^ and multiply their dif- 
ference by •78S4.— Or lastly, multiply the sum of the dia- 
meters by the difference of the same, and that product by 
•7854 J which is still the same thing, because the product of 
the sum and difference of any two quantities, is equal to the 
difference of their squares. 

Ex. 1. The diameters of two concentric circles being 10 
and 6, required the area of the rincr contained between their 
circumferences. 

Here 10 + 6 = 16 the sum, and 10 - 6 = 4 the diff. 
Therefore '7854 x 16 x 4 = -7854 x 64 = 50*2656, 
' the area. 

Ex. 2. What is the area of the ring, the diameters of 
whose bounding circles are 10 and 20 ? Ans. 235*62. 



PROBLEM XI. 

To find the Area of the Sector of a CirJe, 

Rule I. Multiply the radius, or half the diameter, by 
half the arc- of the sector, for the area. Or, multiply the 
whole diameter by the whole arc of the sector, and take ^ 
of the product. The reason of which is the same as for the 
first rule to problem 9, for the whole circle. 

Rule II. Compute the area of the whole circle : then say, 
as 360 is to the degrees in the arc of the sector, so is the 
area of the whole circle, to the area of the sector. 

This is evident, because the sector is proportional to the 
length of the arc, or to. the degrees contained in it. 

Ex. 1 . To find the area of a circular sector, whose arc con- 
tains 18 degrees ; the diameter being 3 feet ? 

' 1. By the 1st Rule. 

First, 3'1416 x 3 = 9'4248, the circumference.' 

And 360 : IS : : 9-4248 : : •47124, the length of the arc. 

Then -47124 X 3 -=- 4 :;= 1-41372 -i- 4 ;= -35343, the area. 

2. By the 2d Rule. 

First, -7854. x 3* ^;= 7*0686, the area of the whole circle. 
Then, as 360 : 18 :: 7-0686 : -35343, the area of the 
sector. 

Ex. 2. 
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Ex. 2. To find th^ area of a sector, whose radius is 10, 
and arc 20. Ans. 100. 

Ex. 3. Required the area of a sector, whose radius is ^, 
and its arc containing U?^ 29\ Ans. 804-3986. 



aA 



PROBLEM XII. 
To find the Area of a Segment of a Circle. 

TluLE I. Find the area of the sector havjng the same arc 
•with the segment, by the .last problem. 

Find also the area of the triangle, formed by the chord of 
the segment and the two radii of the sector. 

Then , add these two together for the answer, when the 
segment is greater than a^ semicircle : or subtract them 
when it is less than a semicircle. — As is evident by in- 
spection. 

Ex. 1. To find the area of the segment acbda, its chord 
AB being 12, and the radius ae or CE 10. 

First, As AE : sin. /. d 90** : : AD : sin. 
36<» 52^ = S6*87 degrees, the degrees in the 
Zaec or arc AC. Their double, 73*74, 
are the degrees in the whole arc acb. . 

Now -7854 X 400 = 314*16, the area of 

the whole circle. ^ 

Therefore 360"* : 73-74 : : 314*16 : 64'3504, area of the 
sector AcBE. 

Again,, -v/ae^-ad* = v/100-36 = ^^64 = 8 = de. 
Theref. ad x de = 6 x 8 = 48, the area of the tri- 
angle AEB. 
Hence sector acbe — triangle aeb = 16'350^, area of 

seg. ACBDA. 

Rule II. Divide the height of the segment by the dia- 
meter, and find the quotient in the column of heights in the 
following tablet : Take out the corresponding area in the next 
column on the right hand; and multiply it by the square of 
the circle's diameter, for the area of the segment *. 

Note. 






* The truth of this rule depends on the principle of similar 
plane figures, which are to one another as the square of their 
like linear dimensions. The segments in the table are those of a^ 

circle 
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Jfote. When the quotient is not found exactly in the tahli^, 
proportion may be made between the next less and greateif 
2cea, in the same manner as is done for logarithms^ or any 
other table. 



Table of the Areas of Circular Segments, 





• 




• 




• 








« 


•01 


O g) 
cd IT 

<% 

•00133 


•^ 

•11 




• 

•& 
•21 


"^1 


s 

'•31 

1 


■si, 

If 

•207381 


• 

s 

41 


•30319 


•0470J 


•11990' 


02 


•00375 


•12 


•05339 


•22 


•I28ll'i32 


•21667' 


•42 


31304 


•03 


•00687 


•13 


06000 


'26 


•13640' -33 


22603 


•43 


•32293 


•04 


•01054 


•14 


•06683 


•24 


-\4\g\ j-34 


•2354/ 


•44 


•;|3284 


•05 


01468 


•15 


•0738/ 


•25 


•15354 


'•35 


'24498 


•45 


•34276 


•06 


•01924 


•16 


•08111 


•26 


•16220 


,'•36 


•25455 


•46 


•35274 


•07 


•02417; 


'17 


03853 


•27 


•17109 


•37 


•i64l8 


•47 


•36272 


08 


•02944 


•18 


•09613 


•28 


•18C0J 


•3b 


27386" 


•48 


•37270 


•09 


•03502: 


•19 


•10390 


•29 


•I89O0 


•3.^ 


•28359 


•4L)h8270| 


•10 


•04088, 


•20| 


•11182 -30 


•19817 


•40 


•29337 


•50^ 


•392701 



Ex. 2. Taking the same example as before, in which are 
givern the chord ab 12, and the radius 10, or diameter 20. * 

And having found, as above, de = 8; then CB ^ de 
n: CD = 10 — 8 = 2. Hence, by the rule, CD -r cf = 2 
•4- 20 =: • 1 the tabular height. This being sought in the 
first column of the table, the corresponding tabular area is 
found = -04088. Then '04088 X 20* == "04088 x 400 
^3= 16*352, the area, nearly the same as before. 

Ex. 3. What is the area of the segment, whose height is 
1 8> and diameter of the circle 50 ? Ans. 636*3751 

Ex. 4. Required the area of the segment whose chord is 
16, the diameter being 20 ? Ans. 44*728 



circle whose diameter is 1 y and the first column contains the 
correspondiDg heights or versed sines divided by the diameter. 
Thus then, the area of the similar segment, taken from the table« 
and multi filed by the square of the diameter^ gives the area of 
the segment to this diameter. 



PROBLEM 
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PROBLEM XIII. 

To measure tong Irregular Figures. 

Take or me^ure the breadth at both ends, and at se« 
yeral places, at equal distances. Then add together all these 
intermediate breadths and half the two extrera(?s, which 
siim multiplf by the length,, and divide by the number of 
parts, for the area *. 

Note, If die perpendiculars or breadths be not at equal 
distances, compute all the parts separately, as so many trape- 
zoids, and add them all together for the whole area. 

Or else, add all the perpendicular breadths together, and 
divide their sum by the number of them for the mean 
Ibreadth, to multiply by the length 5 which will give the whole 
area, not far from the truth. 

Ex. 1 . The breadths of an irregular figure, at five equi- 
distant places, being 8*2, 7'4?, 9'2, 10*2, 8*6 j and the whole 
length 39 ; required the area ? . 

8-2 35-2 sum. 

8-6 S9 



2 ) 16'8 sum of the extremes. 



3168 
1056 



8 '4 mean, of the extremes. 

7;4 4) 1372-8 

9-2 ' 343-2 Am. 
10-2 



35 '2 sum. 



£x. 




^ This rule is made out as follows : 
—Let A BCD be thie irregular piece) 
having the several breadths ad^ ef, 
o H^ iK^ Bc^ at the equal distances ae, 
£o^ Gi, IB. Let the several breadths 
in order be denoted by the corre- 
sponding letters a, b, c, </, e, and the whole length ab by / j then 
compute the areas of the parts into which the figure is divided by 
the perpendiculars, as so many trapezoids^ by prob. 3, and add 
them all together. Thus^ the sum of the parts is^ 

« + ^ 6 + c c + rf d + e 
X AE + -^ X EG + —3: — X 01 + ■ ^ 



2 



Xf/ + 



2 

h -\- c 



2 



X IB 



xil + 



X ^/ + —4-^ X 



y 



which 
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Ex. 2. The length of an irregular figure being 84, and the 
breadths at six equidistant places 17 4, 20*6, 14-2, 16*5, 20-1, 
24*4 J what is the area? Ans. 1550*64. 



PROBLEM XIV. 

To find the Ana of an Ellipsis or OvaL 

Multiply the longest diaimeteri or axis, by the shortest ; 
then multiply the product by the decimal '7854, for the 
area. As appears from con 2, theor. 3, of the Ellipse, ia 
the Conic Sections. 

Ex. 1. Required the area of an ellipse whose two axes 
are 70 anil 50. Ans. 2748*9. 

Ex. 2. To find the area of the oval whose two axes are 
' 24 and 18. Ans. 339*2928. 

PROBLEM XV. 

To find the Area of an Elliptic Segment. 

Find the area of a corresponding circular segment, having 
the same height and the same vertical axis or diameter. Then 
say, as the said vertical axis is to the other axis, parallel to 
. the segment's base^ so is the area of the circular segment 
before found, to the area of the elliptic segment sought. 
This rule also comes from cor. 2, theor. 3, of the Ellipse. 

Otherwise thus. Divide thelbeight of the segment by the 

vertical axis of the ellipse ; and find, in the table of circular 

segments to prob. 1 2, the circular segment having the above 

quotient for its versed sine : then multiply all together, this 

' segment and the two axes of the ellipse, for the area. 

Ex. 1. To find the area of the elliptic segment, whose 
height is 20, the vertical axis being 70, and the parallel 
axis 50. * 



which is the whole area, agreeing with the rule : m being the 
arithmetical mean betweeiTi the extremes^ or half the sum of them 
both, and 4 the number of the parts. And the same for any other 
number of parts whatever. 

Here 
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Here 20 -^ 70 gives *284 the quotient or versed sine ;, to 
wEichin the table answers the seg. •18518 

. then 70 



12-96260 
50 



648-13000 the area. 

Ex. 2. Required the area of an elliptic segment, cut off 
parallel to the shorter axis; the height being 10, and the 
two axes 25 and 35. Ans. 162-05. 

Ex. 3. To find the area of the elliptic segment, cut off ^ 
parallel to the longer axis ; the height being 5, and the axes 
25 and 35. Ans. 97*8425. 



PROBLEM XVI. 

To find the Area of a Parabola^ or its Segment. 

Multiply the base by the perpendicular height ; then 
take two-thirds of the product for the area. As is proved 
in theorem 17 of the Parabola, in the Conic Sections. 

Ex. 1. To find the area of a parabola ; the height being 2, 
and the base 12. 

Here 2 x 12 = 24. Then f of 24 = 16, js the area. 

Ex. 2. Required, the area of the parabola, whose height is 
10, and its base 16. Ans. 106|. 



MENSURATION op SOLIDS. 

BY the Mensuration of SoKds are determined the spaces 
included by contiguous surfaces ; and the sum of the mea- 
sures of these including surfaces, is the whole surface or su- 
perficies of the body. 

The measure of a solid, is called its solidity, capacity, or 
content. 

Solids are measured by cubes, whose sides are inches, or 
feet, or yards, &c. . And hence the solidity of a body is said 
to be so many cubic inches, feet, yards, &c, as will fill its 
capacity or space, or another of an equal magnitude. 

The 
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The least solid measure is the cubic inch, other cubes 
being taken from it according to the proportion iif the fol- 
lowing table, which is formed hj cubing the linear pro- 
portions. 

Table of Cubic or Solid Measures- 

1728 cubic inches make 1 cubic foot 

27 cubic feet - 1 cubic yard 

lf)6-|- cubic yards - 1 cubic pole 

6^000 cubic poles - 1 cubic furlong 

512 cubic furlongs - 1 cubic mile. 



PROBLEM I. 

To find the Superficies of a Prism Or Cylinder. 

Multiply the perimeter of one end of the prism by the 
length or height of the solid, and the product will be the 
surface of all its sides. To which add also the area of the two 
ends of the prism, when required *. 

Or, compute the areas of all the sides and ends separately^ 
and add them all together. 

Ex. I, To £nd the surface of a cube, the length of each 
kide being 20 feet. Ans. 2400 feet. 

£x. 2. To find the whole surface of a triangular prism, 
whose length is 20 feet, and each side of its end or base 
1 8 inches. Abs. 91 *948 feet. 

Ex. 3. To find the convex surface of a round prism, or 
cylinder, whose length is 20 feet, and the diameter of its 
base-is 2 feet. Ans. 125*664f. 

£x. 4>. What must be paid for lining a rectangular cistern 
with lead, at 3^. a pound weight, the thickness of the lead 
being such as to weigh 71b. for each square foot of surface; 
the inside dimensions of the cistern being as follow, viz. the 
length 3 feet 2 inches, the breadth 2 feet 8 inches, and d^pth 
2 feet 6 inches ? Ans. a/. 5j. 9^. 



* The truth of this will easily appear, by considering that the 
sides of any prism are parallelograms^ whose common length i& 
the same as the length of the solki^ and their breadths taken all 
together make up tlie perimeter of the ends of the same. 

And the rule is evidently the same for the surface of a cylinder. 

mOBLEU 
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PROBLEM It. 

To find the Surface of a Pyramid or CoHe. 

Multiply th<s perimeter of the base by the slant height, 
or length of the side, and half the product will evidently be 
the surface of the sides, or the sum of the areas of all the 
triangles which form it. To which add the area of the end 
or base, if requisit-e. 

Ex. 1 . What is the upright surface of a triangular pyra- 
mid, the slant height being 20 feet, and each side of the 
base 3 feet ? . Ans. 90 feet. 

, Ex. 2. Required the convex surface of a cone, or circular 
pyramid, the slant height being 50 feet, and the diameter of 
its base 8i feet. - * Ans. 667*59. 

PROBLEM III. 

To find tie Surface of the Frusirum of a Pyramid ifr Cone^ being 
the lower part f when the top is cut off' by a plane parallel to the 
base. 

Add together the perimeters of the two ends, and multi-» 
ply their sum by the slant height, taking half the product for 
the answer. — As is evident, because the sides bf the solid are 
trapezoids, having the opposite sid6s parallel. 

Ex. 1. How miny square feet are in the surface of the 
frustrum of a square pyramid, whose slant height is 10 feet ; 
also each side of the base or greater end being 3 feet 4 inches, 
and each side of the less end 2 feet 2 inches? Ans. llOfeet* 

Ex. 2, To find the convex surface of the frustrum of a cone, 
the slant height of the frustrum being 1 2^ feet, and the cir* 
cumferences of the two ends 6 and 8*4 feet. Ans. 90 feet* 

mOBLEM IV. 

To find the Solid Content of any Prism dp Cylinder* 

Find the area of the base, or end, whatever the figure 
of it may be 5 and multiply it by the length of the prism or 
cylinder, for the solid content *. 

Note* 

.* This rule appears from the Geom. theor. 1 10, cor. 2. The 
same is more particularly shown as follows : Let the annexed 

rectangular 
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Note. For a cube, take the cube of its side by multiplying 
this twice by itself ; and for a parallelopipedon, multiply the 
len^h) breadth, and depth all together, for the content. 

Ex. 1. To find the solid content of a cube, whose side is 
24 inches. Ans. 13824. 

Ex. 2^ How many cubic feet are in a block of marble, its 
length being 3 feet 2 inches, breadth 2 feet 8 inches, and 
thickness 2 feet 6 inches ? Ans. 21 j>. 

Ex. 3. How many gallons of water will the cistern con- 
tain, whose dimensions are the same as in the last example, 
when 282 cubic inches are contained in one gallon ? 

Ans. 129^^. 

Ex. 4. Required the solidity of a triangular prism, whose 
length is 10 feet, and the three sides of its triangular end or 
base are 3, 4, 5 feet. . Ans. 60. 

Ex. 5. Required the content of a round pillar, or cylinder, 
whose length is 20 feet, and circumference 5* feet 6 inches. 

Ans. 48*1459 feet. 




rectangular parallelopipedon be the 

solid to be measured^ and the cube 

p the solid measuring unitj its side 

being 1 inch, or 1 foot, &c j also, let 

the length and breadth of the base 

A BCD, and also the height ah, be each 

divided into spaces equal to the length 

of the base of the cube p, namely, 

here 3 in the length and 2 in the 

breadth, making 3 times 2 or () 

squares in the base ac, each equal 

to the base of the cube p. Hence it 

is manifest that the parallelopipedon will contain the cube p, as 

many times as the base ac contains the base of the cube, repeated 

as often as the height ah contains the height of the cube. That 

is, the content of any parallelopipedon is found, by multiplying the 

area of the b^se by the altitude of that solid. 

And because all prisms and cylinders are equal to pjlrallelopipe- 
dons of equal bases and altitudes, by Geora. theor. 103, it fol- 
lows that the rule is general for all such* solids^ whatever the 
figure of the base may be. 

PROBLEM 
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PROBLEM V. 

To find the Content of any Pyramid or Cone, 

Find the area of the base, and muhiply that area by the 
perpendicular height ; then take j- of the product for* the 
content *. , 

Ex. 1. Required the solidity of a square pyramid, each 
side o£ its base being 30^ and its perpendicular height 25, 

Ans. 7500. 

Ex. 2. To find the content of a triangular pyramid, whose 
perpendicular height is 30, and each side of the base 3. 

Ans. 38-97117. 

Ex. 3. To find the content of a triangular pyramid, its 
height being 14 feet 6 inches, and the three sides of its base 
5, 6, 7 feet. Ans. 7r0352. 

Ex. 4. What is the content of a pentagonal pyramid, its 
height being 12 feet, and each side of its base 2 feet ? 

Ans. 27-5276. 

Ex. 5. What is the content of the hexagonal pyramid, 
whose height is 6*4 feet, and each side of its base 6 inches ? 

An^. 1-38564 feet. 

Ex. 6. Required the content of a cone, its height being 
1 Ox feet, and the circumference of its base 9 feet. 

Ans. 22-56093. 



PROBLEM Vi; 

To find the Solidity' ofi the Frustum of a Cone or Pyramid, 

Add into one sum, the areas of the two ends, and the 
mean proportional between them : and take -f of that sum 
for a mean area ; which being multiplied by the perpendicu- 
lar height, or length of the frustum, will give its content f .. 

*Note. 

-~- — ' ^ 

* This rule follows from that of the prism ^ because any py- 
ramid is \ of a prism of equal base and altitudej' by (x^om. 
tl^eor. 115, cor. 1 and 2. 

f Let ABCD be any pyramid, of which bcdgfe is a frustum. 
And put (f for the area of the base bcd, b^ the area of the top 

EI'G 
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Note* This general rule mzj be otherwise expressed, as 
foUowSj wh«n the ends of the frustrom are circles or reguhr 
polygons. In this latter case, square one side of each poly- 

Son, and also multiply the one side by the other \ add all 
lese three products together \ then muhiply their sum by 
the tabular area proper to the polygon, and take one-third of 
the product for the mean area, to be multiplied by the length, 
to give the solid content. And in the case of the frastrum 
of a cone, the ends being circle^, square the diameter or the 
circumference of each end, and also multiply the same two 
dimensions together \ then take the sum of the three pro- 
duets, and multiply it by the proper tabular number, viz. by 
•7854 when the diameters are used, or by 'OTDSS in using 
the circumferences ; then taking one-third of the prodna^ 
to multiply by the length, for the content. 

£x» 1. To find the number of solid feet in a piece of tim- 
ber, whose bases are squares, each side of the greater end 
being 15 inches, and each side of the less end 6 inches ; alsoj 
the length or the perpendicular altitude 24 feet. Ans. 191^ 

Ex. 2. Required the content of a pentagonal frustrum, 
whose height is 5 feet, each side of the base 18 inches ; and 
each side of the top or less end 6 inches4 Ans« 9*31925 feett 



i4« 




EFG, A the height in of the frustrum, and c the 
height A I of the top part above it. Then 
c+A =: All is the height of the whole pyra- 
mid. 

Hence, by the- last prob. fa' (c-f //) is the 

content of the whole pyramid abcd, and \b-c 

the content of the top part aefg j therefore 

the difference fa' (c + ^) — f^-c is the content 

of the frustrum kcdgfe. But the quantity c 

being no dimension of the frustrum, it must be expelled froni 

this formula, by substituting its value, found in the following 

manner. By Geom. theor. .1J2, a* : 6* : : (c + A)* : c\ or 

a J 6 : : c + /* : o hence (G^om. th. 69) a — b i b i : h \ c, and 

• hh ah 

a-^b :a: : hi c -^ hi hence therefore c zz -, and c+ Az: -^ 

a — a— a 

then these values of c and c -i- h being substituted for thera 

in the expression for the content of the frustrum, gives that con- 

<ih - ,Q bh ^ . a^'^b'i 

^ fl— 6 a—b * a — ^ 

ab+b^) I which is the rule above given -, ab being the mean be- 
tween d^ and b'^:. 

Ex. 1 
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Ei. 3. To find the content of a conic frustum, the alti- 
lude being 18, the greatest diameter 8, and the least dia- 
tneter 4. Ans. 527'7888. 

Ex. 4. What h the solidity of the frustum of a Cone, the 
altitude being 25, also the circumference at the greater end 
being 20, and at the less end 10? Ans. 464*2 1 6, 

Ex. 5« If a cask, which is two equal conic frustums joined 
together at the bases^ have its bung diameter 28 inches, the 
head diameter 20 inches, and length 40 inches ; how many 
gallons of wine will it hold? Ans. 79*06 1 3. 



l»ROBLfiM VIL 

To find the Surface of a Sphere^ or any Segment » 

Rule I. Multiply the circumference of the sphere 
by its diameter, and the product will be the whole surface 
of it *. ' 

Rule II. 



\ 



* These rules come from the following theorems for the sur- 
face of a sphere, viz. That the said surface is equaLto the curve 
surface of its circumscribing cylinder; or that it is equal to 4 
great ^iffcles of iha same'sphere, or of the same diameter : which 
are thus proved. 

Let ABCD be a cylinder, circumfcribing 
the sphere efgh ; the former generated 
by the rotation of the rectangle pbch 
about the axis or diameter fh ; and the 
latter by the rotation of the semicircle 
FGH about the same diameter fh. Draw 
two lines kl, mn, perpendicular to the 
axis, intercepting the parts ln^ op, of the- 
cylinder and sphere j then will the ring 
or cylindric surface generated bj the ro- 
iatioB of LN, be equal to the ring or spherical surface generated 
by the arc op^ For first, suppose the parallels kl and mn to. 
be indefinitely near together i drawing lo, and also oq parallel 
to LN. Then, the two triangles J kg, oqp, being equiangular, it 
is^ as OP : OQ cr LN : : lo or KL : Ko : : circumference described 
hy KL T'circuflif. described by KO; therefore the rectangle op x 
circumf. of ko is equal to the rectangle LN X circumf. of kli 
idiat is, the ring described by op on the sphere, is equal to th^ 
ring described by LN on the cylinder. 

VojL.IL £ - : And 
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Rule II. Square the diameter and multiply that square 
by 3*1416, for the surface. 

Rule III. Square the circumference; then either muh I- 
ply that square by the decimal '3193^ or divide it by 3*1416, 
for the surface. 

Note. For the surface of a sef^ment or frustOQii multiply 
the whole circumference of the sphere by the height of the 
part required. 

Ex. 1 . Required the convex superficies of a sphere, whose 
diameter lis 7| and circumference 22. Ans. 154. 

Ex. .2. Required the superficies of a globe, whose diameter 
is 24 inches. Ans. 1809*5616. 

Ex. 3. Required the area of the whole surface of the 
earth, its diameter being 7957^ miles, and its circumference 
25000 miles. - An^. 198943750 sq. miles. 

Ex« 4. The axis of a sphere being 42 inches, what is the 
convex superficies of the segment whose height is 9 inches? 

Ans. 118T5248 inches. 

« 
Ex. 5. Required the convex surface of a spherical zone* 
whose breadth or height is 2 feet, and cut from a sphere of 
121 feet diameter. Ant. 78*54 feet.r 



And as this is every where the case, therefore the sums of any 
corresponding number of these are also equal ; that is, the whole 
surface of the sphere, described by the whole semicircle fgh, is 
equal to the whole curve surface of the cylinder, described by 
the height bc f as well as the surface of any segment described 
by FO, equal to the surfiiee of the corresponding segment described 
by Bir. 

CoroL ] . Hence the surface of the sphere is equal to 4 of it» 
great circles, or equal to the circumference efgh, or of DC, moU 
tipUed by the heighjt bc, or by the diameter fh. 

^ CoroL 2, Hence also, the surface of any such part as a segment 
or frustum, or zone, is equal to the same circumference of the 
sphere, multiplied by the height of the said part. And con- 
sequently such spherical curve surface»^are to one another in the 
same pn^ortion as their altitudes. 
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VROBLEU VUI. 

Toj^nd tie S<£dty of a Sphere vt Ghhi. 

ftuLfi I. Multiply the surface by the diameter, and take | 
lof the product for the content *. Or, which is the same 
thing, multiply the square of the diameter by the circum- 
ference, and take \ of the product. 

Rule IL Tak^ the cube of the diameter^ and znuiiiply it 
by the decimal *52S6^ for the content. 

Ri;Lfi m. Cube the circumference, and nu^ltiply by 
-01688. 

Ex. 1. To find the content of a sphere whose axis is 12* 

Ans. 904-7808, 

Ex. 2. To find the solid content of the globe of the earthy 
supposing its cirmm&renoe to be 25000 miles. 

Ans. 263750000000 miles, 

l»ROBLPKl IX. 

^ To find the Solid Content of a Spherical Segments 

\ RtTLE I. From 3 times the diameter of the sphere 

> take 



■<UM 



* For, ptrt d = the diameter, c :^ the circumfem^ce, and * cs 
the surfadie of the sf faere> or of tts xsircumseriblog cylinder; als€)» 
A ;p the number 3*J4l6. 

^hen, ^ < is =:the base of the cylinder, or one great circle of 
^e sphere; and d is the height ef the cylinder; therefore yU is 
die content of the cylinder. But \ of the cylinder is the sphere^ 
hy th. 1 17> Geom. that is, \<didi^ «r ^da is the f^bere; which 
is the first rule. 

Again, because the surface s \&s=. ad^y therefore Ids =; |4(^ 
=:'5236d^j is the content, as in Uie2d rule. Also, (f being =c-^.d> 
therefore l(uP = ^c^ -f «*— 'OlGSS, the 3d rule for die content,, 

t By corol. 3, of theor. 117, Geom. it 
Appears that the spheric segment pfn, is 
<ftqual to^e difierepce between the cylinder 
ABLO, and the conic frustum abmq. 

But, putting </ =: AB 6r Fd the diameter 
4»f the sphere or cylinder, A r: Fic the heigl:^ 
iof the segment, r zm. the radius of its 
^ase, and a = 3*l4i6 ; then the ccmtent of 
the cone ABI is = ^ad" x |FI = ^^ad^r 
and by the' similar cones abi, qmi^ as 
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take double the height of the segment ; then multiply the 
remainder by the souare of the height^ and the product by 
the decimal '5236, for the content. 

Rule II. To 3 times the square of the radius of the 
segment's base, add the square of its height^ then multiply 
the sum by the height, and the pro^luct by *5236, for the 
content. 

Ex. 1. To find the content of a spherical segmentj of 2 
feet in height, cut from a sphere of 8 feet diameter. 

Ans. 41-888. 

Ex. 2. What is the solidity of the segment of a sphere, 
its height being 9, and the diameter of its base 20 ? 

Ans. 1195-4244. 



Note. The general rules for measuring all sorts of figures 
having been now delivered, we may next proceed to apply 
them to the several practical uses in life, as follows. 



n^ : Kl^ : : ^^<P : ^x^d^ X (^—rr-)^ = the cone QMI j 

therefore the cone abi — the cone qmi = aV^ "" tt^^ ^ 

^d — h 
(^^-jy— y zzj^ad^h^ladh'^+^ah^ is = the conic frustum abmq. 

And ^ad^h is = the cylinder ablo. 

Then the difference of these two is -Jcrrfi^*— {a^ = -JaA* x 
(3d — 2AJ, for the spheric segment ppn -, which is the first rule. 

Again, because pk* =.fk x kh. (cor. to tbeor. 87, Geom.) 

or r* z=.h (d^ h), therefore d = -r + A, arid 3d — 2h z: 

^ Ik 

Sr* 3r* + A* 

y Kzz r ; which being substituted in the former 

A . n 

rule, it becomes ^fl^^ X ^ = fcA X (3r* + A«), which 

is the -id rule. 

, J^ote. By subtracting, a segment from a half sphere, or from 

another segment, the content of any frustum or zone may be 

fouiid. 



LAND 



I 53 -3 
LAND SURVEYING. 



SECTION L 
DESCRIPTION AND USE of the INSTRUMENTS. 

1 . OJ THE CHAIN. 

LAND is measured with a cTiain, called Gunter's Chain, 
from its inventor, the length of which is 4 poles, or 22 yards, 
or 66 feet. It consists of 100 eqtal links; and the length 
of each link is therefore -nAr of a yard, or -^-^ of a foot, or 
7*92 inches. 

Land is estimated in acres, roods, and perches. An acre 
is equal to 10 square chains^ or as much as 10 chains in length 
and 1 chain in breadth. Or, in yards, it is 220x SSrr^S^O 
square yards. Or, in poles, it is 40 X 4 == 1 60 square poles. 
Or, in links, it is 1000 x 100 == 100000 square links : these 
being all the same quantity. 

Also, an acre is divided into 4 parts called roods, and a 
rood into 40 parts called perches, which are square poles, or • 
the square of a pole of 54^ yards long, or the square of {■ of a 
chain, or of 25 links, which is 625 square links. So that the ' 
divisions of land measure, will be thus: 

625 sq. links z=. 1 pole or perch 
40 perches = I jood 
4 roods = 1 acre. 

The length of lines;, measured with a chain, are best set 
down ia links as integers, every chain in length being 100 
links; and not in chains and decimals. Therefore, after the 
content is found, it will be in square links; then cut off five 
of the figures on the right-hand for decimals, and the rest 
will be acres. These decimals are then multiplied by 4 for 
roods, and the decimals of these again by 40 for perches. • 

Exam. Suppose the length of a rectangular piece of ground 
be 792 links, and it$ bri^adth 335 1 to find the area in acre$> 
jroods, and perches* 

792 3-04920 • . 

385 4 



3960 M9680 

6336 40 

2316 ' 

i 7-87200 



.8-04920 



Ans. 3 acres, roods, 7 percheau 2, o f 
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2. OF THB PLAIN TABLE. 

This instrument consists^of a plain rectan{;ular boardy of 
any convenient size : the centre of which, when used, is fixed 
by -means of screws to a three*legged stand, having a ball 
andj socket, or other joint, at the top, by means of which, 
when the le^ are fixed on the ground, the table is inclined 
in any direction. 

To the table belong Tarious parts, as follow. 

1. A firame of wood, made to fit round its edges, and to 
be taken off, for the convenience of putting a sheet of paper 

..on the table. One side of this firame is usually divided into 
equal parts, for drawing lines across the table, parallel or 
perpendicular to the sides; and the other side of the frame 
IS divided into 360 degrees, to a centre in the middle of the 
table; by means of which the table may be used as a theo* 
dolite, &c. 

2. A magnetic needle and compass, either screwed into the 
side of the table, or fixed beneath its centre, to point out tho 
directions, and to be a check on the sights. 

5. An index, which is a brass two-foot scale, with either a 
small telescope^ or open sights set perpendicularly on the 
ends. These sights and one edge of the index are in the same 
plane, and that is called the fiducial edge of the index. 

To use this instrument, take a sheet of paper which will 
cover it, and wet it to make it expand; then spread it flat on 
the table, pressing down the frame on the edges, to stretch 
Jt and keep it fixed there; and when the paper is become 
dry, it will, by contracting again, stretch itself smooth and 
flat from any cramps and unevenness. On this paper is to 
be drawn the plan or form of the thing measift^. 

Thus, begin at any proper part of the ground, and make a 
point on a convenient part of the paper or table, to repre* 
sent that place on the ground; then fix in that point one 
leg of the compasses, or a fine steel pin, and apply to it 
the fiducial edge of the index, moving it round till through 
the sights you perceive some remarkable object, as the comer 
of a field, &c; and from the' station-point draw a line with 
the point of the compasses along the fiducial edge of the in- 
dex, which is called setting or taking the object: then set 
another object or comer, and draw its line; do the same by 
another; andso on, till as many objects are taken as may be 
thought fit. Then measure from the station towards as many . 
of the objects as may be necessary, but not more, taking the 
requisite ofi^sets to comers or crooks in the hedges, laying 
the measures down on their respective lines on the table. 

Then 
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Then at any convenient place measured to, fix the table in 
the same position, and set the objects which appear from that 
place; and so on, as before. And thus continue till the 
work is finished, measuring such lines only as are necessary* , 
and determining as, many as may be by intersecting lines of 
direction drawn from different stations. 

Of shifting the Paper on the Plain Table. 

When one paper is full, and there is occasion for more ^ 
draw a line in any manner through the farthest point of the 
last station line, to which the^work can be conveniently laid 
down \ then take the sheet off the tabie, and fix another 
on, drawing a line over it, in a part the most convenient for 
the rest of the work ; then fold or tut the old sheet by the 
line drawn on it, applying the edge to the line on the new 
sheet, and, as they lie in that position, continue the last sta- 
tion line on the new paper, placing on it the rest of the mea- 
sure, beginning at where th^ old sheet left off. And so On 
from sheet to sheet. 

When the work is done, and you would fasten all the 
sheets together into one piece, or rough plan, the aforesaid 
lines are to be accurately joined together, in the same man- 
ner as when the lines were transferred from the old sheets 
to the new ones. But it is to be noted, that if the said join- 
ing lines, on the old and new sheets, have not the same in- 
clination to the side of the table, the needle will not point to 
the original degree when the table is rectified ; and if the 
needle be required to respect still the same degree of the 
compass^ the easiest way of drawing the line in the same 
position, is to draw them both parallel to the same sides of 
the table, by means of the equal divisions marked on the 
other two sides. 

3. OF THE THEODOLITE. 

The theodolite is a brazen circular ring, divided into %60 
degrees, &c, and having an index with sights, or a telescope, 
placed on the centre, about which the index is moveable ; 
also a compass fixed to the centre, to point out courses and 
check the sights ; the whole being fixed by the centre on a 
stand of a convenient height for use. 

In using this instrument* an exact account, or field-book* 
of all measures and things Wcessary to be remarked in the v 
plant must be kept, fron;i which to make out the plan on re- 
turniQi home from the grcpnd. 

£egm at such part of the ground, and measure in such 
directions as are judged most convenient; taking angles or 
directions to objects, and measuring such distances as appear 

necessary 
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necessary, under the same restrictions as in the use of the 
plain table* Ancl it is safest to fix the theodolite in the on* 
ginal position at every station, by means of fore and back 
objects, and the (Compass, exactly as in using the plain table ; 
registering the number of degrees cut off by the index when 
directed to each object; and, at any station, placing the 
index at the same degree as when the direction towards that 
station was taken from the last preceding one, to fix the 
theodolite there in the original position. 

Tfie best method of laying down the aforesaid lines of 
direction, is to describe a pretty large circle ; then quarter 
it, and lay on it the several numbers of degrees cut off by 
the index in each direction, and drawing lines from the 
centre to all these marked points in the circle. Then, by 
means of a parallel ruler, draw from station to station, lines 
parallel to the aforesaid lines drawn from the centre to the 
respective points in the circumference. 

4. OF THE CROSS. 

The cross consists of two pair of sights set at right angles 
to each other, on a staff having a sharp point at the bottom, 
to fix in the ground. 

The cross is very useful to measure small and crooked 
pieces of ground, l^he method is, to measure a base or chief 
line, usually in the longest direction of the piece, from corner 
to comer ; and while measuring it, finding the places where 
perpendiculars would fall on this line, from the several cor- 
ners and bends in the boundary of the piece, with the cross, 
by fixing it, by trials, on such parts of the line, as that 
through one pair of the sights both ends of the iine may 
appear, and through the other paiir the corresponding bends 
or corners ; and then measuring the lengths of the said per- 
pendiculars. 

REMARKS. 

Besides the fore-mentioned instruments, .which are most 
commonly used, there are some others ; as. 

The perambulator, used for measuring roads, and other 
great distances, level ground, and by the sides of rivers. 
It has a wheel of 8^ feet,- or half' a pole, in circumference, 
by the turning of which the machine goes forward : and the 
distance measured is pointed out by an index, which is moved 
round by clock work. 

Levels, with telescopic or other sights, are used to find the 
level between place and place, or how much one place is 
higher or lower than another. And in measuring any slop- 
ing or obliqutJ line, either ascending or descending, a small 

pocket 
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pocket level is useful for showing how many links for each 
chain are to foe deducted^ to reduce the line to the horizon-* 
tal length. 

An oflset-staff is a very useful instrument, for measuring 
the offsets and other short distances. It is 10 links in length, 
being divided and marked at each of the 10 links. 

Ten small arrows, or rods of iron or wood, are used to 
mark the end of every chain length, in measuring lines. 
And sometimes pickets, or staves with flags, are set up as 
marks or objects of direction. 

Various scales are also used in protracting and measuring 
on the plan or paper ; such as plane scales, line or chords^ 
protractor, compasses, reducing scale, parallel and perpen- 
dicular rules, &c. Of jplane scales, there should be several 
•sizes, as a cliain in 1 inch, a chain in ^of an inch, a chain 
in 4- an inch, &c. And of these, the best for use are those 
that are laid on the very edges of the ivory scUe, to mark off 
distances, without compasses. 

SECTION II. 
THE PRACTICE OF SURVEYING. 

This part contains the several works proper to be done in 
the field, or the ways of measuring by all the instruments, 
and in all situations. 

PROBLEM I. 

To Measure a Line or Distance, 

To measure a line on the ground with the chain : Having 
provided a chain, with 10 small arrows, or rods, to fix one 
into the ground) as a mark, at the end of every chain ; two 
persons take hold of the chain, one at each end of it ; and 
all the 10 arrows are taken by one of them, who goes fore- 
most, and is called the leader; the other being called the 
follower, for distinction's sake. 

A picket, or station-staff^ being set up in the direction of 
the line to be measured, ifip^here do not appear some marks 
naturally in that direction, they measure straight towards it, 
the leader fixing down an arrow at the end of every chain, 
which the follower always takes up, as he comes at it, ttll 
all the ten arrows are used. They are then all returned to 
the leader, to use over again. And thus the arrows are 
changed from the one to the other at every 10 chains length, 
iill the whole line is finished j then the number of changes 

of 
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• 

of the arrows sliows the number of tensi to which the fel- 
low;er adds the arrows he holds in his handi and the number 
of links of another chain over to the mark or end of the 
line. S09 if there have been 3 chan/^ of the arrows, and 
the follower hold 6 arrows, and the end of theline cut off 
45 links more, the whole length of the line is set down in 
links thus, 3645. 

When the ground is not level, but either ascending or de* 
scending ; at every chain length, lay the offset-staff, or link- 
staff, down in the slope of the chain, on which lay the small 
pocket level, t6 show how many links or parts the slope line 
is longer than the true level one ; then draw the chain for- 
ward so many links or parts, which reduces the line to the 
horizontal direction. * 



PROBLEM II. 

Tc take Angles and Bearingt* 

Lbt b and c be two objects, or two c 

pickets set up perpendicular ; and let it 
be required to take their bearings, or 
the angles formed between them at any 
station A. 

1. With the Plain Table. 

■ 

^he table being covered with a paper, and fixed on Its 
standi plant it at the station A, and fix a fine pin, or a foot 
of the compasses^ in a proper point of the paper, to repre- 
sent the place A : Close by the side of this pin lay the fiducial 
edge of the index, and turn it about, still touching the pin, 
till one object b can be seen through the sights : then by the 
fiducial edge of the index draw a line. In the same manner 
draw another line in the direction of the other object a 
And it is done* 

2. With the Jhecddite^ i^c. 

Direct the fixed sights along one of the lines, as ab, by 
turning the instrument about till the mark B is seen through 
these sights J and there screw the instrument fast. Then 
turn the moveable index roynd, till, through its sights the 
other mark c is seen. Then the degrees cut by the in4ex, 
on the graduated limb or ring of the instrument, show the 
quantity of tlie angle, 

3. JTiti 
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3. With the Magmtic Neadle and Compass. 

Turn the instrument or compass so, that the north end 
of the needle point to the flowrcr-de-luce. Then direct the 
sights to one mark as B> and note the ^^g^^^ cut by the 
needle. Next direct the sights to the other mark c^ and 
note again the degrees cut by the lieedle. Then their sum 
or differeiice, as the case may be, will give the quantity of 
the angle bac. 

4. By Measurement nvith the Chain, i3fc. 

Measure one chain length, or any other length, along 
both directions, as to b and c. Then measure the distance 
b c, and it is done.— This is easily transferred to paiper, by 
making a triangle Abe with these three lengths, and then 
measuring the angle A. 

PROBLEM III. 

To Sutvey a Triangular Field ABC. 

I* By the Chain* ^ 

AP 794 
AB 1321 
PC 826 

Having set up marks at the comers, which is to be done 
in all cases where there are not marks naturally ; measure 
with the chain from a to p, where a perpendicular would 
iall &om the angle c, and set up a mark at p, noting down 
the distance ap. Then complete die distance ab, by mea* 
suring from p to B. Having s0| down this measure, return 
to P, and measure the perpendicular pc. And thus, having 
the base and perpendicular, the area from them is easily 
found. Or V having the place p of the perpendicular, the 
triangle is easily constructed* 

Or, measure all the three sides with the chain, and note 
idiem down. From which the content is easily found, or the 
figure is constructed. 

/ 2. By tailing so9ne of the Angles. 

Measure two sides ab, ac, and the angle A between them. 
Or measure one side ab, and the two adjacent angles a and 
B. From either of these ways the figure is easily planned ; 
then by measuring the perpendicular cp on the plan, and 
multiplying it by half ab, the content is found. 

problem 
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PROBLEM IV. 

To Mea ur a Fonr-iided Field* 

I. By tin Chain. 

AB 214 I 210 DB 
AF 362 I d06 BF 
AC 592 I 

A 



r. 



1.- 



\ 



\ 






c 



Measure along one of the diagonals^ as AC j and either 
the two^ perpendiculars de, bf, as in the last problem ; or 
else the sides ab» bc, ci>, da. From either of which the 
£gure may be planned and computed as before directed. 

Otherwise^ hy tbe Chahi. 



AP 110 


352 PC 


A(^ 745 


595 qp 


AJ} 1110 






Measure, on the longest side, the distances ap, aq, ab s 
and the perpendiculars pc, qd. 

2. By taking some of tbe Angks. 
Measure the diagonal ac (see the lastfig. but 'one), and 
the angles cab, cad, acb, Aca-^Or measure the four sides, 
and anjr one of the angles, as bad. 



Thus. 
AC 591 
CAB 37° SO' 

CAD 41 15 
ACB 72 ^5 
APD 54 40 



Or thus. 
AB 486 
BC 394 
CD 410 
DA 462 
BAD TS"* 35' 



PROBLEM V. 
To Survey any Field by the Chain only. 
Having set up marks at the corners, where necessary, of 
the proposed field abcdefg, walk over the ground, and con- 
«ider how It can best be divided in triangles and trapeziums; 
and measure them separately, as in the last twp problems! 
Thus, the followmg figure is divided into the two trapeziums 
ABCG, GDEP, axid the triangle gcd. TKen, in the first |ra. 
|)ezium, be^mning at a, measure the diagonal ac, and the 

two 
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two perpendiculars Gm, Bn. Then the base GC, and the 
perpendicular Dq. Lastly, the diagonal dF, and the two 
perpendiculars pE, oG. All which measures write against 
the corresponding parts, of a rough figure drawn to resemble 
the figure surveyed, or set them down in any other form 
you choose. 



Thus. 



Am 


135 


130 


mG 


An 


410 


.180 


nB 


AC 


550 






cq 


152 


230 


qD 


CO 


440 






FO 


237 


120 


OG 


Fp 


288 


80 


pE 


tD 


520 








Or thus. 

Measure all the sides ab, bc, cd, db, ef, fC} ca ; and 
the diagonals ac, cg, gd, df. 

Otherwise. 

Many pieces of land may be very well surveyed, by mea- 
suring any base line, either within or" without them, with 
the perpendiculars let fall on it from every corner. For 
they are by those means divided into several triangles and 
trepezoids, ail whose parallel sides are perpendicular to the 
base line ; and the sum of these triangles and trapeziums will 
be equal to the figure proposed if the base line fall within 
It; if not, the sum of the parts which are without being 
taken from the sum of the whole which are both within and 
without, will leave the area of the figure proposed. 

In pieces that are not very large, it will be sufficiently 
exact to find the points, in the base liije, where the several 
perpendiculars will fall, by means of the crossy or even by 
judging by the eye only, and from thence measuring to the 
corners for the lengths of the perpendiculars.-^ And it will 
be most convenient to draw the line so as that all the per- 
pendiculars may fall within the figure. 

Thus, in the following figure, beginning at a, and. mea- 
suring along the line ag, the distances and perpendiculars on 
the. right and left are as below. 

Ab 
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Ab 


315 


350 bB 


AC 


440 


70 ce 


Ad 


585 


320 do 


Ae 


610 


50 eB 


Af 


990 


470 fF 


AO 1020 







PROBLEM ▼!• 

To Measure the Offsets. 

Ahiklmn being a crooked hedge, or brook, &c. From 
A measure in a straight direction along the side of it to b* 
And in measuring along this line ab, observe when you are 
directly opposite any bends or corners of the boundary, as at 
€, d, ei &c ; and from these measure the perpendicular 
offsets ch, di, &c, with the offset-stafi^ if they are not very 
lai^, otherwise with the chain itself; and the work is done* 
iThe register, or field-book, may be as follows : 



Ofis.left. 


Base line AB 





G A 


ch 62 


45 AC 


di 84 


220 Ad 


ek 70 


340 Ae 


fl 98 


510 Af 


gm 57 


634 Ag . 


Bn 91 


785 AB 



h 

A 




k^ ^ i / 






u 



PROBLEM VU. 

To Survey any Field with the Plain Table* 

1« From one Station^ 

Plant the table at any angle as 
c, from which all the other angles, 
or marks set up, can be seen; 
turn the table about till the needle 
point to the flower-de-luce; and 
there screw it fast. Make a point 
for c on the paper on the table, 
and lay the edge of the index to c, 
turning it about c till through the 
sights you see the mark d : and by the edge of the index 
draw a dry or obscure Hne : then measure the distance CD, 
and by that distance down on the line cd. Then turn the 
index about the point c, till the mark B be seen through the 

sights. 
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sights, by which draw ^ line, and measure the distance to B, 
laying it on the line from c to £• In like manner determine 
the positions of CA and CB, by turning the sights succes- 
sively to A and B; and lay the lengths of those lines down. 
Then connect the points, by drawing the black lines CD, dje, 
SA, AB, Bc, for the_boundaries of the field. 

2. From a Station Within the Field. 
When all the other parts cannot x> 

be seen from one angle, choose some y^jX^ 

place O within, or even without, if >/^ j \v 

more convenient, from which the /^ \ 

other parts can be seen. Plant the «^-- q.*' 

table at 0, then fix it with the needle \ / '•., 

north, and mark the point on it. \ / 

Apply the index successively to O, V 

turning it round with the sights to ^ ^ 

each angle, A, b, c, d, e, drawing dry lines to them by the 
edge of the index ; then measuring the distances OA, ob, &c, 
and laying them down on those lines. Lastly, draw the 
boundaries ab, bc, cd, de, ea. 

S. By going Round the Figure. 
When the figure is a wood, or water, or when from some 
other obstruction you cannot measure lines across it j begin 
at any point A, and measure around it, either within or 
without the figtu*e, and draw the directioQS of all the skies', 
thus : Plant the table at a ; turn it with the needle to the 
north or flower-de-luce ; fix it, and mark the point A. Apply 
the index to A, turning it till you can see the point E, and 
there draw a line : then the point b, and there draw a line : 
then measure these lines, and lay them down from a to £ and 
B. Next move the table to b, lay the index along the line 
AB, aiid turn the table about till you can see the mark a, and 
screw fast the table ; in which position also the needle will 
again point to the nower-de-luce, as it will do indeed at every 
station when the table is in the right position. Here turn 
the index about Btiil through the sights you see the mark c ; 
there draw a. line, measure bc, and -lay the distance on that 
line after you have set down the table at c Turn it then, 
again into its proper position, and in like manned find the 
next line cd. And so on quite around by £, to A again. 
Then the proof of the work will be the joining at A : for if 
the work be all right, the last direction £A on the ground, 
will pass exactly through the point A on the paper ; and the 
measured distance will also reach exactly to A. If these do 
not coincide, or nearly so, some error has been committed, 
and the work must be examined over again. 

pkoblsm 
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7i Survej a Field with tie Theodolite^ isfc. 

I . From One Point or Station. 

Whsn all the angles can be seen from one point, as thtf 
angle c (first fig« to last prob.) place the instrument at c» and 
turn it about, till through the fixed sights you see the mark 
B, and there fix it. Then turn the moveable iitdex about 
till the mark A be seen through the sights, and note the de-* 
grees cut on the instrument. Next turn the index succes* 
nvelyto b and d, noting the degrees cut off at each; which 
gives all the angles boa, bce, bcd. Lastly measure the 
Enes cB, cA, CE, cd; and enter the measures in a field-book» 
or rather against the corresponding parts of a rough figure 
drawn by guess to resemble the field. 

2. From a Point VTithin or Without. 

Plant the instrument at (last, fig.)) and turn it about till 
the fixed sights point to any object, as a ; and there screw it 
fast* Then tarn the moveable index round till the sights 
point successively to the other points E, D, c, b, noting the 
degrees cut ofF at each of them ; which gives all the angles 
round the point 0. Lastly measure the distances oa, ob, oc, 
ODj OE, noting them down as before, and the work is done. 

3. By going Round the Field. 

By measuring round, either 
within or without the field, pro- 
ceed thus. Having set up marks 
at B, c, &c, near the corners as 
usual, plant the instrument at 
any point a, and turn it till the 
fixed index be in the direction 
AB, and there screw it fast : then 
turn the moveable index to the 

direction af; and the degrees cut oflT will be the angle A. 
Measure the line ab, and plant the instrument at B, and 
there in the same manner observe the angle a; Then mea- 
sure Bc, and observe the angle c. Then measure the di- 
stance CD, and take the angle d. Then measure ds, and 
take the angle e. Then measure ef, and take the angle F. 
And lastly megsure the distance fa. 

To prove the work; add all the inward angles a, B, c, 
&c, together ; for when the work is right, their sum will be 
equal to twice as many right angles as the figure has sides, 
wanting 4 right angles. But when there is an angle, as F, 
that bends inwards, and you measur^ the external angle, 

which 
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V^Kichls less than two right angles^ subtract it from 4 right 
angles, or 360 .degrees, to give the internal angle greater 
than a semicircle or 180 degrees- --^ ' 

Otherwise, 

Instead of observing the internal angles, we may t;ake the 
cisternal angles, formed without the figure by produtirig the 
sides farther out. And in this case, when the work i^ right, 
their sum altogether will be equal to 360 degrees. But^ when 
one of them, as f, runs inwards, subtract it from thesum of 
the rest, to leave 360 degrees. . " 

■ 

PROBUEM IX. 

To Surrey a .Field with Crooked Hedges, &V* * ^ * 

WtTH any of the instruments, measure the lengths, and 
positions of imaginary lines funning as hear the sideis bfth^ 
field as you can; ^nd, ih gtiing ^Tong" them, tncteisai^d the' 
offsets in the maniier before tslught ; then you will live the' 
plan on the paper in using the plain table, drawing the 
crooked hedges through the ends of thd ofi%ets ; but in sur- 
veying with the theodolite, or other instrument, set down 
tfie rtieasures properly in a field-book, or mernbrandum- 
book, and plan them after returning from the field, bybt- 
ing down all the lines and angles. • • ', 




So, in sttrreying the piece abode, set up marks, a, b, c, d, • 
dividing it so as .to have as few sides as may be. * Then begin 
at any station, a, and measure the lines ab, be, cd, da, taking 
their positions, or the angles, a, b, c, d ; and, in going along 
the lines, measure all the offiets, as at m, n, o, p, &c, along 
«v«y station-line. 

And this is done either within the field, or without, as 
may be most convenient.. When there are obstructions 
yVbinftiajs^.Vfaod^ water, bills, &g,' then- measure without, as 
in. the next following figure; j; ., )»; / . io\ r.r /j» :i , .. . 
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PROBLEM Xk 

2# Survey a Fieht^ or tmj other Tiieig^ by Two SUttiont, 

This is perfonned by choosing two sudons firom. which 
all the marks and objects can be seen % then measuring the 
distance between the stations^ and at each station taking the 
aoigles formed by every object from the statiod line or di- 
stance. 

The two stations may be taken either witlun the bounds j^ 
or in one of the sides, or in the direction of two of the ob- 
jectSf or quite at a distance and without the bounds of the 
objects or part to be surveyed. 

In this manner, not only grounds may be surveyedi with«» 
out even entering them, but a map may be taken of the 
principal parts m. x county, or the chief places of a town^, 
or any part of a river or coast surveyed,^ or any other inac<« 
cessible objects i. by taking two stains, on two towers^ oc- 
two hillsi or su€h-like« 





>'.. A-- • 
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PROBLEM XI. 

To Survey a Large Estate. 

It the estate be very large, and contain a great msmber of 
fields^ it cannot well be doae by surveying dH the fieldr 

singly* 
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ftitlgtyi and then putting them together; n6r can it be done 
by taking all the angles and boundaries that enclose it. For 
fai these cases, any small errors will be so much increased^ as 
to render it very much distorted. But proceed as below* 

i* Walk over the estate two or three times> in order to 
get a perfect idea of it, or till you can keep the figure of it 
pretty well in mind. And to help your memory, draw an 
eye-draught of it on paper, or at least of the principal parts 
of itj to guide you ; setting the names within the fields in 
that .draught. 

2. Choose two or more eminent places in the estate, for 
stations, from, which all the principal parts of it can be seen : 
selecting these stations as hx distant from one another as 
convenient. 

3* Take such angles, between the stations, as you thipk 
necessary, and measure the distances from station to station^ 
always in a right line : these things must be done, till you 
get as many angles and lines as are sufiicient for determining 
all the points of station. And in measuring any of these 
statiourdistances, mark accurately where these lines meet 
with any hedges, ditches, roads, lanes, paths, rivulets, &c ^ 
and where any remarkable object is placed, by measuring 
its distance from the station-line; and where a perpendicular 
from it cuts that line. And thus as you go along any main 
station-line, take offsets to the ends of all hedges, and to any 
pond, house, mill, bridge, &c, noting every thing down that 
is remarkable. / 

4. As to the inner parts of the estate, they must be deter- 
mined, in like manner, by new station-lines : for, after the 
main stations are determined, and every thing adjoining to 
them, then the estate must be subdivided into two or t&ee 
parts by new station-lines-; taking inner stations at proper 
places, where you can have the best view. Measure these 
station-lines as you did the first, and all their intersections 
with hedges, and ofisets to such objects as appear. Then 
proceed to survey the adjoining fields, by taking the angles 
that the sides make with the station-line, at the intersections^ 
and measuring the distances to each corner, from the inter- 
sections. For the station-lines will be the bases to all the 
friture operations; the situation of all parts being entirely 
dependent on them ; uid therefore they should be taken of 
as great length as possible ; and it is^' best for them to run 
along some of the hedges or boundaries of one or more fields^ 
or to pass through some of their angles. All things being 
determined for the^ stations, you must take more inner 
stations, and continue to divide aod subdivide till at last you 
come to single fields : repeating the same wgrk for the inner 

¥2 stations 
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statkms as for the outer one$, till all is done ; and close tBr 
trork as often as you can, »id1n as few lines as possible. 

5. An estate may be so situated that the whole cannot be 
surveyed together; because one part of the estate cannot be 
seen from another. In this case, you may divide it into 
three or four parts^ and survey the parts separately, as if 
they were lands belonging to different persons ; and at last 
join them together. 

6. As it is necessary to protractor lay down the work as 
you proceed In it, you must have a scale of a due length to 
do it by. To get such a scale, measure the whole length of 
the estate in chains ; then consider how many inches long 
the map is to be ; and from these will be known how many 
chains you must have in an inch ; then make the scale ac- 
cordingly, or choose one already made. 

PROBLEM xn. 
To Survey a County y or large Trad of Land. 

1 . CftoosR two, three, or four eminent places, for stations; 
such as the tops of high hills or mountains, towers, or 
church steeples, which may be seen from one another ; froio 
which most of the towns and other places of note may also 
be seen ; and so as to be as far distant from one another as 
possible. On these places raise beacons, or long poles, with 
flags of. different colours flying at them, so as to be visible 
fisom all the other stations. 

2. At all the places which you would set down in the map, 
plant long poles, with flags at them of several colours, to 
distinguish the places from one another ; fixing them on the 
tops of church steeples, or the tops of houses ; or in the 
centres of smaller towns and villages. 

These marks then being set up at a convenient number of 
places, and sjich as may be seen from both stations j go to 
one of these stations, and, with an instrument to take angles, 
standing at that station, take all the angles between the other 
station and each of these marks. Then go to the other 
station, and take all the angles between the first station and 
each of the former marks, setting them down with the 
others, each against its feUow with the s»ne colour. You 
•may, if convenient, also take the angles at some third station, 
which may serve to prove the work, if the three lines inter- 
sect in that point where any mark stands. The marks must 
stand till the observations are finished at both stations ; and 
then they may be taken down, and set up at new places. 
The same operations must be performed at both stations, for 
these new places ; and the like for other?. The instrument 

for 
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for taking angles must be an exceeding good one, made on 
purpose with telescopic sights, and of a good length of ra- 
dius. 

3. And thoufgh it be not absolutely necessary to measure 
any distance, because, a stationary line being laid down from 
any scale, all the other lines will be proportional to it 5 yet 
it is better to measure some of the lines, to ascertain the 
distances of places in miles, and to know how many geome- 
trical miles there are in any length 5 as also from thence to 
make a scale to measure, any distance in miles. In measuring 
any distance, 4t will not be exact enough to go along the 
high roads; which, by reason of their turnings and windings, 
hardly ever ,lie in a right line between the stations ; which 
must cause endless reductions, and require great trouble to 
moke it a right line ; for which reason it can never be exact. 
But a better way is to measure in a straight line with a chain, 
between station and station, over hills and dales, or level 
£elds and all obstacles. Only in case of water, woods, 
towns, rocks, banks, ^c, where we cannot pass, such parts 
of the line must be measured by the methods of inaccessible 
distances ; and besides, allowing for ascents and descents^ 
when they are met irtdth. A good compass, that shows the 
bearing of the two stiations, will always direct us to go 
straight, when the two stations cannot be seen ; and in the 
progress, if we can go straight, offsets may be taken to any 
remarkable places, likewise noting the intersection of the 
station-line with all roads, rivers, &c. 

4. From all the stations, and in the whole progress, we 
must be very particular in observing sea-coasts, river-mouths, 
towns, castles, houses, churches, mills, trees, rocks, sands, 
roads, bridges, fords, ferries, woods, hills, mountains, rilk, 
brooks, parks, beacons,, sluices, floodgates, locks, &c, and in 
general every thing that is remarkable. 

5. After we have done with the first and main station- 
lines, which command the whole county; we must then 
take inner stations, at some places already determined ; which 
will divide the whole into several partitions : and from these 
stations we must determine the places of as many of the 
remaining towns as we can. And if any remain in that 
part, we must take more stations, at some places already 
determined ; from which we may determine the rest.* And 
thus go through all the parts of the county, taking station 
after station, till we have determined the whole. . And in 
general the station-distances must always pass through such 
remarkable points as have been determined before, by th^ 
Jormer stations. 

PROBLEM 
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Tc Survey a Town or City* 

This may be done with anyof the instruments for taklnr 
angles, but best of all with the plain table, where every nu* 
nute part is drawn while in sight. Instead of the common 
surveying or Gunter's chain, it will be best, for this purpose» 
to have a chain 50 feet long, divided into 50 links of one 
foot each, and an ofiset«*staff of 10 feet long. 

Begin at the meeting of two or more of the principal 
streeu, through which vft can have the longest prospects^ 
to get the longest station-lines : there having fixed the in- 
strument, draw lines of direction alone those streets^ using 
two men as marks, or poles set in wooden pedestals, or per- 
haps some remarkable places in the houses at the farther 
ends, as windows, doors, corners, &c« Measure these lines 
with the chain, taking offsets with the staff, at all comers of 
streets, bendings, or windings, and to all remarkabU things* 
as churches, markets, halls, colleges, eminent houses,. &c. 
Then remove the instrument to another station, along one of 
these lines $ and there repeat the same process as before* 
And so on till the whole is 4nished« 




Thus, fix the instrument at A, and draw lines in the 
direction of all the streets meeting there ; then measure ab, 
noting the street oti the left at m. At the second station b^ 
draw the directions of the streets meeting there ; and mea- 
sure from B to c, noting the places of the streets at n and o as 
you pass by them. At the third station c, take the direction 
of all the streets meeting there, and measure cD. At D do 
the same, and measure de, noting the place of the cross 
streets at p. And in this manner go through all the prin- 
cipal streets.' This done, proceed to the smaller and inter- 
mediate streets ; and lastly to the lanes, alleys, courts, yards, 
and every part that it may be thought proper to represent in 
the plan flcoBLEM 
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To by down the Pktn of any iurvtf 

l&F the survey was taken with the plain table, we har^ a 
^ough plan of it already on the paper which covered the 
table. But if the survey was with any other instrument, a 
plan of it is to be drawn from the measures that were taken 
in the survey ; and first of all a rough plan on paper. 

To do this, you must have a set of proper instrament$f 
for laying down both lines and angles, occ; as scales of va- 
rious sizes, the more of them, and the more accurate, the 
better, scales of chords, protractors, perpendicul«r and pa^- 
%*allel rulers, &c. Diagonal scales are best for the lines^ 
because they extend to three figures, or chains, and links^ 
which are 1*00 pa^-ts of chains. But in using the diagdnaft 
^c^e, a pair of compasses must be emjdoyed, to take off the 
lengths of the principal lines very accurately* But a scale 
with a thin edge divided, is much readier for laying down 
the perpendicular ofisets to crooked hedges, and for marking 
the places of those offsets on the station-line \ which is done 
-at only one application of the edge of the scsde to that line, 
and then pricking off all at once the distances alcmg it. 
Angles are to be l^d down, either with a good scale of 
chords, which is perhaps the most accurate way, or with a 
large protractor, which '^ much readier when many angles 
are to be laid down at one point, as they are pricked off aU 
at once round the edge of the pix>tractor. 

In general) all lines and angles must be laid down on the 
plan in the same order in which they w^re measured in the 
£eld, and in which they are written in the field-book i \xf^ 
ing down first tlie angles for the position of line9> next the 
lengths of the lines, with the places of -the effsetSi and then 
the lengths of the offsets themselves, all with dry or obscure 
lines ; then a black line drawn through the extremities of 
all the offsets, will be the «dge or bounding line of the fields 
•&C. After tlie principal bounds and lines are laid dovni> 
and made to fit or close properly, proceed next to the smaller 
objects, till you have entered every thing that ought to ap* 
pear in the plan, as houses, brooks, trees, hills, gates, stile^^ 
roads, lanes, mills, bridges, woodlands, &c, &c. 

The north side of a map or plan is commonly placed 
uppermost, and a meridian is somewhere drawn, with thi? 
compass or flower-de-luce pointii^g north* Also, in a vacant 
part, a scale df equal parts or chains is drawn, with the title 
of the map in conspicuous characters, and embellished with 
a compartment. Hills are shadowed, to distinguish them ia 
the map. Colour the hed^s with different cdours ; repre* 

sent 
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sent hilly grounds by broken hilVitad mlieys; draw singfe 
dotted lines for fooi>patlu, and double ones tor horse or car- 
riage roadk Write the name of each field and remarkable 
place within it, andf if you choose, its contents in acres, 
roods, and perches. 

In a very large estate, or a county, draw vertical and ho- 
rizontal lines through the map, denoting the spaces betwreeo 
them by letters placed at the top, afd bottom, and sides, for 
readily finding any ilsld or othei^object mentioned ia a 
tabic. '^ 

In mapping counties, and estates that have uneven grounds 
of hills and valleys, reduce all obhque. lines, measured up- 
hill and down-hill, to horizontal straight lines, if that was 
not done during the survey, before they were entered in tlie 
field-book, by making a proper allowance to shorten theun. 
For which purpcse there is commonly a small table engraven 
on some of the instruments for surveying. 

THE NEW METHOD OF SURVEYING. 

PROBLEU XV. 

Te Survey and Plan by the New Methodt 
In the fi^rmer method of measuring a large estate, the ac- 
curacy' of it depends both on the correctness of (he instru- 
'tnents, and on the care in taking the angles. To avoid the 
'errors mcident to such a multitude of angles, other methods 
have of late years been used by some feV skilfiil surveyors: 
Iheinost practical, expeditious, and correct, seems to be the 
■^IlCwing, which is performed, without tiking angles, by 
-measuring with the chain only. 

''■ Choose' two or more eminences, as erand stations, and 
mSAsure a principal base line from one station to another^ 
'noting every hedge, brook, or other remark'iljle object, as you 
"pass by it ■, ■measuring also such short perpendicular lines to 
the bends' of hedges as may be near at hand.' From the ex- 
tremities of this base line, or from any coriVpnient parts of 
"the same, go off with other lines to some remarkable object 
"Situated towards the sides of the estate, without regarding 
;the angles they make with the base line or with one another; 
still remembering to note every hedge, brook, or dther ob- 
ject, that you pass by. These lines, when laid down by in- 
tersections, will, with the base line, forma grand triangle on 
the estate; several of which, if need be, being thus mea- 
■sured and laid down, you may proceed to form other smaller 
triangles and trapezoids on the sides of the fohner: and so 
on till you finish with the enclosures individually. By which 
means a kind of skeleton of the estate may firslfbe obtained, 
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and the chief Hnes "serve as the bases of such triangles and, 
trapezoids as are necessary to fill up all the interior parts. 

The field-book is ruled into three columns, as usual. In 
the middle one are ^et down the distances on the chain-line^ 
at which any mark, offset, or other observation, is made ; 
and in the right and I^ft hand columns are entered the off- 
sets and observations made on the right and left hand respec-*- 
tively of the chain-line ;. sketching on the sides the shape or 
resemblance of the fences or boundaries. 

It is of great advantage, both for brevity and perspicuity^ 
to begin at the bottom of the leaf, and write upwards ; de^ 
noting the crossing of fences, by lines drawn across the mid- 
dle column, or only a part of such a line on the right and 
left opposite the figures, to avoid confusion; and the corners 
of fields, and other remarkable turns in the fences where off- 
sets are taken to, by lines joining in the manner the fences 
do ; as will be best seen by comparing the book with the 
plan annexed to the field-book following, p. 74. 

The letter in the left-hand corner at the beginning of every 
line, is the mark or place measiured^ow/ and that at the 
right-hand Corner at the end, is the mark measured to : But 
-when it is >not convenient to go exactly from a mark, the 
place measured from is described such a distance from one 
mark towards another ; and where a former mark is not mea- 
sured to, the exact place is ascertained by saying, turn to the 
right or left hand, such a distance to such a mark^ it being ai- 
rways unde^stoodthat those distances are taken in thecliain-line. 

The characters used are, f for turn to the. right handy 1 for 
turn to the left handy and -^ placed over an offset, to show 
that St is not taken at right angles with the chain-line, but 
in the direction of some straight fence ; being chiefly used 
when crossing their directions; which is a better way of ob- 
taining their true places than by offsets at right angles. 

When. a. line is measured whose positipn is determined, 
either by former work (as in the case of producing a given 
line, or measuring from one known place or mark to another) 
or by itself (as in the third side of the triangle), it is called 
^fast lincy and a double line across the book is drawn at the 
conclusion of it 5 but if its position is not determined (as in 
the second side of the triangle), it is called a loose lincy and a 
single line is drawn across the book. When a line becomes 
determined in position, and is afterwards continued fartlier, 
a double line half through the book is drawn. 

When a loose line is measured, it becomes absolutely ne- 
cessary to measure some other line that will determine its 
position. Thus, the first line ah oxbhy being the base of a 

. , triangle. 
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trtanfi[le, is always determined ; but the position of the 
side i/f does not become determined, till tbe third 
measured $ then the position of both is determined, and the 
triangle may be constructed. 

At the beginning of a line, to fix a loose line to the mark 
or place measured firom,'the sign of turning to tbe right or 
left hand must be added, as at i( in the second, andy in the 
third line; otherwise a stranger, when laying down the 
work, may as easily construct the triangle iyt on the wrong 
vide of the line al^ as on the right one : but this error cannot 
be fallen into, if the sign above named be carefully obsenred* 

In choosing a line to fix a loose one, care must be takesi 
that it does not make a very acute or obtuse angle ^ as in the 
triangle ^Br, by the angle at B beinff very obtuse, a small de» 
viation from truth, even the breadth of a point 2!t p or r^ 
would make the error at b, when constructed, very consi* 
derable ( but by constructing the triangle /b^, such a devia* 
tion is of no consequence. 

Where the words leave ^are written in the field-book, it 
signifies that the taking of offsets is from thence disconti- 
nued; and of course something is wanting between that and 
the next ofiset, to be afterwards determmed by measuring 
flome other line. 

The field-book for this method, and the plan drawn from 
it, are contained in the four following pages, engraven on 
copper plates \ answerable to which the pupil b to draw a 
plan from the measures in tbe field-book, of a larger siae> 
viz. to a scale of a double size will be convenient, such a scale 
being also found on most instruments. In doing this, begin 
at the commencement of the field-book, or bottom />f the first 
page, and draw the first line ah in any direction at pleasure^ 
and then the next two sides of the first triangle hhj hj sweep- 
ing intersected arcs; and so all the triangles in the same 
manner, after each other in their order; and afterwards set- 
ting the perpendicular and other offsets at their proper places, 
and through the ends of them drawing the bounding fences. 

Note. That the field-book begins at the bottom ot the first 
page, and reads up to the top ; hence it goes to the bottom 
of the next page, and to the top ; and thence it passes £rom 
the bottom of the third page to the top, which is the end of 
the field-book. The several marks measured to or from, 
are here denoted by the letters of the alphabet, first the small 
ones, /I, h^ c, dy &c, and after them the capitals Ay Bf C, i>, 
3rc. But, instead of these letters, some surveyors use the 
numbers in order, !> 2, 3, 4, &c. 
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OF THE OLrD KI1I0 OF FIBLD-BOOK. 

In surveying with the plain table, a field-book is not used, 
as every thing is drawn on the fable immediately when it is 
measured. But in surveying with the theodolitei or any 
other tnstniment, some kind or a Scld^book must beused^ to 
write down in it a register of account of ^11 that is done and 
occurs relative to the survey in hand. 

This book every one contrives and rules as he thinks fittest 
for himself. The following is a specimen of a form which 
has been formerly used. It is ruled in three columns^ as 
below. 

Here 1 is the first station, where the angle or bearing 
is 105** 25'. On the left, at 73 links in the distance or prin- 
cipal line, is an offset of 92 } and at 610 an offset of 24 to a 
cross hedge. On the right, at 0, or the beginning, an oflTset 
25 to the corner of the field; at 248 Brown's boundary 
hedge commences ; at 610 an offset 35 ; and at 954, the end 
of tne first line, the denotes, its terminating in the hedge* 
And so on for the other stations. 

A line is drawn under the work, at the end of every sta- 
tion line, to prevent confusion. 

Form of this Fteld-Booh* 
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\ 


Ofisets and Remarks 


Bearings, 


Offsets and Remarks 


on the left. 
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a brook 30 
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16 a spriag 


£x)tpath 16 


810 




cross hedge 18 


973 ] 


20 a pond 
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Then the *plan, on a srinall scale drawn from the above 
field-bookj will be as in the fbllowing figure. But the pupil 
may draw a plan of 3 or 4 times the size on his paper book. 
The dotted lines denote the 3 chain or measured lines, and 
ihe black lines the boundaries on the right and left* 




£ut some skilful . surveyors now make use of a different 
jtnethpd for the field-book, namely, beginning at the bottom 
of the page and writing upwards; s]^etching also a neat 
boundary on either hand, resembling the parts near the 
measured lines as they pass along ; an example of which was 
given in the new method of surveying, in the preceding 
page's. 

In smaller surveys and measurements, a good way of set- 
ting down the work, is to draw by the eye, on a piece of 
|)aper, a figure resembling that which is to be measured; 
and SQ writing the dimensions, as they are found, against 
the corresponding parts of the figure. And this method 
may be practised to a considerable extent, even in the larger 
surveys. 

Another specimen of a field-book, with its plan, is as fol- 
lows ; being a single fielid, surveyed with the chain, and the 
theodolite for taking angles ; which the pupil wiU likewise 
draw of a larger size. 
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SECTION m. 
OF COMPXJTING AND DIVIDING. 

PROBLEM XVI. 

To Compute the Contents of FielJs, § 

1. Compute the contents of the figures as divided into 
triangles, or trapeziums, by the proper rules for these figures 
laid down in measuring ; multiplying the perpendiculars by 
the diagonals or bases, both in links, and divide by 2 ; the 
quotient is acres, after having cut off five figures on the right 
for decimals. Then bring these decimals to roods and perches, 
by multiplying first by 4, and then by 40. An example of 
which is given in the description of the chain, pag. 53. 

2. In small and separate pieces, it is usual to compute their 
contents /rom the measures of the lines taken in surveying 
them, without making a correct plan of them. 

3. In pieces bounded by very crooked and winding hedges, 
measured by offsets, all the parts between the offsets are 
most accurately measured separately as small trapezoids. 

4. Sometimes sych pieces as that last mentioned, are com* 
puted by finding a mean breadth, by adding all the offsets 
together, and dividing the sum by the number of them, ac- 
counting that for one of them where the boundary meets 
the station-line, (which increases the number of them by 1, 
for the divisor, though it does not increase the sum or quan«^ 
tity to be divided) 5 'then multiply the length by that mean 

•breadth. 

5. But in larger pieces' and whble estates, consisting of 
many fields, it is the coiiimon practice to make a rough plan 
of the whole, and from it compute the contents, quite inde- 
pendent of. the measures of the lines and angles thaj were 
takefi in surveying. For then new lines are drawn in the 

fields 
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£elds on the plans, so as to divide them into trapeziums and 
triangles, the bases and perpendiculars of which are measured 
on the plan by means of the scale from which it was drawn» 
and so multiplied together for the contents. In this way, 
the work is very expeditiously doae, and sufficiently correct; 
£)r such dimensions are takte as afford the most easy method 
of calculation ; and among a number of parts, thos taken 
and applied to a scale, though it be likely that some of the 
parts will be taken a small matter too little, and others too 
great, vet they will, on the whole, in all probability, very 
nearly balance one another, and give a sufficiently accurate 
result. After all the fields and particular parts are thus com- 
puted separately, and added all together into one sum; cal- 
culate the whole estate independent of the fields, by dividing 
it into large and arbitrary triangles and trapeziums, and add 
these also together. Then if thi^ sum be equal to the fbrmer, 
or nearly so, the work is right; but if the sums have any 
considerable difference, it b wrongs and they must be ex- 
amined, and re-computed, till they nearly agree. 

6. But the chief art in computing, consists in finding the 
contents of pieces bounded by curved or very irregular lines, 
or in reducing such crooked sides of fields or boundaries to 
straight lines, that shall inclose the same or equal area with 
those crooked sides, and so obtain the area of the curved 
figure by means of the right-lined one, which will commonly 
be a trapezium. Now this reducing the crooked sides to 
straight ones, is very easily and accurately performed in this 
manner : — Apply the straight edge of a thin, clear piece of 
lanthorn-hom to the crooked line, which b to be reduced, 
in such a manner, that the small parts cut ofiT from the 
crooked figure by it, may be equal to those which are taken 
in : which equality of the parts included and excluded you 
will presently be able to judge of very nicely by a little prac- 
tice : then with a pencil, or point of a tracer, draw a line by 
the straight edge of the horn. Do the same by the other 
sides of the field or figure. So shall you have a straight- 
sided figure equal to the curved one ; the content of which, 
being computed as before directed, will be the content of the 
crooked figure proposed. 

Or, instead of the straight edge of the horn, a horse-hair, 
/or fine thread, may be applied across the crooked sides in 
the same manner; and the easiest way of using the thread, is 
to siring a small slender bow with it, either of wire, or cane^ 
or whale-bone, or such-like ^lender elastic matter ; for, the 
bow keeping it always stretched, it can be easily and neatly 
applied with one hand, while the other is at liberty to make 
two marks by the side of it, to draw the straight line by. 

V EXAMPLE. 
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EXAMPLE^ 

Thus, let it be required to findtne contents of the same 
figure as in Prob. iZj page 65^ tQ a scale of ^ chains to an 
inch. ^ \: 




Draw the 4 dotted straight lines AB, BC^ cD, PA, cutting 
off equal quantities on both sides of them, which they Aq as 
near as the eye can judge : so is the crooked figure reduced 
to an equivalent right-lined one of 4 sides, abCd* Then 
draw the diagonal bd, which, by applying a proper scale to 
it, measures suppose 1256. Also the perpendicular, or near- 
est distance from a to this diagonal, measures 455; and the 
distance of c from it, is 4'28* 

Then, half the sum of 456 and 428, moltiplied by the 
diagonal 1256, gives 555152 square links^ or 5 acres» 
2 roods, 8 perches, the content of the trapezium, or of the 
irregular crooked piece. 

As a generd example of this practice, let the contents be 
computed of all the fields separately in the foregoing plan 
facing page 7.5, and, by adding the contents altogether, the 
whole sum or content of the estate will be found neaiiy 
«quai to 1PS| acres. Then, to prove the work, divide the 
whole plan into two parts, by a pencil line drawn across it 
any way near the middle, as from the corner / on the right, 
to the comer near s on the left; then, by computing these 
two large parts separately, their sum must be nearly equal to 
.the former sum> when the work is all rights 



PROBLEM XVn. 

2i ^Transfer a Plan to. Another Paper ^ Iffc* 

After the rough ^an is c^^Bpleted, and a £uf one is 

wanted; this may be done by any of the following methods. 

y^ ■ ' First 
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' First Method^^Lxj the rough plan on the clean papei'^ 
keeping them always pressed flat and close together, by 
weights laid on them* Then, with the point of a fine pin 
br pricker, prick through all the corners of the plan to be 
copied. Take them asunder, and connect the pricked p6ints 
on the clean 'paper, with lines \ and it is done. This method 
is only to be practised in plans of such figures as are small 
and tolerably regular, or bounded by right lines* 

Second Method. — Rub the back of the rough plan over with 
black-lead powder ; and lay this blacked part on the clean 
paper on which the plan is to be copied, and in the proper 
position. Then, with the blunt point of some hard sub- 
stance, as brass, or such-like, trace over the lines of the whole 
plan ', pressing the tracer so much, as that the black lead 
under the lines may be transferred to the clean paper : after 
which, take ofi^ the rough plan, and trace over the leaden 
marks with common ink, or with Indian ink-*Qr, instead of 
blacking the rough plan, we may keep constantly a blacked 
paper to lay between the plans. 

Third Method. — Another method of copying plans, is by 
means of squares. This is performed by dividing both ends 
and sides of the plan which is to be copied into any conve- 
nient number of equal parts, and connecting the correspond- 
ing points of division with lines : which will divide the plan 
into ^ number of small squares. Then divide the paper, 
on which the plan is to be copied, into the same number 
of squares, each equal to the former when the plan is to be 
copied of the same size, but greater or less than the others, 
in the proportion in which the plan is to be increased or 
diminished, when of a different size. Lastly, copy into the 
clean squares the parts contained in the corresponding squares 
of the old plan ; and yon will have the copy, either of the 
same size, or greater or less in any proportion. 

Fourth Method. — A fourth method is by the instrument 
called a p^ntagraph, which also copies the plan in any size 
required. 

Fifth Method. — ^But the neatest method of any, at least in 
copying from a fair plan, ij this. Procure a copying frame 
or glass, made in this manner; namely, ia large square of the 
best window glass, set in a broad frame of wood, which can 
be raised up to any angle, when the lower side of it rests on 
a table. Set this frame up to any ^^gle before ypn, facing a 
strong light ; fix the old plan and clean paper together, with 
5$v.eral pins quite^ around, to keep theni together, the clean 

» - ' • • . » ^ . . paper 
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pdpiH' beinf^ laid uppermost^ and over the face of the plan to 
be copied. Lay thenii with the Sack of the old plan^ on the^ 
glass i namely, that part which you intend to begin at to 
copy first ; and by means of the light shining through the 
papers, you will vtry distinctly perceive every line of the plan 
through the clean paper* In this state then trace all the 
lines on t^e paper with a. pencil. Having drawn that part 
which covers the glass, slide another part over the glass, and 
copy it in the same manner. Then another part. And so 
on, till the whole is copied. Then take them asunder, and 
trace all the' pencil lines over with a fine pen and Indian 
ink, or with common ink. And thus you may copy ti^€ 
finest plan, without injuring it in the least. 
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OF ARTIFICERS^ WORKS, 



AND 



TIMBER MEASURING. 



I. Of the CARPENTER'S or SLIDING RULE. 

THE Carpenter's or Sliding Rule, is an instrument much 
used in measuring of timber and artificers' works, both for 
taking the dimensions, and computing the contents. 

The instrument consists of two equal pieces, each a foot 
in length, which arc connected together by a folding joint. 

. One side or face of the rule is divided into inches, and 
eighths, or half-quarters. On the same face also are several 
plane scales, divided into twelfth parts by diagonal lines ; ' 
which are used in planning dimensions that are taken in feet 
and inches. The edge of the rule is commonly divided de* 
cimally, or into tenths; namely, each foot into ten equal 
parts, and iach of these into ten parts again : so that by 
means of this last scale, dimensions are taken in feet, tenths, 
and hundredths, and multiplied as common decimal numbers^ 
which is the best way. 

On the one part of the other face are four lines, marked 
A, B, c, D 'f the two middle ones b and c being on a slider^ 
which runs in a groove made in the stock. T& samenum-* 
bers serve for both these two middle lineS) the one (>eing 
abpve the numbf rs, and the other below. ^ 

Vol. II. G These 
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These four lines are logarithmic ones, and the three a, 9f 
% which are all equal to one another, are double linesf ar 
they proceed twice over from 1 to 10. The other or lowest 
line, D, is a sinele one, proceeding fit>m 4 to 40. It b also 
called die girt line, from its ose in computing the contents 
of trees and timber; and on it are marked wc at 17*15, 
and AG at 18*95, the wine and ale gage points, to make this 
instrument serve the pupose of a gaging rule* 

Oh the other part of this face, there is a table of the value 
of a load, or 50 cubic feet of timber, at all prices^ fitMn 
6 pence to 2 shillings a foot. 

When 1 at the beginning of any line is accounted I, then 
the 1 in the middle will be 10, and the 10 at the end 100; 
but when 1 at the beginning is counted 10, then the 1 in 
the middle is 100, and the 10 at the end 1000; and so on. 
And all the smaller divisions are altered proportionally. 



ll. ARTinCERS' WORK. 

Artificers compute the contents of their works by seve- 
ral different mea^res. As, 

Glazing and masonry, by the foot ; Painting, plastering, 
paving, &c, by the yard, of 9 square feet : Floorings 
partitioning, roofing, tiling, &C| by the square of 100 
square feet : 

And brickwork, either by the yard of 9 square feet, or by . 
the perch, or square rod or pole, containing 272^ square 
feet, or 30| square yards, being the square of the rod 
or pole of 164 feet or 5i yards long. 

As this number 272 j. is troublesome to divide by, the | is 
often omitted in practice, and the content in feet divided 
only by the 272. 

All works, whether superficial or solid, are computed by 
the ndes proper to the figure of them, whether it be a tri- 
abgle, or rectangle, a parsdlelopiped, or any other figure. 



in. BRICKLAYERS' WORK. 

Brickwork is estimated at the rate of a brick and a half 
thick. So that if a wall be more or less than this stan4ard 
thickness, it must be reduced to it, as follows : 

Mtdtiply the superficial content of the wall by the number 
•f half bricks in the thicjuie^, and divide.the p^oduct-by 3. 

The 



MASONS' WCJRfe <i 

Tbe dimensions of a building may be taken t>y pleasuring 
half round on tbe outside and half round it on tbe inside ; tb^ 
isiim of these two gives tbe compass of the wall, to be multi^ 
pGed by the heigfiti for thfe content of the materials; 

Chimneys are commonly measured as if they were solki^ 
deducting only the v^tcuity from the hearth to the mantle* 
on account of the trouble of them^ All windows* doors. &c« 
are to be deducted out of tbe contents of the walls in tirhich 
they are placed. 

ExAm. 1 . liow many yards and rods of standard brick«* 
work are in a wall whose length or compass is 57 feet 3^ 
inches, and height 24 feet €i inches; the wall being 2|^ 
bricks or 5 half bricks thick ? Ans, 8 rods, 17|> yards* 

Exam. 2. Required the content of a wall 62 feet 6 inches 
long, and H feet 8 inches high, and 2^ bricks thick ? 

Ans. 169-753 yardsi 

Exam. 3. A triangular gable is rmsed 174-. feet high, on 
an end wall whose length is 24 feet 9 inches, the thickness 
being 2 bricks : required the reduced content ? 

Ans. 32-08J. yards^ 

Exam« 4. The end wall of a house is 28 feet 10 inches 
long, and 55 feet 8 inches high, to the eaves ; 20 feet high- is 
2t bricks thick, other 20 feet high is 2 bricks thick, and th^ 
remaining 15 feet 8 inches is 1^ brick thick; above which 
is a triangular gable, of 1 brick thick, which rises 42 courses 
of bricks, of which every 4 courses make a foot. What is the 
whole coxltent in standard measure ? Ans. 253*626 yards4 
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IV. MASONS' WORK. 

To Masonry belong all sorts of stone-work ; and the mea* 
sure made use of is a foot, either superficial or solid. 

Walls, columns, blocks of stone or. marble, &c, are mea« 
sured by the cubic foot ; and pavements, slabs, chimney-^ 
pieces, &c, by the super6cial or square foot. . 

Cubic or solid measure is used for the materials, and square 
measure for the workmanship, 

In the solid measure, the true length, breadth, and thick- 
ness are taken and multiplied continually together. In the 
superficial, there must be taken the length and breadth of 
every part of the projection which is seen without the general 
iipright face of tlie 4)uilding. 

. G2 EXAltfPLES 
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EXAMPLES. 

ExiTM. L Required the solid content of a wall, 5S feet 
6 inches long, 12 feet 3 inches high, and 2 feet thick ? 

Ans. 1310^ feet* 

Exam. 2* What is the solid content of a wall, the leneth 
being 24 feet 3 inches, height 10 feet 9 inches, and 2 teef 
thick ? Ans. b^ 1 *S75 feet. 

Exam. 3. Required the vnhie of a marble slab, at 8x. per 
foot ; the length being 5 feet 7 inches, and breadth 1 foot 
10 Inches ? Ans. 4f. 1/* \^\JL 

Exam. 4. In a chimney piece, suppose the 
length of the mantle and slab, each 4 feet 6 inckea 
breadth of both together - S' 2 

kngth of 'each jamb - - 4 '4 

breadth of both together - 1 9 

Required the superficial content ? Ans. 21 feet 10 inches* 



V. CARPENTERS'- and JOINERS' WORK. 

To this branch belongs all the wood-work of a housCf 
such as flooring, partitioning, roofing, &c. 

Large and plain articles are usually measured by the 
square foot or yard, &c ; but enriched mouldings, and some 
other articles, are often estimated by running or lineal mea-r 
sure \ and some things are rated by the piece. 

In measuring of Joists, take the dimensions of one joist^, 
and multiply its content by the number of them ; consider- 
ing that each end is let mto the wall about ^ of the thick- 
ness, as it ought to be. 

Partitions are measured froni wall to waH for one dU 
mension, and from fk>or to floor, as f^ as, they extend, for 
the other.. 

Ihe mi asurt of Centering for Cellars is found by making M- 
string pass over the surface of the arch for the breadth, andt 
taking the length of the celkr for the length : but in grpir> 
centering, it is usual to allow double meairure, on account o£ 
their extraor^nary trouble. 

In Rooffjgf. the dimensions, as to fength, breadth, and 
depth, are talu^n as in flooring jpists^ and the contents com-- 
put ed the same way. 

' In Floof'^ariiingf take the length of the room for. one- 
dimension, and the breadth for the other, to multiply to- 
gether for the content. 

For Staiv'^aseSiX^k^ the breadth of all the steps, by making 

a line 
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alin€ ply close over them, from the top to the bottom, and 
«i?altip4y the length of this iine by the length of a step, f<* 
the whole area,— ^By the len^h of a step is meant the length 
of the front and the retorts at the two ends; and by thtf 
breadth is to be undernood the girts of its two outer siar- 
faces, or the tread and riser. 

.\ Far! the Balustrade ^ take the whole knjjth of the upper part 
of the hand-rail, and girt over its end till it meet the top of 
the newel-post, for the one dimension ; and twice the length 
of the baluster on the landing, with the girt of the hand- 
rail, for the other dimension. 

For Wainscotingi take the cqmpass of the room for the 
one dimension; and the hei^t from the floor to the ceiling, 
making the string f^y close into all the mouldings, for the 
'lather. 

For Doorsy take the height and the breadth, to multiply 
^hem together for the area.— If the door be panneled on 
both sides, take double its measure for the workmanship ; 
but if one side only be panneled, take the area and its half 
for the workmanship. — For the &urrcund',ng Archiiravej girt 
it about the uttermost part for its length ; and measure over 
It, as far as it can be seen when the door is open, for the 
breadth. 

JVmJow-thutterSf Bases, &c, are measured in like manner* 

In measuring of Joiners' work, the string is made to p!y 
close into all mouldings, and to every part of the work over 
«rhicH it pass£^, 

/ EXAMPLES. 

' ExiM. 1. Required the content of a floor, 48 feet 6 inches 
Jong, and 24 feet 3 inches broad ? Ans. 1 1 sq. 76-J- feet. 

ExAU. 2. A floor being 36 feet 3 inches long, and 16 feet 
$ inches broad, how many squares are iil it ? . , 

Ans. 5 sq. 984 ^*^®t. 

Exam. 3. How many squares are there in 173 feet 10 
inches in length, and 10 fpet 7 inches height, of partition- 
ing? Ans. 18-3973 squares. 

Exam. 4. What cost the roofing of a house at }0s,6J, 
a square ; the length within the walls being S2 feet S inches, 
;ind the breadth 30 feet C inches} reckoning tfce roof I- of 
Jim flat? Ans. 12/. 12/. li-Ji. 

Exam. 
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Exam* 5. To how muchi at 6/. per square yard, amoiutf 
the wainscoting of a room ; the height taking in the cornice 
gnd moujdingsy being li feet 6 inches, and the whole couit 
pass 93 feet 8 inch^ i aUo the three window-shutters ar^ 
each 7 feet 8 inches by 3 feet 6 inches, and the door 7 feef 
by 5 feet 6 inches ; the doors and shutters, being worked on 
both sides^ are reckoned work and half work ? 

/Ln%.seL 12$. 2i4. 
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In these articles, the content of a roof is found by mulv 
tiplying the length of the ridge by the girt over from eavei 
^o eaves j making allowance m this girt for the double row 
p£ slates at the bottoip, or Iqr bow much one row of slater 
or tiles is laid over another. 

When the roof is of a true pitch, that is, forming a righf 
angle at top ;' then the breadth of the building, with its half 
pdded, is the girt over both sides nearly. 

In angles formed in a roof, running from the ridge to the 
eaves, when the angle bends inwardsj'it is called a valley^ 
but when outwards, it is called a hip. 

Peductions are made for chimney shafts or window holef • 

^SAMPLES. 

Ex AM. 1 . Required the content of a slated roof, the length 
plying 45 feet 9 inches, and the whole girt 34 feet 3 inches ? 

Ans. n4;,5y yards. 

E;s:am. 3. To how much amounts the tiling of a house^ 
sit 25s. 6d. per square \ the length being 43 feet 10 inches, 
';»nd the breadth on the flat 27 feet 5 Inches ; also the eaves 
projecting 16 inches on ^ach side^ and the roof of a true 
£>it<Qh ^ Aps. 24/. 9s. 5^ 



VIL PLASTERERS' WORK. 

, Plasterers' work is of two kinds ; namely, ceiling, which 
fs plastering, oh laths ; and rendering, which is plastering 
pn wall^ : which are measured separately. 
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The cofttents are estimated eithisr by the foot or the yard, 
or the square, of IQO feet. Inriched iHouldings, &c, ar« 
rated by- running or lineal measure. 
. Deductions are made for chimneys, doors, windows, &c.. 

EXA^MPLES. 

ExAmI 1. How many yards contains the ceiling which is 
♦3 feet S inches long, and 25 feet 6 inches broad ? 

Ans. I22i. 

- Exam. 2. To how much amounts the ceiling of a room, 
at 10^. per yard ; the length being H feet 8 inches, and th^ 
breadth 14 feet 10 inches i Ans. 1/. 9/. 8|^. 

Exam. 3. The length of a room is 18 feet 6 inches, the 
breadth 12 feet 3 inches, and height 10 feet 6 inches; to 
how much amounts the ceiling and rendering, the former at 
Bd. and the latter at Sd, per yard ; allowing for the door of 
7 feet by 3 feet 8, and a fire-place of 5 feet square ? 

.Ans. 1/. I3j. 3id. 

Es:iM^4. Required tb.e quantity of plastering in a room^ 
the length being 14 feet 5 inches, breadth 13 feet 2 inches, 
and height 9 feet S inches to the under side pf the cornice, 
.^hich girts 84- inches, and projects *5 inches from the wall 
on the upper part next the ceilings deducting only for 9 
door 7 feet by 4 ? 

Ans. 33 yards 5 feet 3^ inches of renderings. 
18 5 6 of ceiling 

39 0|J of cornice. ^ 
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Painters' work is computed in square yards. Every part 
is measured where the colour lies j and the measuring line is 
forced into all the mouldings and corners. 

Windows are done at so much a piece. And it is usual to 
allow double measure for carved mouldings, &c. 

EXAMPLES. 

Exam. 1. How many yards of painting contains the room 
which is 65 feet 6 inches in compass, and 12 feet 4 inches 
high ? Ans. 89|| y ^rds. 

jSxAM. 2. The length of a room being 2Q feet, its breadth 

14 feet 



M GLAZIERS' WORE. 

14 feet 6 inches, and height 10 feet 4 inches; h^wmany 
yards of painting are in it, deducting a fSre-place of 4 feet 
by 4 feet 4 inches, and two windows each 6 feet by 3 feet 
2 inches ? Ans. 1 %^ yards. 

Exam. 3. What cost the painting of a room, at d^. per 
yard; its length being 24 feet 6 inches, its breadth 16 feet 
5 inches, and height 12 feet 9 inches $ also the door u 7 feet 
by S feet 6, and the window-shutters to two windows each 
7 feet 9 by S feet 6 ; but the breaks of the windows them- 
selves are 8 feet 6 inches high, and 1 foot 3 inches deep ; in- 
cluding also the window cills or seats, and the soffits abovCf 
the dimensions of which are known from the other dimen- 
sions : but deducting the fire*place of 5 feet by 5 feet 6 ? 

Ans. 3/. 3/* lO^d. 



TK. GLAZIERS' WORK. 

Glaziers take their dimensions, either in feet, inchess 
and parts, or feet, tenths, and hundredths* And they com- 
pute their work in square feet. 

' In taking the length and breadth of a window, the cross 
bars between the squares are included. . Also windows of 
round or oval forms are measured as square, measuring them 
to their greatest length and breadth, on account of the waste 
in cutting the glass. 

EXAMPLES. 

^ Exam. 1. How many square feet contains the window 
which is 4'25 feet long, and 2*75 feet broad ? Ans. 1 1|.. 

Exam. 2. What will the glazing a triangular sky-light 
eome to, at 10^. per foot; the ibase being 12 feet 6 inches, 
and the perpendicular height 6 feet 9 inches ? 

Ans. I/. 1 5s. l^d. 

Exam. 3. There is a house with three tiers of windows, 
three windows in each tier, their common breadth 3 feet 1 1 
inches : 

now the height of the first tier is 7 feet 10 inches 

of the second 6 8 

of the third 5 4 

Required the expence of glazing at I4d. per foot ? 

Ans. J 3/. 11/. lOiJ. 

Exam. 



PLUMBERS' WORK. ' 89 

Exam. 4?. Required the iexpense of glazing the window* 
•f a house at IS^. a footj there being three stories, and thret 
windows in each story ; 

the heigiit of the lower tier is 7 feet 9 inches 
. of the jnid^ile 6 6 

of the upper '5 3|. 

and of an oval window gver the door 1 10^ 

the common breadth ' of all the windows being 3 feet 
finches? Aus. 12L Ss. 6JL 



X. PAVERS' WORK. 



V 



Pavers* t work is done- by the square yard. And tiit 
content is found by multiplying the length by the breadth. 

'^ EXAMPLES, 

Exam. 1. What eost the paving a foot path, at Ss. 4^^ 
a yard; the length being 35 feet 4 inches^ and breadth 
S feet 3 inches ? Ans, fe/. Is. 1 lliL 

Exam. 2. What cost the paving a court, at 3j. ^d. per 
yard; the length being 27 feet 10 inches, and the breadth 
14 feet 9 inches? Ans. 7/. 4/. 5\d. 

Exam. S. What will be the expense of paving a rectangu* 
lar court -yard, whose length is 63 feet, and breadth 45 feet.5 
in which there is laid a foot-path of 5 feet 3 inches broad^ 
running the whole length, with broad stones, at %s. a yard | 
iJiie rest being paved with pebbles at 2s. 6d, a yard i . 

Ans. 40/* 6s. 10^ 



XI. PLUlVffiERS' WORK. 

' Plumbers' work is rated at so much a pound, or else by 
the hundred weight of 1 12 pounds. 

Sheet lead, used in roofing, guttering, &c, is from 6 to 
1 01b. to the square foot. And a pipe of an inch bore it 
commonly 13 or 141b. to the yard in length. 

EXAMPLES. 

Exam. I. How much weighs the lead ivhich is 39 feet 

6 inches 



iO TIMBER MEASURING. 

6 inches Iohg» and 3 feet 9 inches broad, at S^lb* to the 
square foot? Ans, 109 l^V^* 

Exam. 2. What cost the covering and guttering a roof 
with lead, at 1 S/. the cwt ; the length of the roof being 45 
feet} and breadth or girt over it 32 feet i the guttering 57 
feet long* and 2 feet widei the former 9*831 lb. and the 
latter 7*373 lb« to the square foot ? Ans. 115/. 9s. 1^ 



Xn. UMBER MEASURING. 

P&oiLEM t. 

Tofini ihi AreOf w Superfiaal Content, ffa Bear J or Pkutl, 

Multiply the length by the mean breadth. 

Note. When the board b taperine> add the breadths at 
the two ends together, and take half the sum for the mean 
breadth. Or else take the mean breadth in the middle. 

By the Sliding Rule. 

Set 12 on B to the breadth in inches on A $ then against 
the length in feet on B^ is the content on A> in feet and 
fractional parts. 

EXAMPLES. 

Exam. 1. What is the value of a plank, at \\d, per foot, 
whose length is 12 feet 6 inches, and mean breadth 11 
inches ? Ans. 1/. 5^/. 

Exam. 2. Required the content of a board, whose length 
is 1 1 feet 2 inches, and breadth 1 foot 10 inches ? 

Ans. 20 feet 5 inches 8'\ 

Exam. 5. What is the value of a plank, which is 12 feet 
9 inches long, and 1 foot S inches broad, at 2\d. a foot. 

Ans. 3j. 3|ii 

Exam. 4. Required the value of 5 oaken planks at 3rf. 
per foot, each of them being \1\ feet long ; and their several 
breadths as follows, namely, two of ISf inches in the middle, 
one of 14f inches in the middle, and the two remaining 
ones, each 18 inches at the broader end, and 1 1^ at the nar- 
rower? Ans. 1/. 5s. 9id* 

PROBLBM 



URBBER MEASURIMa 01 



PROBLEM 11^ 



Xo find the Solid Content of Squared or Four^nded Ttmher. 

MupnpLT the mean breadth by the mean thickness, and 
Ae product again by the lengthy for the content nearly. 



By the Siiding Rule. 

C D D C 

As lengtl^ : 12 or 10 ; : quarter girt : solidity. 

That is, as the length in feet on c, is to 12 on d, when 
^e quarter girt is in inches, or to 10 on d, when it is in 
tenths of feet \ so is the ^u^er girt on D> to the content 
on c. 

Note 1, If the tree taper regularly from the one end to 
the other ; either take the mean breadth and thickness in 
the middle, or take the dimensions at the two tods, and half 
their sum will be the mean dimensions : which multiplied as 
acbqve, will give the content nearly. 

2. If the piece do not taper regularly, but be unequally 
tbick in some parts and small in others ; take several dif- 
ferent dimensions, add them all together, and divide their 
jpum by the number of them, for the mean dimensions. 



EXAMPLES. 

Exam.' 1. The length of a piece of timber is 18 feet 
6 inches, the breadths at the greater and less end 1 foot 
6 inches and I foot 3 inches, and the thickness at the greater 
and less end 1 foot 3 inches and 1 foot \ required the solid 
irontent ? Ans. 28 feet 7 inches. 

Exam. ^ What is the content of the piece of timber, 
lirhose length is 24t feet, and the mean breadth and thick* 
ness each 1 04 feet ? Ans. 26^ feet ^ 

Exam. 3. Required the content of a piece of timber, 
jwhose length is 20'38 feet, and its ends unequal squares, the 
sides of the greater. being \Q\ inches, and the side of the less 
^\ inches ? • Ans. 29-7562 feet. 

Exam. 



$2 TniBER MEASURING. 

Exam. 4. Required the content of the piece of 
whose length is 27*36 feet ; at the greater end the breadth 
is 1*78, and thickness 1*23 ; ai.d at the less end the breadth 
is 1*04^ and thickness 0*91 feet i ^ Ans. 41*278 feet« 

FROBLfiM III, 

To find the Solidity rf Round or Vrnquand Timher. 

Multiply the square of the quarter girt* or of j- of the 
mean circumference, by the lengtn, for tne content* 

By tbi Sliding Rule. 

As the length upon c : 12 or 10 upon d : : 
quarter girt, in 1 2ths or lOths^ on d : content on c. 

Note 1. When the tree is tapering, take the mean dimen- 
sions as in the former problems, either by girting it in the 
middle, for the mean girt, or at the two ends, and taking half 
the sum of the two ; or by girting it in several places, then 
adding all the girts together, and dividing the sum by the 
number of them, for the mean girt. But when the ttee is 
very irregular, divide it into several lengths, and find the 
concent of each part separately. 

2. This rule, which is commonly used, gives the answer 
about Tf less than the true quantity in the tree, or nearly 
what the quantity ^would be, after the tree is hewed square 
in the usbal way : so chat it $eems intended to make an al« 
lowance for the squaring of the tree, 

EXAMPLES, 

Exam. 1. A piece of round timber being 9 feet 6 inches 
long, and its mean quarter girt 42 inches; what is the 
content? Ans. 116-Jfeet, 

Exam. 2. The length of a tree is 24 feet, its girt at the 
thicker end 14 feet, and at the smaller end 2 feet ; required 
the content? Ans. 96 feet. 

. Exam. 3. What is the content of a tree, whose mean 
girt is 3*15 feet^ and length 14 feet 6 inches ? 

Ans. 8*9922 feet* 

Exam. 4. Required the content of a tree j whose length is 
17^ feet, which girts in five different places as follows, name- 
ly, in the first place 9*43 feet, in the £;2cond 7-92, in the 
third 6U6, in the fourth 4*74, and in the fifth 3-1$ ? 

' Ans. 42-519525, 

CONIC 
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CONIC SECTIONS, 



DEFINITIONS. 

I. Come Sections are the figures made by a plane cot* 
ting a cone. 

2« According to the differem positions of the cutting plane, 
there arise five different figures or sections, namely, a tri- 
angle, a circle, an ellipsis, an hyperbola, and a parabola: the 
three last of which only are peculiarly called Conic 3ecti<His* 



3. If the cutting plane pass through 
the vertex of the cone, and any part of 
.the base, the section will evidently be a 
triangle i as viB. 




I • 



4. If the plane cut the cone parallel to 
the base, or make no angle with it, the 
section will be a circle; as abd* 



5. The section dab is an ellipse 
when the cone is cut obliquely through 
both sides^ or when the plane is in« 
clined to the base in a less angle than 
the side of the cone is. 




6» The section is a parabola, when 

the cone is cut by a plane parallel to 

'the side, or when the cutting plane and 

the side of the cone ziiake equal angles 

with the base. 

7. 
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C0NI6 SECTIONS. 



7. The section is an hyperbola, when 
the cutting j^ane makes a greater angle 
with the base than the side of the cone 
makes. 



8. And if all the sides of the fone 
be continued through the vertes, form- 
ing an oppos ue equal cone, aiid ther 
plane be also continued to cut the op- 
posite cone» this latter section will be 
the opposite hypexbola to the former ^ 
as dse. 

And further, if there be four codes 
CMN, COP, CMP, CMo, having all the 
same vertex c, and all their axes in the 
same plane, and their sides touching or 
coinciding in the common intersecting 
lines MCo, ncp ; then if these four 
cones be all cut bs^ one plane, parallel 
16 the common plane of their axes, 
there will be formed the four hyper- 
bolas GQR, FST, VKL, WHI, of wilich 

each two opposites are equal, and 
the other two are conjugates to them ^ 
as here in the annexed ^gure, and the 
same a§ represented in the two follow- 
ing pages. 

9. The Vertices of any section, are the points where the 
cutting plane meets the opposite sides of the cone> or the 
»de3 of the vertical triangular section ; as a and b. 

« 

Hence the ellipse and the opposite hyperbolas, have each 
two vertices ; but the parabola only one ; unless we consider 
the other as at an infinite distance. 

. 10, The Axis, or Transverse Diameter, of a conic- section, 
is the line or distance ab between the vertices. ' 

Hence the axis of a parabola is iiifinite in length, Ab be* 
ing only a part of it. 




Ellipse. 




11. The Centre c is the middle of thcudf. 

Hence the centte of a patrabrfa u in6nitel7 distant from 
the vertex. And of an ellipse, tlie axis and centre lie ^thin 
the curvei but of an hyperbohi without. 

12. A Diainet£r is any right line, as AB or de, drawn 
tbi-ou^ the centre, and terminated on each side by the 
curve; and the extremibes of the diameter, or its intersec- 
tions with the curve, are its vertices. 

' Hence all the diameters of a parabola are parallel to the 
axis, and infinite in length. And hence abo every' diameter 
of the ellipse and hyperbola have two vertices ; but of the 
parabola, only one ; unless we consider the other as at an in- 
finite distance. 

13. The Conjugate to any diameter, is the line drawn 
through the centre, and parallel to the tangent of the curve 
at the vertex of the diameter. So, fg, parallel to the tan- 
gent at D, is the conjugate to oE ; and hi, parallel to the 
tangent at a, is the conjugate to ab. 

Hence the conjugate hi, of the axis ab, is perpendicular 
to it. 

14. An Ordinate to any diameter, is a line parallel to its 
conjugate, or to the tangent at its vertex, and terminated by 
the diameter and curve. So dk, el, are ordinates to the 
axis ab; and mh, no, ordinates to the diameter de. 

Hence the ordinates of the axis are perpendicular to it. 

15. An Absciss is a part of any diameter contained be- 
tween its vertex and an oidinate to it; as ak or bk, or DH 
or BN. 

Hence, in the ellipse and hyperbola, every ordinate has 
two determinate abscisses; but in the parabola, only one} 
the other vertex of the diameter being infinitely distant. 

16. TbeParamelerofanydiameter, is a third proportional 
to that diameter and its conjugate. 

.. n. The 
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17. The Focus is the point in the aiis where the ordinate 
is equal to half the parameter. As k and L» where dk or cl 
h equal to the semi-parameter. The name focus being given 
to this point from the peculiar property of it mentioned in 
the corol. to theor. 9 in the Ellipse and Hyperbola foUoW* 
tngt and to theor. 6 in the Parabola. 

nence, the ellipse and hyperbola have each two foci^ b«t 
the parabola only one. 





18. If DAB, vpGf be two opposite hyperbolas, having AB 
ibr their first or trans rerse axis, and ab for their second or 
conjugate axis. And if dae, f bg^ be two other opposite hy- 
perbolas having the same axes, but in the contrary order, 
namely, ab their first axis, and a& their second ^ then these 
two latter curves dae, fbg, are called the conjugate hyper- 
lx>Ias to the two former dae, tBG j and each pair of oppo* 
yfite curves mutually conjugate to the other i being all cut by 
one plane, from four conjugate cones, as in page 94, def. 8« 

19. And if tangents be drawn to the four vertices* of the 
curves, or extremities of the axes, forming; the inscribed 
rectangle hikl \ the diagonals hck, icl, of this rectangle^ 
are called the asymptotes of the curvee. And if these asym- 
ptotes intersect at right angles, or the inscribed rectangle be 
a square, or the two axes ab and ab be equal, then the hy- 
perbolas are said to be right-angled, or equilateral, , 

SCHOLIUM. 

The rectangle inscribed between the four conjugate hy* 
pcrbolas, is similat to a rectangle circumscribed about an 
elh'pse, by drawing tangents, in like manner, to the four ex-» 
' tremities of the two axes; and the. asymptotes or diagonals 
in the hyperbola, are analogous to those in the ellipse, cut- 
ting this curve in similar points, and making that pair of 
conjugate diameters which are equal to each other. Alsoj 
the whole figure formed by the four hyperbolas, is, as it 
were, an ellipse turned inside out, cut open at the extre- 
mities D, E, F, G, of the said equal conjugate diameters, and 
those four points drawn out to an infinite distance ; the cur- 
vature being turned the contrary' way, but the axes, and the 
rectangle passing through their extremities, continuing fixed. 

Of 
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Of the ellipse. 



THBORBM I. 



The Squares of the Ordinates of the Axis are to each other 
as the Rectangles of their Abscisses* 

Let avb be a plane passing through 
the axis of the cone; agih another 
sectipn of the cone perpendicular to 
the plane of the former ; ab the axis 
of this elliptic section ; and FG> hi, ar- 
dinates perpendicular to it. Then it 
will be, as fg*:hi^: :af. fb :ah . hb. 

For, through the ordinates fg, hi^ 
draw the circular sections KGL, min, 
parallel to the base of the cone, having KL, if n, for their 
diameters, to which fg, hi, are ordinates^ as well as to the 
axis of the ellipse. 




Now, by the similar triangle^ afl, ahMj, and bfk, bhm» 

it b AF : AH : : FL : HK, 
and FB : HB : : KF : mh ; 

hence, taking the rectangles of the corresponding terms, 
it is, the rect. AF . FB : AH . hb : : xf . FL : mh • hk« 

But, by the circle, kf . fl = fg*, and mh . hn =: hi* j 
Tlierefore the rect. af • fb : ah • hb : : fg* : hi*. <^. e. d. 



theorem II. 



As the Square of the Transverse Axis 
Is to the Square of the Conjugate : 
So is the Rectangle of the Abscisses 
To the Square of their Ordinate. 
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That iSf AB* : ab' or 
AC* rac* : : AD . DB : i»S 




Kor^by theor. !» ac . cb : ad . db :: ca* : de*} 

Biil;^ if c be the centre^ then ac . cb s= ac% and ca is the 

semi-conjugate. 

Therefore ac* : ad . db : : ac* : de* ^ 

or, by permutationi Ac* : ac* : : ad • db : db^ ; 

OTy bf doublings ab* : ab* : : ad • db : de\ q&s. I^- 

ab* 
CorJ. Or, bydiv. ab : — :: ad . DBor ca* - cd^:dbP, 
' ' ab 

that i$, AB :/ : : AD • db or ca* — cd* : Ds*^ 

ab* 

where p is the parameter -—-, by the definition of if^ 

ab 

That iMf As the.transversct 
Is to its parameter^ 
So is the rectangle of the abscisses, 
. To the square of their ordinate. 

THEOREM III. 

As the Souare of the Ccmjugate Axis : 

Is to the Square of the Transverse Axis : : 

So is the Rectangle of the Abscisses of the Conjugate, or 
the Difference of the Squares of the Semi-conjugate and 
Distance of the Centre brom any Ordinate of that Axis : 

To the Square of their Ordinate. 



That isi A 

ca* : cb* : : ad . db or ca* — cd* : dE*. 




For, draw the ordinate ED to the transverse ab. 

Then, by theor. 1, ca* : ca* : : de* : ad . db or ca* — CD*, 

or - - - - - ca* : CA* : : cd* : ca* — dx*. 

But - - - - ca* : CA* ; : ca* : ca*, 

theref. by subtr. ca* : ca* : : ca* — cd* or ad • db : dx*. 

<^ E. D. 
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Corol. 1 . If two circles be described on the twO axes ^s 

diameters, the one inscribed within the ellipse^ and the oth^r 

circumscribed about it ^ then an ordinate in the circle will 

be to the ^corresponding ordinate in the ellipse^ as the axis o( 

^ this ordinate, is to the other axis. 

That is, CA : ca : : DG : de^ 
and ca : GA : : dg : ds* 

For, by the nature of the circle, ad . db = bG*; theref. 
by the nature of the ellipse, ca,* : ca^ : : ad . db or DG* : DE% 

or CA : ca : : dg : de« 
in like manner - - ca : c a : : dg : ds* 
Also, by equality, - dg : de or cd : : dfi or DC : dg. 
Therefore cgG is a continued straight line« 

Corol. 2. Hence also, as the ellipse and circle are made up 
of the same number of corresponding ordinates, which are 
all in the same proportion of the two axes, it follows that 
the areas of the whole circle and ellipse, as also of any like 
parts of them, are in the same proportion of the two axes, 
or as the square of the diameter to the rectangle of the two 
axes ; that is, the areas of the two circles, and of the ellipse, 
are as the square of each axis and the rectangle of the two ; 
and therefore the ellipse is a mean proportional between the 
two circles. 

THEOREM IV. 

The Square of the Distance of the JFocus from the Centre, 
is equal to the Difference of the Squares of the Semi- 
^xes; 

Or, the Square of the Distance between the Foci, is equal to 
the Difference of the Squares of the two Axes. 



e 




That is, CF* = ca? — ca*, 
or Ff * = AB* — ab*. 



h 

For, to the focus f draw the ordinate fe \ which, by the 
definition, will be the semi-parameter. Then, by the nature 
ef the curve - - ca* : ca* : : ca* — cj* ; fe^ ; 
and by the, def. of the para, ca* : ca^ : : ca^ : fe^ ; 
therefore - - ca^ = ca?* — cf* j 

and by addit. and subtr. cf* = ca* — ca* ; 
JM-, by doubling, - Ff* = Ag* — ab*. , q. e. d. 

H2 Corol 



loo CONIC SECTIONS. 

Carol. 1. The two semi-axes* and the focal distance firom 
the centra are the sides of a right-angled triangle CFa ; and 
the distance Fa from the focus to the extremity of the con- 
jugate axisj is B AC the semi-transverse. 

Corol. 2. The conjugate semi-axis ca is a mean propor- 
tional between AFy FB, or between Af> fB^ the distances of 
either focus from the two vertices* 

Fob ca* = ca* — cf* = ca + ci . ca - of = af . fb. 



THEORSM V. . 

The Sum of two Lines drawn firom the two Foci to meet 
at any Point in the Curve^ is equal to the Transverse 
Axis. 



That is, 
fe + fe = AB. 




For, draw AG parallel and equal to ca the semi-conjugate; 
and join CG meeting the ordinate de in H } also take ci a 
4th proportional to CA, cf, co. 

Then, by theof . 2, ca* ; ag* : : ca* — cd' : de* ; 

and, by sim. tri. c a* : AG* : : ca* — CD* : AG* — dh* ; 

consequently de* = ao* — dh* = ca* — dh*. 

Also fd = cf CO CD, and fd* = cf* — 2cf . cD + cd- ; 
And, by right-angled triangles, fe* = fd* + de*; 
therefore fe* = cf* + ca* — 2cf . cd + cd* — dh*. 

But by theor. 4, cf* -f- ca* = ca*, 
and by supposition, 2cf . cd == 2cA • ci ; 
theref. fe* = cA* — 2ca . ci + cd* — dh*. 

Again, by supp. ca* : cd* : : cf* or ca* — ag* : ci* ; 
and, by sim. tri. ca* : cd* : : ca* — ag* : cd* — dh* ; 
therefore - ci* = cd* — dh* j 
consequently fb* = ca* —• 2ca . ci + ci*. 

And the root or side of this square is fe = ca — ci = Ai. 

In the same manner it is found that fE = ca + ci = di. 
Conseq. by addit. fe + fE = Ai + Bi = ab. q. e. dv 

CerM" 
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OroL 1. Hence ci or ca - fe is a 4th proportional to ca^ 

t*, CD. 

Coro/. 2. And Fe — fe == 2ci ; that is, the diflFerence be- 
tween two lines drawn from the foci, to ?n]r point in the 
curve, is double the ^th proportional to ca, cf, cd. 

Cor^L 3. Hence is derived the common method of de- 
scribing this curve mechanically by points, or with a thread, 
thus: 

In the transverse take the foci t, f, 
and any point i. Then with the radii 
Ai, BT, and centres f, f, describe arcs 
intersecting in E, which will be a 
point in the curve. In like manner, 
assupung other points i, as many 
other points will be found in the 
curve. Then with a steady hand, the curve line may be 
drawn through all the points of intersection E. 

Or, take a thread of the length ab of. the transverse axis, 
and fix its two ends in the foci f, f, by two pins. Then 
carry a pen or pencil round by the thread, keeping it always 
stretched, and its point will trace out the curve, line. 

THEOREM VI. 

If from any Point i in the Axis produced, a Line IL be 
drawn touching the Curve in one Point l j and the Ordi- 
nate LM be drawn 5 and if c be the Centre or Middle of 
AB : Then shall cm be to ci as the Square of am to the 
Square of ai. 



That is, 
CM : CI :: am^ : AI^ 



For, from the point i draw any other line ieh to ciit the 
curve in two points e and h ; from which let fall the perpen^- 
diculars ED and hg; and bisect dg in k. 

Then, by theo. 1^,ad . db : ag • gb: d e* : g h% 
and by sim. triangles, in^ : . ig* : : de* : gh* ; 




GB :: 



ID* ; iG*. 



theteh by equality, ad . db : AG 

But DB = CB + CD = AC+CD=r AG + DC - CG = 2CK + AG, 
and GB = CB — CG = AC — CG = AD + DC — CG =: 2CK'+ ad; 

theref. ad . 2cK + ad ..ag : ag . 2ck + ad . ag : : id* : ig*, 
and, by div. dg . 2ck : ig* — id* or dg . 2iK : : ad . 2cK + 
AD • AG : id*. 
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DT ^ SCK ; 2ic : : AD • 8cK + ad • AC : JO% 

or AD • 2CK : AD • 2iK : : AD • 2CK + ad • AG : id' ; 

thtref. bj diT. CK : ik : : ad . AG : id* -* ad • 2ic, 

aods by corop. cc : ic : : ad • ag : id' — ad . id -^ ia> 
or - CK : CI : : AD • AG : ai\ 

Bot^ when th(» line ih^ by revolving about the powt i, 
comes into the poiition of the tangent IL, then the points b 
and B meet in tne point hf and the points D« k, g, coincide 
with the point u \ and then the last proportion becomes 
CM : CI : : am' : Ai\ <^ b. d. 



THEOREM Vn. 

* 

If a Tangent and Ordinate be drawn from any Point in th« 
Curvey meetingtbe Transverse Axis \ the Semi-transverse 
will be a Mean Proportional between the Distances of th« 
said Two Intersections from the Centre. 



That is, 

CA is a mean proportional 
between cd and cr ; 

or CD, CA, CT, are conti- 
nued {Hropprtionals« 



For, by theor* C, cd : ct : : ad* : at*. 
that is| '^ "^* '^ 




or 
and 
or 
or 

\m^ - 

and 



__w — , — ,- - — - ~ — - — 

CD : CT : : (cA — cd)* : (ct — ca)*, 

CD : CT : : cd* + cA* : ca* + ct*, 

CD : DT : : cD* + ca' : ct* — cd*, 

CD ; DT : : cd* + ca* : (ct + cd) dt, 

CD* : CD . ct : : CD* + ca* : cd . dt + ct^. dt, 

CD* : ca* : : CD . dt : ct . dt, 

en* : CA* : : CD : ct. 



therefore (th. 7S, Geom.) cd : ca : : ca : ct. 



Q. E* d. 



CeroL Siilce cf is always a third proportional to cd, ca ^ 
if the points D, A, remain constant, then will the point t be 
constant also ; and therefore all the tangents will meet in 
this point t, which are drawn from the point e, of every 
ellipse described on the same axis ab, where they are cut by 
thp common ordinate dee dmwn from the point D, 



THEOREM 



Op the ellipse. 



los 



THBOHBM VIIi; 



If there be any Tangent meeting Four Perpendiculars to the 
Aids drawn from these four roints, namelj^ the Cejitrey 
the two Extremities of the Axis, and the Pomt of Contact , 
those Four Perpendiculars will be Propoxtionab. 



That is, 
AG ; DE : : CH : fii. 




For, by theor. 7, TC : AC : : AC : nc, 
theref. by dii^ ta : ad : : to : ic or cb, 

and by comp. ta : td : : tc : tb, 

and by sim. tri. ag : de : : ch : Bi. (^ £. d. 

Cord. Hence ta, td, tc, tb 7 , - . , 

and TG, TE, TH, Ti 5 "« "^ proportionals. 

For these are as AO, de, ch, bi, by similar triangles. 



THEOREM IX. 



If there be any Tangent, and two Lines drawn from the 
Foci to the Point of Contact \ these two Lines will make 
equal Angles with the Tangent. 



That IS, 
the z.SETs= iif£e. 




For, draw the orcCnate D£, and fe parallel to Ft. 
By cor. 1 , theor. 5, cX : CD : : cf : c a — fe, 
and by theor. 7, Ca : cd : : CT : ca ( 
therefore CT : CF J : cA : ca — TE ; 

and by add. and sub. Tf : Tf : : FE : 2cA — F£ or fc by th. 5» 
But by sim. tri. TF : Tf : : Fe : fe ; 
thererore & = fe, and conseq.. <^e n /.ffe. 

But^ because f£ is parallel to fe, the z. e s /. fst ; 

therefore the z.FfiT =: -^fEe. <j. fc. d. 
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CONIC SECnONS. 



Cord* As opticians find that the angle of incidence is equal 
to the angle of reflexion, it q>pean vtom this theorem, that 
rays of l^t issuing from the one focus, and meeting the 
curve in every point, will be reflected into lines drawn from 
those points to the other focus. So the ray f b is reflected 
into FE* And this is the reason why the points Fj f, are 
called thtjici, or burning points. 



THSORBM X. 



Afl the Parallelograms circumscribed about an Ellipse are 
equal to one another, and each equal to the Rectangle of 
the two Axes* 



That is,' 
the parallelogram p<^ s *f 
the rectangle ab • ab 




Let EG, eg, be two conjugate diameters parallel to the 
sides of the parallelogram, and dividing it into four less and 
equal parallelograms. Also, draw the ordinates db, de, and 
CK perpendicular to pqj and let the axis ca produced meet 
the sides of the parallelogram, produced if necessary, in t 
and t. 

'f hen, by theor 7, CT : ca 
and ct : ca 

theref. by equality, ct : ct 
but, by sim. triangles, CT : ct 
theref. by equality, td : cd 
and the rectangle 
Again, by theor. 7, 
or, by division, 
and by composition, 
conseq. the rectangle 
But, bytheor^ 1, 
therefore 



CA : CD, 

CA : cd $ 

cd : CD; 

TD : cl, 

cd : CD, ' 
TD . DC is == the square cd^ 
CD ; CA ; : CA : ct^ 
CD : CA : : da : at, 
CD : DB : : AD : DT i ^ 



CD 



DT =i Cd''= AP 



DB 



« 



CA* : ca* : : (ad . db or) cd* : d^% 
CA : Ca : : cd : DE ; 



* Carol Because cd* = 40 . db =r ca« — cd", 

therefore ca* zr cd« + cd*. 
I;^ like manner^ ca* =: db* + de*. 



In 



Of the ellipse. 



lOS 



ca : : CD : de^ 
de : : cA : cd. 
CA : : CA : cd; 
CA :: ca 



CK : : ce 



: de. 
: de; 



In like manner, 

or 

But, by theor. 7, 

tberef. by equality. 

But, bv sim. tri. 

tberef. by equality, 

and thej?ectangle ck . ce = ca . ca. 

But the rect. CK . ce == the parallerogram CKPe, 

theret the rect. c a . ca = the parallelogram cepc, 

conseq. the rect. ab . ab = the parallelogram pqjis. q^ E. Du 



CA : 
ca : 
ct: 
CT : 
CT : 
CK : CA : : ca : ce, 



THEOREM XI. 



The Sum of the Squares of every Pair of Conjugate Dia- 
meters, is equal to the same constant Quantity, namelyt 
the Sum of the Squares of the two Axe^. 



That is, 
AB' + ab* = EG* + eg" ; 
where eg, eg, are any pair of con- 
jugate diameters. 




For, draw the ordinates ED, ed. 
Then, by cor. to theor. 10, ca* = cd' + cd% 
and - - - ca* = de- + de* j 

therefore the sui^ ca* + ca* = dp* + de* + cd* + de*. 
But, by right-angled As, ce* = cp* + de*, 
and - - - ce* = cd* + de*5 

therefore the sum pE* + ce* == cd* + de* + cd* + deS 
consequently - ca* + ca* =s ce* + ce* \ 
or, by doubling, AB* + ab* =: eg* + eg*. q. e. d. 

Ntkte^ All these theorems in the Ellipse, and their demon- 
strations, are the very same, word for word, as the corre^ 
sponding number of those in the Hyperbola, next following, 
having only sometimes the word sum changed for the word 
J^ermce. 



Op 



CONIC sEcnoNa 



Of THB HYPERBOLA. 



TfiEOREM U 

The Squares of the Ordinates of the Axis are to each other 
as the Rectangles of their Abscisses. 

Lbt atb be a plane passing 
through the vertex and axis of 
the opposite cones; agih an- 
other section of them perpendi- 
cular to the plane of the former; 
AB the axis of the hyperbolic 
sections ; and VG, hi, ordinates 
perpendicular to it. Then it will 
be, as FG^: ri^: : av • n :ah .hb. 

For, through the ordinates 
f G, HI, draw the circular sections 
KGL, MiM, parallel to the base of ^ ^ 
the c<»ie, having kl, mm, for their diameters, to which fg, 
HI, are ordinates, as well as to the axis of the h jperboh. 

Now, by the simihr triangles afl, ahn, and efk, bhm, 

it is AF : AH : : FL : hn, 

and FB : HB : : KF : MH ; 
hence, taking the rectangles of the corresponding terms, 
it is, the rect* af • fb : AH • HB : : KF • FL : MH • hn. 

^tit, by the circle, kf . fl = fgS and ICH . hn = hi^; 
Therefore the rect. af • fb : ah • hb : : fg* : hi\ 

<^ B. 17» 




THSORBM II* 



As the Square of the Transverse Axis 
Is to the Square of the Conjugate 
So is the Rectangle of the Abscisses 
To the Square of their Ordinate. 



That IS, AB* : ab* or 
AC* : ac* : : ad . db : de*. 




For, 



Of the HTPEtUSOLA. 



lOf 



m 

For, by theor. 1 , ac • cb : ad . db : : ca^ : Dfi* ^ 

Butf if c be the centre, then ac . cb = ac% and ca is tjie 

semi-conj* 
Therefore - ac* : Ab . db : : ac* : de* ; 
or, by permutation, ac* : ac^ : : ad . db : he* j 
or, by doubling, ab* : ab* : : ad . db : d«*. <^ e« d. 

ab* 
Cord. Or, by div. ab : — : : ad • db or CD* — ca* : dk% 

AB 

that is, AB :/► : : AD . db or CD* — cA* : Dfi* ; 

ab* 
where p is the parameter — by the definition of it. 

ab 

That 18^ As tihie transverse. 
Is to its parameter. 
So is the rectangle of the abscisses. 
To the Square of thtir ordinate. 

THEOREM III. 

As the Squar(& of the Conjugate Axis : 
To the Square of the Transverse Axis : : 
The Sum of the Squares of the Semi-conjugate, and 
. Distance of the Centre from any Ordinate of the Axis : 
The Square of their Ordinate. 



That is, 
€a* : GA* : : ca* + ed*" : di*. 




For, draw the ordinate bd to the tran^erse ab. 



Then, by theor. 1. ca* 

ca' 



ca' 



c A* : : DE* : ad . db or CD* — CA% 
CA* : ; cd* : dE* — ca*. 

CA • • ca ■ CA . 

CA* :: ca* + cd* : &e\ 

ca* : : ca* + CD* : De*. (^E, D. 

C&ol. By the last theor. ca* : ca* : : cd* — CA* : de*, 
and by this theor. ca* : ca* : : cd* + ca* : De*, 
therefore - I>B* : De* : : cd* — ca* : cp*+ ca*. 
In like manner, de* : dt* : : cd* — ca* : cd* + ca*. 



or - - 
But - 

theref. by coBipos. ca^ 
In tike mani^er, ca^ 



l^BORSAf 
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CONIC SECTIONS. 



THBOREM IV. 



The Square of the Distance of the Focus from the Centre^ is 
equal to the Sum of the Squares of the Semi«axe8« 

Or, the Square of the Distance between the Foci> is equal to 
the Sum of the Squares of the two Axes. 







That IS, 




CF* 


ss 


CA* + caS 


or 


fP 


zs 


AB* + ab* 






For, to the focus F draw the ordinate fb ; which, by the 
definition, will be the semi-parameter. Then, by the nature 
of the curve - ca* : ca* : : cf* — C A* : fe* ; 

and by the def. of the para. CA*:ca*:: ca* : FB*; 
therefore - - ca* = CF* — ca*; 

and by addition, - cf* = CA* + ca* ; 

or, by doubling, - Ff * = ab* + ab*. q. £. d, 

' CoroL 1. The two semi-»axes, and the focal distanoe from 
the centre, are the sides of a right-angled triangle CAa ; and 
the distance Aa is=; cf the focal distance. 

Carol, 2. The conjugate semi-axis ca is a mean proportional 
between af, pb, or between Af, fe, the distances of either 
focus from the two vertices. 

For ca* = cf* — ca*' = cf + ca . cf — ca = af . fb. 



THEOREM, V. 

The Difference of two Lines drawn from the two Foci, to 
. meet at any Point in the Curve, is equal to the Transverse 
Axis. 



That is, 

fE — FE =: AB. 




For, draw ag parallel and equal toca the semi-conjugate; 
and jom CG, meeting the ordiiiate de produced in h ; also 
take ci a 4th proportional to ca, cf, cd. 

• . . Then, 



Of THE HYPERBOLA. %0$ 

Then, by th. 2, ca* : AG* : : CD* — CA* : de* ; 
and, by sim. As, cA* : AG* : : cd* — ca* : dh* — ag* ; 
consequently de* == t>H* -- ao* = DM* - c;|*. 

Also, FD = CF CO CD, and fd* = cf* — 2cf . cd + cd* ; 
and, by right-angled triangles, fe* = fd* + de*. 
therefore fe* x= cf* — ca* — 2cf . cd + cd* + dh*. 
But, by theor. 4, cf* — ca* = cA*, 
and, by supposition, 2CF . cd = 2cA . ci ; 
theref. fe* = ca* — 2ca . ci + cd* + dh* ; 
Again, by suppos. ca* : cp* : : cf* or ca* + ag* : ci* ^ 
and, by sim. tri. CA* : CD* : : ca^ + ag* : cd* + dh* ; 
therefore - ci* =3 cd* + dh* = ch* j 
consequently fe* = ca* — 2ca .ci + ci*. 

And the root or side of this square is fb = ci -- CA =z AU 
In the same manner, it is found that fE 1= ci + ca = bi» 
Conseq. by subtract. fE — fe = bi — Ai = ab. <^ a. D. 

• Corol. 1. Hence ch = ci is a 4fth proportional to ca, cp, 

CD. 

CcroL 2» And £e + i^E =^ 2cH or 2ci ; or fe, ch, fs, are 
' in continued arithmetical progression, the common difference 
being ca the semi-transverse, 

CoroL 3. Hence is derived the common method of describ- 
ing this curve mechanically by points, thus : 

In the transverse ab, produced, take the foci p, f, and 
any point i. Then with the radii ai, bi, and centres f, f, 
» describe arcs intersecting in e, which will be a point in the 
curve. In like manner, assuming other points i, as many 
other points will be found in the curve- 
Then, with a steady hand, the curve line may be drawn 
through all the points of intersection £• 

In the same manner are constructed the other two or con- 
jugate hyperbolas, using the axis ab instead of ab. 

THEOREM VI. 

If from any Point i in the Axis, a Line il be drawn touching 
the Curve in one Point l'; and the Ordinate lm be drawn ; 
and if c be the Centre or the Middle of ab : Then shall 
CM be to Ci as the Square of am to the Square of At. 

That is, 
^M : ci : : am* : ai*. 
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For, from the point i draw anj line tin to cut th« conre 
in two points £ and Hj from which let fall the perps. ed^ bo ; 
auid bisect dg in K» 

Then, by theor. I, ad.db: AG .gbc: dk^ : gk% 
and by sim. triangles, lo^ : lo^ : : de^ : go* ; 
theref. by equality, ad . db : AG . gb : : id^ : ic% 

But DB = CB + CD= Cl + CD = CG + CD — AG ssSCK ^ AC, 
and GB = CB + CG= CA + CG a£ CG + CD -* ADs 2CK — AO; 

theref. AD . 2cK «- ad • AG : AG • 2cK *— ad . AG : : ID^ : IG% 
andj by div. no • 2cic : ig* — id* or dg . 2ik : : ad • 2ck 

-* AD . AG : ID*. 

or - 2CK : 2iK : : ad . 2cK — ad . ag : id*; 

or AD • 2cK : ad . 2ik : : ad . 2ck -* ad . ag : ib* ; 

theref. by div. CK : iK :: ad . ag : ad . 2ik — id^, 

and, by div. cc : ci : : ad • AG : id* — ad . id + ia, 
or - CK : ci : : AD • AG : ai*. 

But, when the line IH, by revolving about the point i, 
comes into the position of the tangent il, then the points M 
and H meet in the point L, and the points d, k, g, coincide 
with the point M; and. then the last proportion becomes 
cic : CI : : am* : At*. q* b. d. 



THEOREM VII. 

If a Tangent and Ordinate be drawn from any Point in the 
Curve, meeting the Transverse Axis; the Semi-transverse 
will be a Mean Proportional between the Distances of the 
said Two Intersections from the Centre. 

That is, 
CA is a mean proportional between 
cp and CT ; or CD, ca, ct, are con- 
tinued proportionals. 

For, by th. 6, cd : ct : : ad* : at*, 
that is, • CD : CT : : (cd- ca)* : (ca - ct)*, 
or - * CD : cT : : cd* + ca* : cA* + ct*, 
itfid - -, CD : DT : : cd* + ca* : cd* — ct*, 
or - - CD : DT : : CD* + ca* : (cd + ct).dt, 
or CD* : CD . DT : : CD* 4- CA* : CD . dt + ct . td; 
hence CD* : ca* :: cd . dt : ct . td, 
and €ir* : ca* : ; cd : ct, 
theref. (th. 78, Geom.) cd : ca :t ca t cd. q,, e. d. 

CoroU 




Op the hyperbola. Ill 

Corc^. Since CT U ahrsiys a thif d proportional to Cl>» Cl i 
if th« points d^ a» remain oonstant,. then will the point t be 
constant also ; and therefore all the tangents will meet in 
this point T, which are drawn from the point E, of every 
hyperbola described on the same axis ilb^ where they are cut 
l»y the common ordinate qeb drawn from the point d* 



THEOREM TlIU 

If there be any Tangent meeting Four Perpendicnlars to 
the Axis drawn from these four Points, namely, the Cen- 
tre, the two Extremities of the Axis, and the Point of Con* 
tact ; those Four Perpendiculars will be Proportionals. 



That IS, 
AG : DE :: CH : bi. 

For, by theon 7, Tc : AC : : AC : DC, 
theref. by div; ta : ad : : tc : AC or CBf 

andbycompw' ta : td 2: tc : tb, 

and by sim. tri. AG : D£ : : ch : bi. q^ £• D* 

CoroL Hence ta, td, tc, tb \ ,. ^21 

and TC, TB, TH, riS'^^ proportionals.. 

Fpr these are as AC, de, ch,.bi, by similar triangles. 



THEOREM IX. 

If there, be any Tangent, and two Lines drawn from the 
Foci to the Point of Contact ; these two Lines will make 
equal Angles with the Tangent, 




That IS, 
the -^FETsc JLfjte^ 



♦ 

For, draw the ordinate de, and fe parallel to fe. 
By cor. 1, theor. 5, ca : cd : : cf : ca + fe, ^ 
and by th. 7, ca : cd : : cT : ca ; 

therefore 



Its CONIC SECllONS. 

therefore - CT : cf : : ca : ca -^ f B ( 

and by add. and sub. TF : rf :: fb : 2ca +fb orfxbyth. 5« 

But by sim. tri. tf : rf : : fe : fii ; 

therefore - fs s: fe^ and conseq* Z.e =s ^fte« ' 

But, because F£ is parallel to fe, the ^e a ^ fet ; 

therefore the ' zfBT =s ^fse. q. 8. ]>. 

Carol. As opticians find that the angle of incidaice is equal 
to the angle of reflexion, it appears, from this proposition, 
that rays of light issuing from the one focus, and meeting the 
curve in every point, will be reflected into lines drawn firom 
the other focus. So the ray f£ is reflected into rz- And 
this is the reason why the points f, f, are cMtd/oci^ or 
burning points. 

THBORBM X. 

All the Parallelograms inscribed between the four Conjugate 
Hyperbolas are eaual to one another, and each equal 
to the Rectangle of the two Axes. 



That IS, 
the parallelogramr pqrs 
the rectangle ab . ab. 




Let EG, eg be two conjugate diameters parallel to the «def 
of the parallelogram, and dividing it into four less and equal 
parallelograms. Also, draw the wdinates de, de, and CK 
perpendicular to pq^*, and let the axis produced meet the sides 
of the parallelograms,, produced, if necessary^ in T and t. 

Then, by theor. 7, ct : CA : : CA : cd, ^ 
and - - ct : CA : :" CA : cdj 

theref. by equality, ct : ct : : cd : cd ^ 
but, by shn. triangles, ct : ct : : to : cd| 
theref. by equality, -TD-: cd y. cd : cd, 
and the rectangle td ; dc is r= the square cd*. 

Again, by theor. 7, cd : cA : : cA : ct, 
or, by division, cd : ca : : da : at, 

and, by composition, cd : db ; : da : dt ; 
conseq. the rectangle cd . i)T ~ cd* = ad . DB*. 



* CoroL Because cd* = ad . db =: cd' — ca«. 

therefore ca« =: cd* — cd*. 
In like manner ca« =: de* — de*.' 



But, 



O* TOE HYPERBOLA. 
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CA* 



CA 
CA 

ca 

CT 



But, by theor. 1, 

therefore 

In like maimer, 

OP - 

But, by theor. 7, 
theref. by equality, CT 
But, bysim. tri. CT 
theref. by equality, Ck 
and the rectangle CK 
But the rect. cK 

theref. the rect. ca 
conseq. the rect. ab 









(ad . DBor)cd* : di% 

cd : SB; 

CD : de; 

ca : CD. 

CA : CD; 

ca : de. 

ce : de; 

ca : ce. 
ca. 

ce = the parallelogram C£Pe, 
ce = the parallelogram cepc, 
ab = the paral. pqrs. q. e. D. 



ca* 

ca 

ca 

de 

CA 
CA 
CK 
CA 
ce = CA 






•' a 




THBOHEM XI. 

The Difference of the Squares of every Pair of Conjugate 
Diameters, is equal to the same constant -Quantity, namely 
the Difference o^ the Squares of the two Axes. 



That is, 
AB* — ab*=BG*- eg*;, 
where bg, eg are any conjugate 
diameters. 



For, draw theordinates ED, ed. 
Then, by cor. to theor. 10, ca* == cb* — cd% 
and - - - - ca^ = de* — de^; 
theref. the difference ca* — ca* = cd* + de* — cd* — de*. 
But, by right-angled As, ce* — cd* + de*, 
and - - - - ce* = cd* + de*; 
theref. the difference ce* — ce* = cd* + de* — cd* — de*. 
consequently - ca* — ca* = ge* — ce* ; 
or, by doubling, ab* — ab* = eg* — eg*. Q. e. D. 

THEOREM Xir. 

Ail the Parallelograms are equal which are formed betw^n 
the Asymptotes and Curve, by Lines drawn Parallel to 
the Asymptotes. 



Tliat is, the lines ge, ek, ap, aq, 
being parallel to the asymptotes CH, cl ; 
then the paral. cgek = paraL cpaq^ 



Vol. II. 




c icqr^ 



For, 



( ^ 
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F<Nr> let A betV v^te:! of tke cvrvc^ or atrcKOtty of tli# 
stmi-traiuvene axis 4C» ptr{K to which 4raw al or aIj which 
will be equal to the semi-c^ifuga^t bjr definition 1 9* Alsot 
draw HEBeh parallel \oiX 

Then, by theor. 2. ca* » Ai* : : CD* - ca* : dk% 
and, hj paraUek, ca^ : al^ : : cd^ : DM* ; 
theref. by subtract* ci* ; al* : : ca* : dh* -r b^ or 

vtct. HB • sh$ 
conseq. the square Ai^ s the rect. H£ . sh. 

But^bj s|iQ.. tri. PA : AL : : GE : BU, 

Sd^ by the s^sfxp^. q^ : Al : : £K : nh ; 
eref. by comp. ' pa * a<^ : al* : : ge • ek : hb • A^ 
suid> because al* = hs . shf Aeref. PA . Aq^== ge • xk. 

But the paraSelograms cgek, cpaq» being equiangular^. 

are a^ihe rect^neles ge . ek and pa . aq. 

Uterefore the paraUelogram gk =s the paral. p<^ 

That is, aU the inscribed parallelograms are equal to one 

another. q.e.i». 

' Cdt^. 1. Because the rectangle glk or COE is constant, 
therefore ge is reciprocally as cG, or CG : cp : : pa : ge* 
JVnd hence the asymptote continually approaches towards the 
curve, but never meets it : for G£ decreases continually as 
CG increases; and it is always of sottn magnitude, except, 
when CG is supposed to be inii^itely great, for then ge is 
infinitely small, or nothing* So that the asymptote cg may^ 
he considered as a tangent to the curve at a point infinitely* 
distant from c« 

Corol.S' If the abscisses en, ce, 
CGj SiCy taken on the one asymp- 
tote, be in geometrical progression 
increasing; then shall the ordi- 
nates dh, ei, g£, &c, parallel to 
^c other asymptote, be a decreas- 
ing geometrical progression, hav- 
ing the same ratio. For, all the 
rectangles cdh, cei, cgk, &c, being equal, the ordinates 
i>H> £1, gk, &c, are reciprocally as the abscisses cd, ce, cg, 
&c, which are geometritals. And the reciprocals of geome- 
tricals are also geometricak, and in the same ratio, but de« 
creasing, or in converse order; 




theorem 



Op -ma p3«u«90LA. 



H6 



■ • • • * 

I r ' f • 

.; . . • ■ ■ ,•..•»!' . • ■ ' • . . . » . 

TUe three foJlQwaig^ Spabea, betweea tKe A^^^m^totes and 
the Gwye^ are. jeyial j. laamehr, tte Sector or TrHinear 
Space contained by an Arc of the Curye and two Radiit 
or Linefs drawB from its j^^^tretnities to the Centre; and 
each of tiietw^-QoailidhtBtaisy eomiained 1^ tM «nd Arc, 
and two Liaesi drawn from its Eactremiims 'paralleltOtOM 
Asyinptofe, and tbe iatentepted Fart ef the-other Akyimp^ 



tote. 



1 ' 



. I 



vlPfca^is, 
all standing on the same arc A£. 



For, by* thebr. 15,.cpac^=: cgek j .' 
subtract the common space cgiq, 
there remains the paral. pi = the par. IK ; 
to each add the trilfipe^l i^B^itben 
the sum is the quadr. paeg = <^ss:. 

Again, firom the quadrilatendcABC : 
take the equal tridngles caq^ cbs, 
and db«re irematQs tlue sector €>a£ ^ ^^Ut. 
Therefore-. CA» i^. ^^ »= fa©^. • .. 




<l:X.P. 
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Of the PARABQ];.A. . 



. THEOREM I. 

:*■ ■ •- -.- , .'i ' '' 

The Abscisi^s ^ar|^ Proportional to the Squares of their 

Ordin^tes. * 

v^IcT^^AVM-be ft'seetidiiuhrough ^ 
the axis of the cone,, and agih a 
parabolic section by a plane per- 
pendicular to the fbrmer, and 
parallel to the Vide fiiof 'the' 
cone ^ also let afh be the cetiir 
mon intersection c£ the . twp 
planes, or the axis of the para- 
bola, and FG, HI ordinates per- 
pendicular to it. 

I 2 Then 




lis 



CONIC 8£CnONSv 



Then it will be. as ap : ah : : fg* : hi*. 

» 

For, through the ordinates fo» hi draw the circular «ec* 
tionsy KCLy MiN, parallel to the base of the cone^ having Kfi, 
iiN for their diameters, to which fg» hi are ordinates, as 
"irtVt as to the axis of the paraboh. 

Then* bf simifaHr triangles^ af : ab : : fl : Hif } 
faoti because of the parallek,. kv s im ; 

dimCtkre • • • af : ah : : ef . fl. : mr . hn. 
But, by the citdtf kf • fl =: fg% and mh • hn = hi^ ; 
Therefore - - - af : ah : : fg* : hi*. q.s. d. 

PC* HI* 

Carol. Hence the third proportional or — is a con- 

'^ '^ af ' AR 

stant quantity^ and is equal to the parameter <^ the axis by 

defin. 16. 

Or af : FG : : FG : P the paraineter. 
Or the rectangle p • af = fg*» 



THISOREM It. . 

As the Parameter of the Axis : 
Is to the Sum of any Two Ordinates : : 
So k the Difierence of those Ordinates :. 
To the Difference oi their Abscisses t . 




That is, 
p:gh + DE :: gh — deidg, 
Or, p : Ki : : ih : fE. 



For, by cor. theor. 1, p . ag = gh*, 
and • - - p . ad = DJi^i 
theref. by subtraction, p . dg = gh* — de*. 

Or, - - - P . DG = Kl . IH, 

therefore - - p : Ki : : ih : DG or £i. . : q. £• o.. 

CoroL Hence, because p . ei = ki . ih, 
and, by cor. theor. 1 , p ^ ag = g^*, 
therefore _ - - ag ; Ei'r: gh* : ki . ih. 

So that any diameter Ei is as the rectangle of the seg- 
if)«nts Ku iR of the double ordinate kh« 



THEOREM 



^ 



Of rux, PARABOLA. 
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THEOREM Iir. 



Tlie Distance from the Vertex t© the Focus is equal to -J of 
the Parameter, or to Half the Ordinate at the Focus* 



That IS, 
iF = 4fE = :J.p, 
where f is the focus. 



Fbr, Ae -general proptttf is AF : fe :: fe : !►♦ 

But, fey definMon 17, * - fe = 4p ; 

therefore ako - - af = Jfe rr^^F^ <tE.'D. 




THEOREM IV.^ 

A Line drawn from the Focus to any Point In the Curve, is 

3ual to the Sum of the Focal Distance and the Absdss 
the Ordinate to that Point. 



That is, 
^E == FA 4-.AD =: GD, 
taking AG = af* 




For, since fd = ad co af. 



theref. by squaring, 
But, by cor. theor. 1, 
theref. by addition. 
But, by right-ang. tri. 
therefore - r 



and the root or side is' fe =r Af 4* ad, 



FD* = af* — 2AF . AD + AD*, 

de* :s:i p . AD =: 4jAF . ad ; 

FD* + DE* = AF* + 2AF . AD + AD% 

FD* + DE* = FE*5 

FE* ±= AF* + 2aF . AD + AD% 



dr 



F£ == GD, by taking AC = Ar« 

q. s. J}. 



CoroL 1 • If, through the point G, the 
Une <M be drawn perpendicular to the 
axis, it is called the directrix of the 
parabola. The . property of which, 
from this theorem, it appears, is this : 
That drawing any lines HS parallel to 
theaxis, kE is always equal toFE the 
distance of the focus from the point E< 




Cifol. 



J 16 



CXINIC SEeriQNS. 



Corol, 2. Hence also the curve is easily described hj poiiits. 
Namely, in the axis produced take AG = af the fecal dis- 
tance, and draw a number of lines ee perpendicular to the 
a^cfs Af>\ dbiep with the disunces QOp gDj GD^ ScCf as radi^ 
and the cf htre F> draw arcs crossbg the parallel ordinates 
in B, s, £, &c. Then draw the curve through all the points 



£^ £, £< 



THEO&EM V. 



If a Tangent be drawn to any Point of the Parabola, meet* 
ing the Aslv produced i mdM ^»Ordijwt# to i4i^. A^ia 
be drawn from the- Point pf Contact I thM the Absciss of 
that Ordinale wsU bc eq¥al to the £xterw4 P>irC of .the 
Axis* 



That is, 
if Tc touch the curve 

at the point c; 

then is at = am* 




For, from the point T, draw any line cutting the curve in 
the two points £, H : to which draw the' ordinates db, gh t 
also draw the ordinate mc to the point of contact C. 

Then, by th. 1, AD : AG : : de* : GH*i 
and, by sim. tri. td* : tg* : : de* ; GH*; 
theref. by equality, ad : AG : : td^ ; tg*; 
and, by division^ ad ; dg : : td* ; Tp?— td* Or DG . (tp +tg), 
or: '^T, - AD : TD ;4.TD : td + tg; 
and, by division, ad : at; : td : tg, 
and ag9^ by cliv. ^j) : at : : at ; AG ; 
or - - Ay ,is.'B mean prqpor, between ad, ag. 

Now, if the line th be supposed to revolve about the 
p6int T; then, as it recedes farther from the axis, the points 
B and H approach towards each other, the point E descend- 
ing, and the point H ascending, tilbat last they me^t in the 
point C, when the line becomes a tangent to the curve at c 
And then fhe points d and g meet in the point m, and die 
ordinates P£, GH in tbe«0rdinate cm. Consequently ad, aGj^ 
becoming each equial to am, thetrMnsan proportional at will 
be equal to the absciss jm. That is^ the external part of the 
axis, cut offby a tangent, is equal to. the absciss of the ordirt 
nate to the point of coiltslct. • • q^E. d. 



T9£0REM 



Ot Tfl£ 



\iB 



tUEOHErU ^* 



If a tattjent to tW CurV<^ meet the Ails produced ; then 
the Line di^feh fr6\n the Fociis to the Point of Cbmact, 
wRl be equal to the Distance of the t^oois &(»i 't£ie Inter- 
section of the Tangent and Axis. 







K e^ 

For, draw the ordinate dc to the point of contact c 

Then, by theor. 5, at = adi 
therefore - ft = af + ad. 

But, by theor« 4, fc = af + ad ; 
theref. by equality, fc = ft« q. b. d. 

Corol. t . If CG be drawh perpendicular to the curve, or to 
the tangent, at c j then shall fg = fc = ft. 

For, draw fh perpendicular to tc, which will al's6 bisect 
tc, because ft = fc ; and therefore, by the nature of thfe 
parallels, fh also bisects to in f. And consequently tG =: 

FT = FC. 

, So that F is th« centre of a circle passing through t, c, g. 

Carol. 2. The tangent at the vertex ah, is a mean propor- 
tional between af and ad. 

For, because fat is a right angle, 
therefore - ah is a mean between af, at, 
tor between - af, ad, because ad = at. 
Likewise, - FH is a mean between fa, ft, 

or between fa, fc. 

CoroL 5. The tangent tc makes equal angles with fC and 

the axis pt. 



For, because ft = fc, 
thetefore the Z. fct =s Z. ftc. 
Also, the angle gcf = the angle 6cK^ 
drawing ick parallel to the axis AG. 



Cor^ 



ito 



gon;c 8ECnOM& 



Conl. 4f. And because the angle of incidence Gcc is = 
the angle of reflection Gcw.\ therefore a raj of light fadling 
on the curve in the direction kc» will be reflected to the 
fccus f . That is, all rays parallel to the axis, are reflected 
to the £xus, or burning point. 



THEOREM Vll. 



If there be any Tangent, and a Double Ordinate drawn from 
the Point of Contact, and also any Line parallel to the 
Axi«, limited by the Tangent and Double Ordinate : then 
shall the Curve divide that Line in the same Ratio, as the 
Line divides the Double Ordinate. 



That is. 



IE : EK 






CK : 



KL. 




"Frns 



— — # ^ - ^ - 

bnt, hj the def. the param. 
therefore, by equality, 
But, by theor. 2, - 
therefore, by equality, 
and, by division. 



es, CK : Ki : : CD : DT or 2da ; 




ram. p : cl :: cd : 2da; 




p : CK :: ct :»ki. 




p : CK : : KL : KB ; 




CL : KL :? KI : ke; 




- CK : KL : : i£ : EK. q. e. d. 




THEOREM Vni. 


• 



The same being supposed as in theor. 7 j then shall the Ex- 
ternal Part of the Line between the Curve and Tangent,^ 
be proportional to the Square of the intercepted Part of 
the Tangent, or to the Square of the intercepted Part of 
the Double Ordinate. 



That is, IE is as ci* or as CK*. 
and IE, TA, ON, PL, &c, 
are as ci*, cr*, c6% c?*, &c, 
or as ckS cd*, cm% cl*, &c. 




Chp THE BARABOLA. 

Tor, By tKcor. 7, ib- : ek : : ck : kl, . 
pTf by equality, is : £K : : CK^ : ck « Kt* 
But, by cor.th. 2, BKis as therect. ck « kl, 
therefore - - i£ is as CK*, or as ci*. 



liZt 



<^E.O. 



CoroL As this property is common to every position of 
the tangent, if the lines ie, ta, on, &c, be appended on the 

C lints J, T, 6, &c, and moveable about them, and of such 
ngths as that their extreixiities e, a, n, &c, be in the curve 
of a parabola in some one position of the tangent; then 
making the tangent revolve about the point c, it ;^>pear$ that 
the extremities e, a, n, &c, will always form th* curve of 
some parabola, in every position of the tangent. 



THEOREM IX. 

Tbe Abscisses of any Diameter, are as the Squares of their 

Ordinates. 



That is, CQ, CR, cs, &c, 
are as qE% ra*, &n*, &c. 
Or C(^: CR ; : q^* : ra% 
&c. 




For, draw the tangent CT, and the externals Ei, at, no, 
&c, parallel to the axis, or to the diameter cs. 

Theuj because the ordinates qe, ra, sn, &c, are parallel to 
the tangent ct, by the definition of them, therefore all the 
figures IQ, tr, os, &c, are parallelograms, whose opposite 
sides are equal; 

namely, - - ie, ta, on, &c, 

are equal to - cq, cr, cs, &c. 

Therefore, by theor. 8, cq, cr, cs, &c, 

are as - - ci% ct*, co% &c, 

or as their, equals - qs*, ra*, sn*, &c. . q. e. d. 

CoroL Here, like as in theor. 2, the difference of the ab- 
scisses is as tlie difference of the squares of their ordinates, 
or as the rectangles under the sum and difference of the 
ordinates, the rectangle, of the sum and difference of the' 

ordinates 



IM 



OOMIC SECnONB. 



onlinates being equal to tke rectmgle under die 
<^ t^ absdsset and the MrameMr of that 

propoftioBai to any amcias and iti ordinate. 



dtanieter* 0r % 



THEOKEli X. 

a 

V a line be drawn parallel to any Tangent, and cut the 
Curve in two Points ; then if two Ordinates be drawn to 
the Intersectbns, and a third to the Point of Contact, 
these three Otdinatcs will be in Arithmetical Progression, 
or the Sum of the Extremes will be equal to Double the 
Mean* 



That is, 
EG -4- Ht SE 2cD^ 




For, draw ek parallel to the axis, and produce hi to l. 
Then, by sirn. triangles, bk c hk : : TD ot 2a1> : en $ 
but, by theor. 2, - £K i he : : ItL : ptheparam. 
theret by equality, 2ad : kl : : cd : p. 

But, by thedefin. 2 ad : 2cD : : en : p; 

theref. the 2d terms are equal, kl = 2cd, 
that is, - - EG 4- HI =^ 2cix, ^ o. £• d. 

Corol. When thq point E'is on the other side of ai \ then 

ht — GE = 2CD. 



THEOREM XI. 



Any Diameter bisects all its Double Ordinates, or Lines 
parallel to the Tangent at its Vertex. 



That IS, 

TAE =z: MH. 




Fob, 



Of TUt B&&ABOLA. 



m 



For, to the axis ai di^aw the irdinat^.vOy C9^ Hiylkicl 
UN paoiUel to theoLt \ddcfa JH equsd to cd« 

Then, by theor. 10, 2mn or 2cd = eg + hi, 
therefore M h the middle of EH. 

And, for the same reason, all its paralleU are bisected. 

<^ £. D. 

ScuoL. Hence, as the abscisses of any diameter and their 
ordinates have the same relations as th6se of the axis, namely, 
that the ordinates are bisected by the. diameter, and their 
9<}uares proportional to the abscisses^ so all the other pro- 
perties of the axis and its ordinates and abscisses, before de- 
monstrated, will likewise hold good for any diameter and its 
ordinates and abscisses; And also those of the parameters, 
understanding the parameter of any diameter, as a third 
proportional to any absciss and its ordiiuitew Some of the 
most material of which are demonstrated in the following 
|.heorems. 



THEOREM XII. 



The Parameter of any Diameter is equal to four Times the 
Line drawn fromi the Focus to the Vertex of t^t Dia^ 



meter. 



That is, ,4fc r= p, 
the param. of the diam. cm. 




For, draw the cwdinate ma parallel to the tangent crt 
also CD, MN perpendicular to the axis an, and fm per- 
pendicular to the tangent cT. 

Then the abscisses ap, cm or aTj being equal, by theor. 5, 
the parameters will be as the squares of the ordinates CD, 
MA or CT, by the definition ; 

that is. 

But, bv sim. tri. 

therefore 

But, by cor. 2, th« 6, 

therefore 

or, by equality, 

But, 



p 




p.:: 


CD* : 


CT*, 




»H 




FT : 


; CD : 


; i;T} 




P 




p 11 


FH* : 


FT*- 




FH* 


= 


= FA 


. FT; 

4 


• 




P 


• 
• 


P '' 


F^ . 


FT : 


FT*. 


P 


M 
9 


P : : 


FA : 


FT or FC. 



It4 



CXXnC SECTIONS. 



BaCy'bf thtor. St 
9iid thcrcfefc • 



4rror 4f& 



^c. o/ 



Corol. Hence the parameter p of the diameter cm is equal 
to 4fa + 4ai>» or to p 4- ^aDj that is, the parameter of the 
axis added to 4ad. 



THEOREM XIII. 



If an Ordinate to any Diameter/ pass through the Focus, it 
will be equal to Half its Parameter ; and its Absciss equal 
to One Fourth of the same Parameter. 



That is, CM = |p, 
and MB = 4p» 




FoR^ join FC, and draw the tangent CT« 



By the parallels, cm 

and, by theor. 6, fc 

also, by theor. 12, fc 

therefore - - cm 



ft; 

ft; 

tP- 



Again, by the defin. cm or {^ : 
and consequently ' me = -(p 



MB : : ME 

=: 2CM. 



i»» 



0«E. D* 



Corol.l* Hence, of any diameter, the double ordinate 
which passes through the focus, is equal to the parameter, 
or to quadruple its absciss. 



Corol. 2. Hence, and from cor. 1 
to theor. 4, and theor. 6 and 12, it 
appears, that if the directrix gh be 
drawn, and any lines he, he, pa- 
rallel to the axis; then every parauel 
HE will be eaual to Er, or ^ of the 
parameter oi the diameter to the 
point £. 



■Li H Cr U 



,. t 
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THEOREM XIV. 

If there be a Tangent^ and any Line drawn from the Point 
of Contact and. meeting the Curve in some other Pointy as 
also another Line parallel to the Axis, and limited by.the 
Ilrst Line and the Tangent : then shall the Curve divide 
this Second Line in the same Ratioy as the Second Line 
divides the First JLine. 



IB 



That isi 

EK ^ • OK KJL. 




parallel 



Then by theor. 8, 
or, by sim. tri* 
Also, by sim. tri. 
or - - • 

therefore by cqualityj 
or - - - 
and, by division, 



I£ 
IE 
IK 
IK 
IE 
IE 
IE 



PL 
PL 
PL 
PL 
IK 









• • 



CI* 
CK* 

CK 

CK* 

CK i 



IK : : CK 



ETC 






CK 



CfiToI. When cK = kl, then ib = ek 



CP% 
1 CL*. 
CL, 
CK • CL^ 

<:l : CL*; 
cl; 

KL. <^E.D. 



^ THEOREM XV. 

If from any Point of the Curve there be drawn a Tangenf^ 
and also Two Right Lines, to cut .the Curve; and Dia* 
meters be drawn throu^ the Points of Intersection £ and 
L, meeting those Two Right Lines in two other Points c 
and K : Then will the Line kg joioing these last Two 
Points be parallel to the Tangent. 




PoR, 



MS 



OQNicncnoNs. 



FoR» bf theor. H^ cc : kl : : £i : ek i 

and by compotttion^ oc : cu : i mi : ki ; 

and by the paraUeb cc : cl : : gh : lh ; 

Bvt» by sim. tri. • ck : CL ; : ki : lh i 

theref. by equal - ki : IH : : gH : lh : 

reosequendy . ki s= gh, 

and therefore * ko is parallel aod f»qual to lo. (^-H* ix 



THEOREM XXU 

If a Hectangle be described about a Parabola, bavine the 
same Base and Altitude i and a diagonal Line be <&awn 
from the Vertex to the Extreminr of the Base of the Para- 
bola, forming a right-angled Triangltt of the same Base 
and Altitude also; then any Lino or CMioaCedrasrn across 
the three Figures^ perpendicular to the Axis> will be cut in 
Continual Proportion by the Sides of those Figures. 



That is, 
SF : EC : : eg : bh^ 
Or, SF, EG, £H> are in eon* 
tinned proportion. 



♦ • 






For, by theor. Ir ab 
and^ by sim. tri. - as 
theref. of ec^alityj - ef 
that is - • - ef 
theref« by Geom. th. 78, ef, eg, eh are proportionals, 
or - - - EF. : EG : : EG : eh* <2i e* i^- 



ae 

A£ 
BC 
EH 




THCORBM X¥II. 

The Ajff a or Space of a Parabola, is equal to Two-Thirds of 

its Circumscribing Parallelogram. 

That IS, the space ABCG^ =s -^abcd; 
or, the space Adcga = ^ abcd. 

For, conceive the space adcga to be composed of, or 
divided into, indefinitively small parts, by lines parallel to 
DC or AB, such as IG, which divide ad into like small and 
equal parts, the number or sum of which is expressed by the 
lipe AD. Then, 



by the parabola, BC* : eg* ; : ab. : AEi 
that is, - .AD^ : ax* : : dc : ig. 



Hence 



Op T9V PARABOtA. isr| 

Hence it fbllows<| that wny 090 o£ th^ aarrow parts, as 
icf, is_=5 — J* X Ai*i heDces. ad and DC being given or 

constant quant{ities, it app^rs that the^sajd parts XG, ScCy are 
proportional to ai% &c, or proportional to a series of square 
pmnbei^f whose roots are in arithnietical progression, and the 

DC 

area adcg a equal to — drawn into the sum of such a setiss 

of arithxneticab» the number of which is expressed bf ab. 

Now, by the remark at pag; 217» toI. i, the sum of the 
squares of such a series of arithmetic's^ is expr^ed by 

in ,n + l.2ft + l^ where n denotes the^ number qf thexa. 
In the present case, n represents an infinite, numberi and 
then the two factors n + h 2if + 1, become only n and 2^ 
omitting the I as incgnsideral^^e in respect of the infinitQ 
number n: hence the expression ^bove be<;0n}e$ bare^ 

To apply this to the case above: » will denote Ad or Be; 
and the sum of all the ai^s becomes ^ ad' or -f bc^ ; conse-* 

HC DC 

queptly the sum of all the —g x ai**s, is — -j x yAD' 3= 

y.AV .DC = -J BD, which is the area of the exterior part adcc^4«. 
That is, the said exterior part adcg a, is -f of the paisallelo** 
gram abcd \ and consequently the interior part abcga is ^ 
«f the same parallelogram. (^ S. Qw 

Cord, The part afcga, inclosed between the curve and 
the right line AFC, is ^ of the same parallelogram, being the 
diflference between abcga and the triangle abcfa, that is 
between |- and 7 of th^ parallelogram. 



THEOREM XVIIX. 



The.' Sofid Content of a Paraboloid (or Solid generated fay 
the Rotation of a Parabola about its Axis;, is equal ta 
Half its Circumscribing Cylinder. 

Let ABC b.e a paraboloid, generated by the rotation of 
the parabola ac about its axis ad. Suppose the axis ad be 
divided into an infinite namber of equal parts, throud^ 
which.let circular planes pass, as efg, all those circles mak- 
ing up the whole solid paraboloid.. 

Now 




I2S CONIC SECTIONS. 

Now ff r = the number 
$•1416, then 2c x PG is the 
etrcumference of the circle efg 
whrne radius u FC ; therefore 
€X PG^is the area of that circle. 

But, by cor. theon 1, Parabola, p x at sz rG\ where/ 
denotes the parameter of the parabola ; consequently /r x as 
will also express the same circular section eg, and therefore 
fc X the sum of all the af*s will be the sum of all those 
circular sections, or the whole content of the solid para- 
boloid. 

But all the af*s form an arithmetical progression, begin* 
ning at or nothing, and having the greatest term and the 
sum of all the terms each expressed by the whole axis ad* 
And since the sum of all the terms of such a progression, is 
equal to 1^ AD X AD or i ad% half the product of the greatest 
term and the number of terms ; therefore i ad^ is equal ta 
the sum of all the af's, and consequently p'c x \ ad% or 4 r 
X / X AD% is the sum of all the circular sections^ or the 
content of the paraboloid* 

Do* 

But, by the parabola,/ : dc : : do : ad, or/ = ; con* 

seuuently \c x p x ad* becomes 4r x ad x nc* for the 
solid content of the paraboloid. But r x ad x dc* is equal- 
to the cylinder Bciu ; consequently the paraboloid is the naif 
of its circumscribing cylinder.. q. x. ix 



THEOREM xir. 

The Sofidity of the Frustum begc of the Paraboloid, is equal 
to a Cylinder whose Height is D^, and its Base Half the 
Sum of the two Circular Bases eg, bc. 

For, by the last theor. ipc x ad* =s the soHd^Bc,, 
and, by the same, ipc X af* = the solid akg, 

thcref* the difF. ipc x (ad*— af*) =the frust. BKGc. 

But AD* — AF* = DF X (ad + Af), 

theref. 4/^ >^ ^f x (ad + af) = the frust. eegc. 
But, by the parab. /) x ad =^ Dc*,and/> x af = fg*; 
theref. -J c x i>p x (dc* + fg*) ±= the frust-. b-egc. 

«. e. d. 

OF 
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QF MOTION, FORCES, &c 



DEFINITIONS. 

jirt. 1 . BODY is the mass, or quantity of matter, in any 
inaterial substance; -and it is always proportional to its 
weight or gravity, whatever its figure may be. 

2. Body is either Hard, Soft, or Elastic. A Hard*Body 
is that whose parts do not yield to any strokj^ or percussion, 
but retains its figure unaltered. A Soft Body is that whose 
^arts yield to any stroke or impression, without restoring 
themselves again j the figure of the body remaining altered. 
And an Elastic Body is that whose parts yield to any stroke, 
J>i(it-.whi?h presently restore themselves again, and the body 
yegajins the s^me figure as before the stroke. 

. We know 6t no bodies .th^t are absolutely, or perfectly, 
eijther hardj soft,, or^ elastic; but all partaking these proper- 
ties, ^ore or less, in some intermediate degree, 

3. Bodies are also either Solid or Fluid. A Solid Body, 
is that who^e, parts are not easily moved among one another, 
and wbicli retaixis any iigjure given to it. But a FlyidBody 
is that wjiose parts yield to the. slightest impjre§sion, being 
easily moved among one another ;^ and its surface, when left 
to itself, is. always observed to settle in a smooth -plane at 
the top. : . 

4. Density is the prbportional weight or quantity of 
matter jn a^ body. So, in two spheres, or cubes, &c, of 
equal si7e or maghitutfej if the one weigh only one pound, 
but the other i pounds; then the density of the latter is 
fipuble the densif y of the former; if it weigh 3 pounds, its 
deusii;y.istripJe> find.:%o,on^ 

5. Motion Is rf continual "aild successive change of place. — 
If the body move equally, or pass over equal spaces in equal 
times, it is cfilled E^ia^ble .or. Uniform Motion. But if it 
increase or |d^reafe9 it is Variable Motion ;> and it is called 
Accelerated Motion in the former case, and Retarded Motion 
in the latter.-— Also; w^en the moving body is considered 
...Vol, II. K with 
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with respect to some other bodj at rest, it is said to be Ab« 
solute Motion. But when compared with others in modoo, 
it u called Relative Motion. 

6. Velocity, or Celerity, is an affection of motion, by 
which a body passes over a certain space in a certain time* 
Thus, if a boay in motion pass uniformly over 40 feet in 
4 seconds of time, it is said to move with the velocity pf 
10 feet per second ^ and so on. 

7. Momentum, or Quantity of Motion, is the power or 
force in moving bodiel, hj which they conttBiially tend from 
their present dbces, or wuh which they strike any obstade^ 
that opposes tbrir motioa* 

8. Force is a power exerted on a body to move it, or to 
stop it. If the force act constantly^ or incessantly, it is a 
Permanent Force: like pressure or the force of gravity.^ 
But if it act instantaneously, pr bot for an imperceptibly 
smaU time, it is called Impulse, or Percussion ; like the smart 
blow of a hammer. 

9. Forces are also distinguished into Motive,' and Accele^ 
rative or Retarding. A Motive or Moving Force, is the 
power of an agent to produce motion v and it is equal or 
proportional to the momentum it will generate in any body, 
when acting, either by percussion, or for a certain time fs ti- 
ptrmanem force. 

10. Accelerative, or Retardive Porce, is commonly un^ 
derstood to be that which affects the Velocity only : or it i» 
that by which the v6locity is acc)&lerated or retarded ; and it 
is equal or proportional to the motive force directly, and to* 
the mass or body moved inversely: — ^So, if a body of 2 pounds 
weight, be acted on by a motive force of 40 '; then the 
accelerating force is 20. But if the same force of 40 act on 
another body of 4 pounds weight j then thd accelerating 
force in thi& latter case is only 10 ; and so is but half the 
forther, and will produce only half the velocity. 

11. Gravity, or Weight, is^ that force by which a body 
endeavours to fall downwards, ft is called Absolute Gravity^ 
when the body is in empty. space; and Relative Gravity, 
when immersed in a fluid. 

1^. Specific Gravity is the 'pr op ortion of the wrights of 
different bodies of equal magnitude ; and ^o is proportiondi 
to the density of the body. 

AXIOMS^ 
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AXIOMS- 
IS. Evert body naturally endeavours to continue in its 
present state, whether it be at rest, or moving uniformly in« 
a right line. 

14. The Change or Alteration of Motion, by any external 
force, is always proportional to that force^ and in the direc* 
tion of the right line in which It acts. 

15. Action and Redaction, between any two bodies, 2te 
equal and contrary. That is, by Action and Re-action, equal 
changes of motion are prpduced in bodies atting on each 
other ; and these changes are directed towards opposite or 
contrary parts. 
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P&OPOSITXON t. 



16. The Quantity of MatttTy in all BoJies, is in the Cotf^ound 

Ratio ^ their Magnitudes and Densities^ 

That is, ^ is as m^i where b denotes the body or quan- 
tity of matter, m its magnijiude, and //its density. 

For, by art. 4?, in bodies of equal magnitude, the mass or 
qnaatityof matter is as the density. But, the densities re- 
maining, the mass is as the magnitude : that is, a double mag- 
nitude contains a double quantity of matter, a triple magni- 
tude a triple quantity, and so on. Therefore the mass is in 
the compound ratio of the magnitude and density. 

17. Cord. 1. In ^milar bodies, the masses are af the den- 
sities and cubes of the diameters, or of any like linear dimen- 
sions. — For the magnitudes pf bodies ar^ as tl^e cubes of the 
diameters, &c. 

18. Cord. 2. The mass^ are as the magnitudes and speci$c 
^vities.— *-For, by art. 4 and 1£> the densities of bodies are 
as the specific gravities. 

19. Scholium. Hetice, if * denote any bodr, or the quan*. 
tity of matter in. it, m its magnitude, d its density,' g its 

K*2 speci^G 
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specific gravity, and a its diameter or other dimension ; thoiy 
oc (pronounced or name4 «i) being the mark for general 
proportion, from this proposition and its corollaries we have 
these general proportions : 

• 

i a md oe mg oc a* J, 

« oc — - oe — oe «*, 

i * 
rf cc ~ « ^ « /, 

fl* oc -r oc m<x ^. 



PROPOSITION II. 

20« T/je Momentum^ or Quantity of Motion^ gmeraiei hj a 
Single Impulse^ or any Momentary Force^ is as the Gentrating 
Force* 

That 19, m is as /; where m. denotes the momentum, 
and/ the force. 

For every effect is proportional to its adequate cause. So 
that a double force will impress a double quantity of mo- 
tion ; a triple force, a triple motion ; and so on. That is, 
the motion impressed, is a< the motive (prce which prcK 
duces it. 

PROPOSITION. III. 

21. Tie Momenta^ or Suantitres of Motion, in Moving Bodies^ 
are in the Compound, Ratio of the Masses and Velocities, 

That is^ m is as bv. 

For, the motion of any body being made up of the mo»* 
tions of all its parts, if the velocities be equs^l, the momenta 
will be as the masses ; for a double mass will strike with a 
double force ; a triple mass, with a triple force ; and so on. 
Again, when the mass is the sam^, it will require a double 
force to move it with a double velocity, a triple force with a 
triple velocity, and so on ; that is, the motive force is as the 
velocity \ but the momentum impressed, is as the force which 
produces it, by prop. 2 5 and therefore the momentum is as 
the velocity when the mass is the (^ame. But the momentum 
was found to be as the mass when th^ velocity is the same* 

Consequently, 
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Consequei^ly^ when neither are the samei the momentUQi Is 
in the compound ratio of both the mass and velocity. 



PROPOSITION IV, , 

22. In Uniform Motions ^ the Spaces described are in the Com^ 
pound Ratio of the Velocities and the Times of their Descrip^ 
tion, ^ 

That iS) / is as /v. 

For, by the nature of uniform motion, the greater the 
velocity, the^eater is the space described in any one and 
the same time ; that is, the space is as the velocity, when 
the timejs are equal. And when the velocity is the same, the» 
space will be as the time ; that is, in a double time a double 
space will be described ; ,in a triple time, a triple space ; and 
so on. Therefore universally, the space is in the compound 
ratio of the velocity, and the time of description. 

23. Corol* i . In uniform motions, the time is as the space 
directly, and veloicity reciprocally ; or as the space divided 
by the velocity. And when the velocity is the same, the 
time is as the space. Bu|; when the space is the same, the 
time is reciprocally as the velocity. 

24. CoroL 2. The velocity is as the space difectly and the 
time reciprocally ; or as the space divided by the time. And 
when the time is the same, the velocity is as the space. But 
when the space is the same, the velocity is reciprocally a$ 
the time. 

Scholium, 

25. In uniform motions generated by momentary impulse, 
l^t d = any body or quantity of matter to be moved, 

fzz force of impulse acting on the body ^, 

V = the uniform velocity generated in 4, 
vi = the momentum generated in 4, 

/ == the space described by the body i, 

f = th^ time of describing the' space / with theveloc. v* 

Then from the last three propositions and corollaries^ we 
have these three gejieral proportions, namely, y oc m, m oc 
Jv, and s a tv; from which is derived the following table of 
the g~efieral relations of those six quantities, in uniform mo- 
tions, and impulsive or percussive forces ; 

/ocm 
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/ QC m cc iv oc -7-. 

h 
m oc / u *v oc — . 

f m ft mt 

V V I I 

A im 

s f m 

t b i 
s h is 

V f m 

By means of which, mav be resolved all questions relating 
to uniform motions, and the effects of momentary or ipipul-. 
3ive forces. 



PROPOSITION V, 

26. 7%# JahmiHtum gimraied by a Censfwti and Uniform Force ^ 
acting for mny Timg, is in the Compound Ratio of the Fores 
Mttd Time of Actings 

That is, m is as^. 

FofL, supposing the time divided into very small parts, by 
prop. 2y the momentum in each particle of time is the same, 
and therefore the whole momentum will be as the whole 
time, or sum of all the small parts. But hf the same prop, 
the momentum for each small time, is also as the motive 
force. Consequently the whole momentum generated, is in 
the compound ratio of the force and time of acting. 

27. Cord. 1. The motion, or momentum , lost or destroyed 
in any time, is also in the compound ratio of the force and 
time. For whatever momentum any force generates in a given 
time ; the same momentum will an equal force destroy in the 
same or equal time ; acting in a contrary direction. 

And the same is true of the increase or decrease of motion, 
by forces that conspire with, or oppose the motion of bodies. 

2S. Corol, 2. The velocity generated, or destroyed, in any 
time, is directly as the force and time, and reciprocally as 
the body or mass of matter.— For, by this and the 3d prop, 
the compound ratio of the body and velocity, is as that of 
the force ;ind time ; and therefore the velocity is as the force 
;ind time divided by the body. And if the body and force 
be given, or constant, the velocity will be as the time. 

PROPOSITION 
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PROPOSITION VI. 

29. The Spaces passed pwr bf Bodies^ mfgej if mty Qmstatii and 
Uniform Forces y (Uting dmring aoy liats^ art in tie Comfaund 
Ratio of the Forces aad Squares if list limtf direcilf, euii the 
Body or Mass reciprocally. 

Oti the Spifc^ {ure as tie Squares ^ the TwWj whe» fbt Ferce 
and Body -are given. 

That i$> s is ^& -ft €^r as ^ wk^/ wkI t mfe |[iTW» f<^$ 

let V deoote the velocity acquired at the fnd of any time /, 
by any given body ty when it has passed over fhe space /• 
Then, because the velocity is as the time, by the last coroL 
therefore ^ t; is the velocity at i /, or at the middle poinf of 
the time; and is the increase of velocity is uniform^ the 
same space^/ will be described in the same time'^« by the 
velocity iv uniformly continued from beginning to end. 
But, in uniform motions, the sp^ce is in the compound ratio 
of the time and Velocity 5 therefore / is as 4/v,or indeed J==. 

itv. But, by the last coroL the velocity v is as -^^ or as 
the force and time dir^ctly^ and as thip body reciprocally.' 

Therefore /, or itv, is as -r- i that i«, the ^pace is as die fprce 

p ■ • 

and square of the time directly, and as the bodyi^eciprocally* 

Or / is as /^, the square of the time only, when b andy are 

given. 

30. Cotk)L I. The space / is alsp as /v, or in the corw 

gound ratio of the time and velocity; h ^ndf being givea. 
or, J =:7 -^ iv is the space actually described. But tv is the 
space which might be described in the same time t^ wi(|i the 
last velocity v, if it were uniformly continued for the same or 
an equal time. Therefore the space /, or f /v, which is ac- 
tually described, is just half the space /v, which would be 
' described with the last or greatest velocity, pniformly con- 
tinued for an equal time /• 

31. Corqi. 2. The space / is also as t^,the square of the 
velocity} because the velocity v is as the time /• 

ScboHum* 

82. Propositions 3, 4, 5, 6, give theorems for resolving all 
questions relating to motions uniformly accelerated. Thus, 

put 
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put b =s any body or quantity of matter, 
y 33 the force constantly actlng.on it, 

/ = the time of its acting, 

V = the velocity gvnerated in the time/, 

J s= the space described in that time, 
m s the mfcxnentum at the end of the time. 

Then, from these fundamental relations, w « ^v, ?» « ft, 

ft . . 

j « /v, and V « ^, we obtain the following table of the 

general relations of uniformly accelerated motions r 

'„ hs fs ff'V ,—' ,77 — • - 

m % bv % ft 9t — «=^« -. — • vbfs Vbftv, 
-^ t V s -^ 

m, ft. mt fe ft^ m^' m* /> 

^ oe — ee •— oc — cc — oc oc ** - ^ 



V V . s s ms fs ftv V* 
m bv fnv' ms fjf ' w* bv^ bs 

fv bs btv s t 



•^ t t s *— ^' ^*" ' •** 



V * 



s ft m ms fs nr fs fst 

t b b. fr- m bft ^.b m^ 

ff mt ffv mv iw* bv^ m\> 

* b m f bf f , J t 

s m bv bs ,bs ms m^ 

'^ f f ^ f fv bfv 

^ S3. And from these proportions tho'se quantities are to be 
left out which are given, or which are proportional to each 
other. Thus, if the body or quantity of matter be always 
the same, then the space described is as the force and square 
of the time. And it the body be proportional to the force, 
as all bodies are in respect to their gravity; theji the space 
described is as the square of the time, or- square of the velo- 

city; and in this case, if F be put sc —^ the accelerating 

b 

force J then will 



V* 



X ep /v oe Ft « — , 

F 



V « — « Ft PB s/TeS. 

t ^ 

S V '■ 

V F ^ 
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The CORIPOSiTIOliJ and RESOLUTION o^ fO'RtlB. 

• • • 

34. Composition of Forces* is the uniting of twt> «*• 
more forces into one, which shall have the sam^ effect ; (vt 
the finding of one force that shall be equal to several dtheri. 
taken together, in any different directions. And the Reso- 
lution of Forces, is the finding of two or more forces which> 
acting in any different directions, shall have the same effect 
as any given single force. 



'%'• 
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PROPOSITlbli VU. 

t 

35. If a Body at A be urged in the Directions AB and AC, by an'p 
two Similar Forces, such that they ivvuld separately cause tht 
Body to pass over the Spaces AB, AC, in an equal Time ; theH 
if both Forces act together, they will cause the Body to move, H 
the same Time, through ad the Diagonal of the Parallelografh 
ABCD. 

Draw cd parallel to ab, ^nd bd pa- ^f^ I ^ B 

tallel to AC. And while the body is ^(\^ J" : '' 

carried over hb or cd by the force in w x \ 

that direction, let it be carried over bd q ^^ 

by the force in that direction; by which [ _>^ 

means it will be found at d. Now, if ^ 

the forces be impulsive dr momentary, 
the motions will be uniform, and the spaces described will bd 
as the times of description : 

theref. kb or cd : AB or CD : : time in xb : time in ab, 
and bd or Ac : bd or ac : : time in ac : time in ac ; 

but the time in Ab = time in Ac, and the time in ab r± 
time in AC; therefore Ab :bd :: ab : bd by equality : henc6 
the-point d is in the diagonal ad. 

And as this is always the case in every point d, d, &c, 
therefore the path of the body is the straight fine a^/d, or thd 
fnagonal of the parallelogram. 

But if the similar forces, by means of v/hich the body h 
moved in the directions ab, ac, be uniformly accelerating 
ones, then the spaces will be as the squares of the times ; in 
which case, call the time in bd or cd, t, and the time in A b or 
AC, T ; then 

it will be Ab or cd : ab or cd : : /- ; T% 
and - bd or 4^ : bd or AC : : Y* : t% 
theref. by equality, Ab : W : : ab : bd; 
Z)id$o the body is always found in the diagonal, as before. 

36. Corofx 
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36. CWvA 1. If ihe farces be not saniilar» by which the 
body is urged in the directions ab^ ac^ it will move in some 
oirwd linci depending on the nature ctf the forces. 

57. CcroL 2. Hence it appears, that the body moves over 
the diagonal ad, by the compound motion, in the very same 
time that it would move over the side ab, by the dngle force 
impressed in that directioHi or that it would move over the 
side AC by the force impressed in that direction. 

58. Cord. 3. The forces in the directions ab» ac, ad, are 
respectively proportional to the lines ab^ ac, ki>% and in these 
directions. 

ad. CoroL 4. The two oblique forces 
AB» AC| are equivaledt to the single di- 
rect force ad, which maj^ be compound- 
ed of these two, by drawmg the diagonal 
of the parallelogram. Or they are equi- 
valent to the double of ae, drawn to the 
middle of the line no. And thus any 
force may be compounded of two or more other forces $ 
which is the meaning of the expresaon ^omfHttion if Jorcu. 

40. Exttm, Suppose it were j) 

required to compound the three /^^'"^^^A A 

forces AB, AC, adj or to find ^^^^\ 

the direction and quantity of one /^^"^^ / \.-"* 

single force, which shall be equi* E -...*' y *'* y^ 

valent to, and have the same k 

«flfect, as if a body a were 

^ted on by three forces in the directions ab, ac, ad, and pro- 
l^ortional {o these three lines. First reduce the two ac, ad 
lo one ae, oy completing the parallelogram adec. Then re- 
duce the two AE, ab to one af by the parallelogram aefb. 
So shall the single force af be the direction, and as the quan- 
tity, which shall of itself produce th,e same effect, as if all thA 
three abi Ac, ad acted together. 

4 1 . Corol. 5, Hence also any single a 1*. 

direct force ad, may be resolved into A\ ^^>-«/ 

two oblique forces, whose quantities / \ ' /"">T 

^d directions are ab, Ac, having the / / \ 

same effect, by describing any paraU ^•■■- ' \ I / 

lelogram whosp diagonal may be l''^^'::::.:-\y 

jipx and this is called the resolu- ^ 1^ 
ti^n of forces. So the force ad 

mav be resolved into the two ab, ac, by the parallelogram 

ABDC 
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ABDC; or into the two AB-, A¥, by the parallelogram abdf % 
and so on, for any other two. And each of the^e may be 
resolved again into as mahy others as we please. 

42. Corol. 6. Hence too may be 
found the effect of any given force, in 
any other direction, besides tliit of the 
line in which it acts; as, of the force 
AB in any other given direction CB. rr^y 
IFor draw ad , perpendicular to cb ; 
then shall db be the effect of the 
force AB in the direction cb. For, 

the given force AB is equivalent to the two AD, DB, or 
AE I of which the former ad, or eb, being, perpendicular, 
does not alter the velocity in the direction cbj and therefore 
DB is the whole effect of ab in the direction cb. That is, 
a direct force expressed by the line db acting in jhe directipn 
DB, will produce the same effect or motion in a body B, in 
that direction, as the oblique force expressed by, and acting 
in, the direction ab, produces in the same direction CB. 
And hence any given force ab, is to its effect in db, as ab 
to DB, or as radius to the cosine of the angle abd of in>:li- 
nation of those directions. For the same reason, the force 
or effect in the direction ab, is to the force or effect in the 
direction ad or eb, as ab to ad; or as radius to sine of the 
same angle abd, or cosine of the angle 'DAB of those direc* 
tions. 

43. CofoL 7. Hence also, if the two given forces, to be 
compounded, act in the same line, either both the same w^y, 
or the one directly opposite to the othef ; then tHeir joint or 
compounded force will ^ct in the same line plso, and will be 
equal to the sum of the two when they act the same way, or 
to the difference of them when they act in opposite direc- 
tions; and the compound force, whether it be the sum or 
difference, will always act in the direction of the greater of 
the two. 



PROPOSITION VIII. 

44. If Three Forces A, B, c, acting all together in the same Plane^ 
keep one another in Equilibrio; they nvillhe Proportional to the 
Three Siiies DE, EC, CD, of a Triang/e, 'which are drawn Pj- 
rallelto the Directions of the Forces A.1}^ DB, CD. 

* 

Produce ad, bd, and draw cf, ce parallel to them. 

Then 
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Then the' force in cd is equivalent 
to the two AD, DD| by the supposi* 
tion; but the force cd is also equi« 
valent to the twt» EU und CR or fdj 
therefore, if CD rc}>resent the forc9 
C, then tD will rcprt ent its opposite 
force A, and cr, or i-d, its qpposhe 
force D. Conscqiif.auy the threes 
forces A, B, c, arc j>roporcional to de, 
CE, CD, the three lines f>arallel to the 
directions in which they act« 

45. Coro/. 1. Because the three sides CD, cc, I>E, are pro- 

f^ortional to the sines of their opj>os!te angles £, d, c; there- 
ore the three force«, when in equilibrio, are proportional to 
the sines of the angles of the triangle made of their lines of 
direction ; namely, each force proportional to the sine of the 
gingle made by the directions of the other two, 

46. CoroL 2. The-three forces, acting against, and keep* 
Jng one another in equilibrio, are also proportional to the sides 
of any other triangle made by drawing lines either perpendi- 
cular to the directions of the forces, or forming any given 
angle with those directions. For such a triangle is always 
fimilar to the former, which is made by drawing lines parallel 
tQ the directions ; and therefore their sides are in the same 
proportion to qn^ another* 

47. Cor0l. 3. If any number of forces be kept in equilibrio 
by thoir actions against one another j they may be all reduced 
|o t^vo equal and opposite ones. — For, by cor. 4, prop. 7, 
ftny two of the forces may be reduced to one force acting in 
^he same plane ; then this Jast force and another may like- 
lyise b^ reduced to another force acting in their plane : and 
so on, till at last they be all reduced to the action of only two - 
Opposite forces; which will be equal, as well as opposite, be-? 
cause the whole ar? in equilibrio by the supposition. 

48. Corel. 4. If one of the forces, 
S^s c, be a weight, which is sustained 
by two strings drawing in the direc« 
tions DA, db: then the force or 
tension of the string AD, is to the 
weight c, or tension of the string 
DC, as DE to DC; and the force or 
tension of the other string bd, is to 
the weight c, or tension of CD, as CE 
to CD. 
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49. Corol. 5. If three forces be in equilibrio by their mu- 
tual actions; the line of direction of each fprce, as dc, pa -sea 
through the opposite angle c of the parallelograni formed by 
the directions of the other two forces. 

BO. Remark. These properties, in this proposition and itt 
corollaries, hold true of all similar forces whatever, whether 
they be instantaneous or continual, or whether they act by 
percussion, drawing, pushing, pressing, or weighing; and are 
of the utmost importance in mechanics and the doctrine o( 
forces. 



On the collision of BODIES* 

PROPOSITION IX. 

61 » If a Body strike or act Obliquely on a Plain Surface j the Porci 
or Energy of the Stroke^ or Action^ is as the Sine of the Ar^gli 
of Incidence. 

Or, the Force on the Surface is to the same if it had acted Perpen^ 
dicularlyy as the Sine of Incidence is to Radius* 

Let ab express the direction and 

the absolute quantity of the oblique ^^ 

force on the plane de ; or let a given T^^^ . 

body A, moving with a certain velo- j ^s. 

city, impinge on the plane at b; pi ^ 

then its force will be to the action ^^i^ ^~^^^^ =~^:^ 

on the plane, as radius to the sine 

of the angle abd, or as ab to ad or BC, drawing AD ^nd BC 

perpendicular, and AC parallel to de. 

For, by prop* 7, the force ab is equivalent to the two 
forces AC, cb; of which the former AC does not act on the 
plane, because it is parallel to it. The plane is therefore 
only acted on by the direct force CB, which is to ab, as the 
sine of the angle bag, or abd, to radius. 

52. CoroL I . If a body act on another, in any direction, 
and by any kind of force, the action of that force on the 
second body, is made only in a direction perpendicular 'to the 
surface on which it acts- For the force in ab acts on de only 
by the force cb, and in that direction. 

53. CoroL 2. If the plane de be not absolutely fixed, it 
will move, after the stroke, iii the direction perpendicular 
to its surface. For' it is in that direction that the force is 
exerted- 

PROPOSITION 
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FROFOSITIOM X. 

54. ^011^ Body A, striie oftoihir Body B, nohicb is either at Rest 
er moving totvards tie Body A, or moving from it, tut nvitb a 
less Velocity than that of a ; then the Momenta^ or Quantities 
if Motion f of the two nodies, estimated in any one Direction^ 
nvill be the very same after the Stroke that they were before it. 

Poll, because action and redaction are alwajrs equals and 
in contrary directions, whatever momentum the one body 
gains one way by the stroke, the other must just lose as 
much in the same direction ; and therefore the quantity of 
motion in that direction, resulting from the motions of both 
the bodies, remains still the same as it was before the stroke* 

55. Thus, if A with a momentum 

of 10, strike B at rest, and commu* (3 o ^ 

nicate to it a momentum of 4, in the -^ -" 

direaion ab. Then a will have only 

a momentum of 6 in that direction; which, together with 
the momentum of B, viz. 4, make up still the same momen- 
. turn between them as before, namely 10. 

56. If B were in motion before the stroke, with a mo- 
mentum of 5, in the same direction, and receive from A an 
additions^l nK)mentum of 2. Then the motion of A after 
the stroke will be 8, and that of b, 7 ; which between them 
make 15, the same as 10 and 5, the motions before, the 
stroke. 

57. Lastly, if the bodies move in opposite directions, and 
meet one another, namely, A with a motiop of 1 0, and b, of 
5 ; and A communicate to b a motion of 6 in the direction 
AB of its motion. Then, before the stroke, the whole mo- 
tion from both, in the direction of ab, is 10 -- 5 or 5. But, 
after the stroke, the motion of A is 4 in the. direction ab, 
and the motion of b is 6 — 5 or 1 in the same direction A3; 
therefore the sum 4 + 1, or 5, is still the same motion from 
both, as it was before.^ 

PROPOSITION XI. 

St. The Motion of Bodies included in a Given Space, is the same 
wth regard to each other ^ whether that Space be at Rest^ or 
move uniformly in a Right Line. 

For, if any force be equally impressed both pn the body 
and the line in which it moves, this will cause no chsoi^ in 

the 
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^he motion of the body along the right line. For the same 
reason, the motions of aU the other bodies, in their several 
directions, will still remain the same. Consequently their 
motions among themselves will continue the same, whether 
the including space be at rest, or be moved uniformly for- 
ward. And therefore their mutual actions on one another^ 
must also remain the same in both cases. 



PRoposrrioK xti. 

69. If a hard and Fixed PJane be struck by etther a Sg^ or a 
Hard Untlastic Body^ the Body will adhere to it. But if the 
Plane be struck by a Perfectly Elastic Botfy, it will rebound 

. from it again with the same relodty with which it struck the 
Plane. 

tou, sincfe the parts which are struck, of the elastic bodj, 
suddenly yield and give way by the force of the blow, and 
as suddenly restore themselves again with a force equJ to 
die force which impressed them, by the definition of elastic 
bodies ; the intensity of the action of that restoring force ob 
the plane, will be equal to the force or momentum with 
which the body struck the plane. And, as action and re* 
action are equal and contrary, the plane will sict with the 
same force on the body, and so cause it to rebound or move 
back again with the same velocity as it had before the stroke. 

But hard or soft bodies, being devoid of elasticity, by the 
definition, having no restoring force to throw them offagain^ 
they must necessarily adhere to the plane struck, 

60. Cfif^/. 1. The eflFect of the blow of the elastic body^ 
on the plane, is double to that of the unelastic one, the velo- 
city and mass being equal in each. 

For the force of the blow from the unelastic body, is as 
its mass and velocity, which is only destroyed by the resist- 
ance of the plane. But in the elastic body, that force is not 
only destroyed and sustained by the plane ; bu^ another also 
equal to it is sustained by the plane, in consequence of the 
restoring force, and by virtue of which the body is thrown 
back again with an equal velocity. And therefore the in* 
tensity of the blow is doubled. 

6K Cord. 2. Hence unelastic bodies lose, by their col* 
Itsion, only half the motion lost by elastic bodies i their srutss 
and velocities being equaL-^For the latter commuaicatie 
dpublei the ^notion of the former* 

vaoposlTioK 
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PRQPOSITION XIII. 

6.^. If an Elaitic B^dy A impinge on a Firm Plane DE a4 the 
Point B, it 'Will rebound from it in an Angle equal to that in 
^hich it striich it ; or the Angle of Incidence will be equal to 
the Angle of Reflexim ; namely y the Angle ABD equal to the_ 
A^gle FEE. 

Let ab express the force of A g B 

the body A in the direction ab ; ps*' f •'•••*^ 

vhich let be resolved into the I >s. I y^ \ 

Wo, ACj cjB, parallel and per- i^j ^^L^ Jk 

pcndicular to the plane. — ^Take v^^- ■■> .^rT . -rr=^=^ ^m 

S,E and CF equ4 to aC| and 

draw B?. Now action and reaction being equal, tlie plane 
will resist the direct force CB by another bc equal to it, and 
in a contrary direction; whereas the other AC., being pa- 
^ilel to the plane, is not acted on or diminbhed by it, but 
ttiU continue^ asi before. The body is therefore reflected 
from the plane by two forces bc, be, perpendicular and par 
raUel to {he plane, and therefore mpves in the diagonal be 
by composition. But, because AC is equal to be or cFi and 
that BC is, common, the two triapgles bca, boi- are mutually 
simil<^r and equal ; and consequently the angles at a and f 
ar^ eqyal| as also their equal alternate angles abd, fbe^ 
vrlsaQh ^% the angles of incidence and reflexion. 



PROPOSITION XIV. 

*Toi determine thei Motion of Non'^lastic Bodies^ when theyt 
itfih. €0j:h othex Directly y or in the Same Lihe of Direction. 

liET the nOn- clastic body b, niov- 

|pg with ,the velocity y in the di- .(^ ^p j^ 

recliQii 5^1 ^nd the body b with ^ 
the velocity Vx strike each other. 

Th0rt| because the momentum of any moving body is as 
the jYias^ into the velocity, bv ^ m is' Axi momentum of 
th^ body e, ^d ^v := m the momentum of the body by 
^hleh let he the less powerful of the two motions, " Then, 
by prppi 10, the bodies will both move together as one mass 
in th© direction bq ?ifter the stroke, whether before the 
tti^oko the bo4y b moved towards c or towJirds b. Now, 
According as that motion of i was from or towards B, 
thai iS| whether the motions were ii| tjie sam§ or contrary 
ways| the momentum sifter the stroke, ir^ direction bc, will 
- ' * b^ 
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hfi the sum or difference of the momentums before .the. 
istroke 9 namely, the momentum in direction BC will be 

BV + bv, if the bodies moved the same way, or 
Bv —,ivy if they moved contrary waysj and. \. 

BV only, if the body b were at rest, 

«> . •■ 

Then divide each momentum by the common mass of 
matter b + ^> aiid the quotient will be the common velocity 
after the stroke ih the direction bc ; namely, the common 
velocity will be, ih the first cage 

bv + ^ , ^ BV — ^ , . ; . BV 
, 111 the 2d --T-, and ih the 3d 



b + .* B + ^ B + ^ 

64, For example, if the bodies, or weights, B and b, be 
^s 5 to S, and their velocities v and ^, asi6 to 4, or as 3 to 2^ 
before the stroke; then 15 and 6 will be as their momen^ 
tums, and 8 the sum of their weights ; consequently,' after 
tne stroke, the common velocity will be as 

15 + 6 21 • , . , ^ * 

^^ — - — = -g- or 2|. m the first case, 

i5 - 6 ^ , . , ^ . 

= ^-or 1y m the second, and 



8 8 

15 
8 ' * 



or 1-J. in the third. 



PROPOSITION XV. 

65. If two Perfectly Elastic Bodies impinge on one another : their 
Relative Velocity nvill he the same both Before and After the 
Impulse: that isy they nvill recede from each other with the Same 
Velocity with which they approached and met. 

Foz: the compressing force is as the intensity of the stroke; 
which, in given bodies, is as the relative velocity with whicK" 
they meet or strike. But perfectly elastic bo^ie^. restore 
them$elv^s to their former figure^ by the same force by which 
they were compressed ; that is, the restoring fprce is equal 
to the compressing force, or >to the force with which the 
bodies approach each other before the impulse. But the 
bodies are impelled from each other by this restoring fprce ; 
and therefore this force, acting on the same bodies,* will pro- 
duce a relative velocity equal to that which they had before: 
br it will make the bodies recede from each other with the 
. Vol. II. L iamv* 
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same velocity witU wHrch thtf bek/te approatb^ir c^ s(t is tfi^' 
Be equally distant from one ancither at equal times bblbf^ 
and after the impact. 

66^ Remark. It is tidt meant by t1ii$ pi^positioA^ thstt each 
body will have the same velocity aftef the impulsi[^ ^ ft had 
before \ for that will be varied according to the relation of 
the mass^ of the two bodies ^ but that the velocity of the 
one will bey after the stroke, as much increased as that oT 
the other is decreased^ in one and the same direction. SoiiiT 
the elastic body b move with a velocity v, and overtake tfie 
elastic body b moving the same way with the velc^hy v \ then 
their relative velocityi or that With which they stfike, is 
• V — v> and it is with this same velocity that they separate 
froni each other after the stroke. Biit if they meet eath 
other, or the body b move contrary to the body fl ; theil tltef 
meet and strike with the velocity v + t), and it ii v^tli thtf 
same velocity that they s(5parate and recede from each other 
after the stroke. But whether they move forward or back- 
ward after the impulse, and with what particular velocities^ 
are circumstances that depend on the various masses and ve- 
locities of the bodies before the stroke^ and which make the 
subject of the next proposition. 



PHOP^SITION XVI. 

67. To ietermim the Motions of Elastic Bodies after Striiiftg 

eaeb other directly*. 



Let the elastic body b move in ^ ; p , ^ 

the direction bc, with the Velocity B p ^ 

V ; and let the velocity of the other 

body ^ be V in the same line ; which latter velocity v will be 
positive if b move the same way as B, but negative if b move 
in the opposite direction to b. Then their relative velocity 
in the direction bc is V — p 5 also the mdififettta brfdre the 
stroke are bv arid bvy the sum of which iS BV + 1^ in the 
direction Bc. 

Again, put *; fdr the velocity of b, and y fdr that of ^ 
iri the same direction bc, after the stroke 5 then their rela- 
tive velocity isj; — Xy and the sum of their momenta iSk^bf 
in the same direction! 

But the momenta before aiid after the collision, 6stii£ilited 
in the same direction, are equal, by prop. 10, as also the 
relative velocities, by the last prop. Whence arise the^ two 
equations:. • 

viz. 
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viz. HV + tv ^MX + fyf 

the resokitibn of whicii etfuations gives 

(B - i) V + 2*v , ■ . ^ 

^ =i- — -f—: — ; ^ the velocity ofB^ 






B + ^ 



-, thevelocity of i. 



Both in the direction bc, when v and v are both positive, at 

the hodies both moved towards c before the collision. Bu^ 

ilT V Bfe' negative, or the body b moved in the contrary direc-* 

fioh before collision, or towards B j then, changing the sign 

^f Vj the same theorems become 

(b — ^) V — 2lfv . ^ 

A* ^ } . .. ■ ; , .^ ^, — -.^ ^^ velocity of », 

-^ fBj--_i) V -f 2bv 

Add if ^ \^ft aft rest before the impact^ making its velocity 
^ ^ o; fiie same theorexres give 

^ 35 ^ ' ' ; Y, and y =a: — r-; v, the velocities In this case. 

And, in this case, if the two bodies B and b be equal to 

2s ^B 



, the vdoc. of i", in the' direction fiC^ 



each other ; then b — i = O, and 



, , = : — = 1 ; which 



gjve *r 3= 0, and y == v ; that is, the body b will stand still, 
and the otfeer body i will move on with the whole velocity 
of the former ; a thing which we sometimes see happen ia 
playing at iSilliards ; and which would happen much oftenet 
if the balls were perfectly elastic. 

p^o>osrrtoN XVII. 

C8. ^ B:4i^ strike one andthcr Obliquely y it is propoied to diter-' - 

mine their Motions after the Strjke* 

Let the two bodies b, ^, 
imive in the oblique diirections 
B'A, ^A, and strike each other 
at A, with velt)cities lyhich are 
in proportion to t)^ lines ba, 
bi\ \ to find their mlotions after 
the impEict. Let cah repre- 
sent ^h«- {done in winch the 
bodies toucTi in the point of 

concourse 5 to which draw the perpendiculars Be, bv, and 
c(Mnj>lJBte tJherecunglescEjDF. Then the njotioa in jba is re- 

L 2S ' solved 
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solved into the two bc, ca; and the motion in bA U resolved 
into the two io^ da ; of which the antecedents bc, to, are 
the velocities with which they directly meet, and the con^i^ 
quents CA, da, are parallel ; therefore by these the bodies 
do not impinge on each other, and consequently the motions, 
Surcording to these directions, will not be changed by the im- 
ipulse $ so that the v(*lck:ities with which the bodies meet, are 
^ BC and hDy or their equals £ A and fa. The motions there-i 
fore of the ^dies B, ^, directly striking each other with the 
velocities jea, fa, will be determined by prop. 16 or 14, ac^ 
cording as the bodies are elastic or non-elastic; which being 
ilone,let ag be the velocity, so determined, of one of them, 
as A ; and since there remains also in the body a force of 
moving in the direction parallel to be, with a velocity as B£, 
make ah equal to be, and comj^ete the rectangle GH : then 
the two motions in ah and AG, or Hi, are compounded into 
the diagonal Ai, which therefore will be the path and velocity 
of the body b after the stroke. And after the same manner 
is the motion of the other body b determined after the impacts 
If the elasticity of the bodies be imperfect in any given 
degree, then the quantity of the corresponding lines must be 
diminished in the same proportion^ 



The laws of GRAVITY ; the DESCENT of HEAVY 
BODIES ; AND THE MOTION of PROJECTILES in 
FREE SPACE. 

fJROPositidN xriii. 

€9. All the Properties of Motion delivered in Proposition Vly its 
Corollaries and Scholium^ for Constant Forces ^ are true in the 
Motions of Bodies freely descending hy* their onvn Gravity $ 
namely^ that the Velocities aire as the Times^ and the Spaces as 
the Squares of the TimeSy or as the Squares of the Velocities. 

For, ?ince the force of^gravity is uniform, and constantI)r 
the same, at all places near the earth's surface, or at nearly 
the same distance from the centre of the eiarth ; and since 
this is the force by which bodies descend to the surface } 
they therefore descend )yj a force which acts constantly and 
equally; consequently all the motions freely produced bj^ 
gravity, are as above specified, by that proposition, '&c< 

SCHOLItJM. 

^0* Now it has beeii found, by immberles* experiments^ 

: - that 
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that gravity is a force of such a nature, that all bodies, whether . 
light or heavy, fall perpendicularly through equal spaces in 
the same time, abstracting from the resistance of the air ; as 
lead or gold and a feather, which in an exhausted receiver 
fall from the top to the bottom in the same time. It is also 
found that the velocities acquired by descending, are in the 
(exact proportion of the times of descent: and further, that 
the spaces descended are proportional to the squares of the 
times, and therefore to the squares of the velocities. Hence 
then \t follows, that the weights or gravities, of bodies near 
the surface of the earth,, are proportional to the quantities of 
matter contained in them ; and that the spaces, times, and 
velocities, generated by gravity, have the relations contained 
in the three general proportions before laid down. Further, 
Its it is found, by accurate experiments, that a body in the 
latitu4l^ of London, falls nearly 16<jV feet in the first second 
of time, and consequently ^at at the end.of that time it has 
acquired a velocity double, or of 32^ feet by corol. 1, prop. 6 j 
therefore, if ^ dei^oti^ 16tt ^^^^t, the space fallen through in 
one second of time, or 2g the velocity generated in that time; 
then, because the velocities are directly proportional to the 
times, aqd the spaces ^o tbe squares of the times '^ therefore 
it will be, ....... 

as l" : t'^ ::2g : 2gi =^ V the velocity, 
and 1* : ^ :: g v^ =?: / the space. 
So that, for the descents of gravity, we have these genera] 
equation?, namely. 



V s v" 



g = 



Hence, because the times are as the; velocities, and the 
spa<;es as the squares of either, therefore, 

if the times be as the numbs. 1, 2, 3, 4, 5, &c, 
the velocities will also be as 1, 2, 3, 4, 5, &c, 
and the spaces as. their squares 1^ 4, 9,' 16, 25, &c, 
and the space for each time as 1, 3, 5, 7, 9, &c, 

* ' ■ » 

namely, as the series of the odd numbers, which are the 
differences of the squares denciting tlie whol^ spaces^ S.o 
that if the first series of nattirar numbers be seconds of tiine, 

namely. 



ISO 
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namefyi tiie tunes in seconds 

the velocities in feet will be 
ih^ spaces in the whole times 
and the space for eaich second 



1", 9% 8", 4", &c, 
824, ^H, »6f, 128^, &c. 




71. These relations, of .the^iiijes, veloci- 
ties, and spaces, may be aptly represented 
by certain lines and geometric^ tl^ures. 
Thus, if the line AB denote th^ time of any 
body's descent, and bc, at right anglf s to it, 
the velocity gained at the end of that time ; 
by joining Ac, and dividing the time a.b into 
;iny number of parts at the points a, b, c; 
then shaH ad, be, cf, parallel to bc, be the velocities at the 
points of time a, b, c, or at the 'ends of the times, Aa, Ab, 
AC ; because these latter lines, J>y similar triangles, are pro- 
portional to the former ad, be, cf, and the tin;ies are propor- 
tional to the velocities. Also, the area of the triangle abc 
will represent the space descended by the force of gravity 
in the time ab, in which it generated the velocity BC3 be- 
cause that area is equal to J^ab x bc, and the space descend* 
ed is 5 1= f /v, or half the prodtrct of the time and the last 
velocity. And, for the same reason, the less triangles a ad, 
Abe, Acf, will represent the several spaces described in the 
corresponding times Aa, Ab, ac, and velocities ad, bcj cf ; 
those trisingles or spaces being also as the squares of their 
like sides Aa, Ab, Ac, which represent the times, or of ad, be, 
cf, which represent the velocities. 

72. But as areas are rather unnatural 
representations of the spaces passed over h 
by a body in motion, which are lines,, the 
relations may better Jje represented by 
the abscisses and ordinates of a parabola. 
Thus, if PQ be a parabola, VR. its axis, 
and RQ its^ordinate ; and pa, rb, Pc, &c, 
parallel to kq, represent the times from 
•the beginning, or the velod ties," then ae, bfj cgy Sec, parallel 
to the 4xis PR, will represent the spaces described.by a fall- 
ing body in those times j for^ in a parabola, tjxe absci^^ejs pli, 
pi, pk, &c, or ae, bf, eg, &c, which are the spacer described, 
are as the squares of the ordinates he, if, kg, Sec, :Qr p;j^ pb, 
PCi &c, which represent tfie times or velocities. 

« 

73. And because ihe laws for the destruction p/TOJ^ian, 

are 
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jj,re jfc}ie j5^m^gs4:b.o^esfof .t^ ^nex^tion of it,hy e5[wlibrrfia, 
fe^ 9f;tif\g in ^.coQtrsiry dii^ction j therrfore, 

^•Mj A "body •4hvow9 directly upmcaundL, with any .Yidojcity^ 
wil los«e >4?^al velocities in equal times. 

2rf, f f a .body be projected upward, with the velocity k 
acquired in arjy tirae'by descending freely, it will lose all its 
ve^Qcity in .an equal time, and "^ill ascend just to "the sam^ 
height from which it fell, and wHl describe equal spaces in 
equal time^, in rising and falling, but in an inverse order \ 
and it wiHhave equ^l velocities at any one and the same point 
of the line described, both in ascending and descending. 

3^, Iftbodies bepi:ojected upward, w,irliany velocities, th$ 
tjetjght a:5ceaded tp^ will .be as .the squares of those velocities, 
fix ^s the squares <^ the tim^s pi a3ce,ndin^, till they lQs.e alj 
iheir i^elocities. 

74. To iUuatrate jdosw the rules for tfce naturjil dQ^qent of 
tjodiets by a few^oxamples^ let it he r^quir^d, 

1//, To ^nd the space descended by a body in 7 seconds 
of time, and the velocity aeqtiired. 

Ans. 766fV space j and 225-J velocity- 

^Jf To ^nd tl^e time of generating'a velocity of 100 feet 
.p^r .se.cond, and t.he whole space descended- 

Ans. 3'^VVt ^^^® > "^^^tVt^P^^^' 
3//, To jfind t^e jtime of des.cending 400 fe^t, ami the ve- 
loqitijr at the ejiid of that time. 

Ans. 4?"-^^ time J and 160f|^ velocity, 

PROPOSITION xrz. 

7.5. ^fi Body }£ pryedcd in Free Space, .either Parallel to the 
Htrizofiy or in an Qb'ique Dinciica, 4y the Force of Gun- 
Pcnvdery or any ether Impulse; it ivitl^ by this Mjion^ in 
H'.nj unction ivith the Action of Gravity ^ describe the Curve 
Liiu of a Parabola, 




.A_J5 C 




-• '»•«. 




Let the body /be projected from the point a, in the di- 
rection j^d> with .any uniform velocity: then, in any equ^l 

portions 
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portions of time) it would, by prop. 4, describe the equa{ 
spaces AB, BC, CD, &c, in the Hile ad, if it were not drawn 
continually down below that line by the action of .gravity. 
Draw BE, CF, dg, &c, in the direction of gravity, or perpenr 
(licular to the horizon, and equal to the spaces through ' 
which the body wotild descend by its gravity in the same 
time in which it would uniformly pass over the correspond- 
ing spaces AB, AC, ad, &c, by the projectile motion. Then, 
since by these two motions the body is carried ov^ the space 
AB, in the same time as over the space be, and the space AC 
in the same time as the space cf, and the space ad in the 
same time as the space dg, &c i therefore, by the composi- 
tion of motions, at the end of those times, the body will be 
found respectively . in the points £, f, g^ &c; and conse- 
quently the real path of the projectile will be the curve line 
aefg &c. But the spaces ab, ac, ad, Sec, described by 
uniform motion, are as the times of description ; and the 
spaces BE, CF, dg, &c, described in the same times by the 
^iccelerating force of gravity, are as the squares of the times j 
consequently the perpendicular descents are as the squai^es 
of the spaces in ad, that is be, cf, dg, &c, are respectively 
roportional to ab*, ac% ad*, &c ; which is the property of 
he parabola by theor. 8, Con. Sect. Therefore the path of 
^he projectile is the parabolic. line aefg &c, to which ad is 
a tangent at the point a. 

^6. CoroL 1. The horizontal velocity of a projectile, is 
always the same constant quantity, in every point of the 
curve ; because the horizontal motion is in a constant ratio 
to the motion in ad, which is the uniform projectile motion. 
And the projectile velocity is in proportion to the constant 
horizontal velocity, as radius to the cosine of the angle dah, 
or angle of elevation or depression of the piece above or be- 
low the horizontal line ah. ' 

77. Ccrp/. 2. The velocity of the projectile^ in the direction 
of the curve, or of its tangent at any point a, is as the se9aBt 
of its angle bai of direction above the horizon* For ^the ' 
motion in the horizontal direction ai is constant, and ai is 
to ab, as radius to the secant of the angle a ; therefore the 
motion at A, in ab, is everywhere as the secant of > the 
angle a. - 

78. CoroL 3. The velocity in the direction dg of gravity, 
or perpendicular to the horizon, at any point G of the curve, 
is to the first . uniform projectile velocity at a, or point of 
contact of a tangent, as 2gd' is to ad. For^ the times in ad 
and DG being equal, and the velocity acquired by freely de- . 

scending 
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;^cehding through DC, being such as would carry the bodf 
uniformly over twice dg in an e^ual time, apd the spac^ 
ilescribed with uniform motions bemg as the velocities, theref 
fore the space ad is to the space 2dg, as the projectile 
yelocity at a, to the perpendicular velocity at G. 




PROPOSITION XX. 

79. The Velocity in the Direction of the Curve, at any Point of^ 
it, as A, is equal to that ivhicb is generated hy Gravity in 
freely descending through a Space which is equal to One^Fourth 
of the Parameter of .the Diameter of the Parabola at thai 
Point* 

I^ET PA or AB be the height 
due to the velocity of the projec- 
tile at any point A, in the direction 
of^the curve or tangent ac, oi 
the velocity acquired by falling 
through that height; and poix^- 
plete the parallelogram acdb. 
Then is cd = ab or ap, the 

height due to the velocity in the curve at A i and cd is al$6 
the height due to the perpendicular velocity at d, which 
must be equal to the former ; but by the last corol. the velg^ 
city at A is to the perpendicular velocity at d, as ac to 2cp j 
and as these velocities are equal, therefore ac or bd^ is equal 
to 2CD, or 2ab i and hence ab or ap is equal to i^D^ or -J^ 
of the parameter of the diameter ab, by coroL to theor. \^ 
of the Paraljola. 

80. CoroL 1. Hence, and from cor^ 2, H } C H 1^ Ijfc 
theor. 13 of the Parabola, it appears that, 
if from the directrix of the parabola 
i^vhichis the p^th of the projectile, seve- 
ral lines HE be drawn perpendicular to 
the directrix, or parallel to the axis ; then 
the velocity of the projectile in the direction of the curve, 
at any point e, is always equal to the velocity acquired by. a 
body falling freely through the perpendicular line he. 

^ 1 . CoroL 2. If a body, after falling through the height 

ft A (last fig. but one), which is equal to ab, and when it 

arrives at a, have its course changed, by reflection from an 

clastic plane Ai, or otherwise, into any direction ac, without 

-Serine the velocity ; and if AC be taken =: 2ap or 2a3, 

and 
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•Bd<b«|>anillelogntro be completaci; tbcn-tteted^KtUikc 
scribe the parabola pasw^ tbrougli the point n. 

82. Carol. 3. Because AC = 2ab or 2cd or 2ap, ^herefwre 
AC' = 3ap X 2cD or *P , 4CD j and, becaose aH iSie perpen- 
diculars EF, CD, GH, are as ae% ac*, ac*} therefore srfso 
AP . 4ef = AE% and ap . 4gh = ag\ &c ; and, because the 
rectangle of the extremes is equal to the rectangle of the 
means of four propoitienads, tbeFe^sr* always 

it is AF ; A£ : : A£ ; 4ef, 
AodAP 1 Ac : : AC : 4cn, 
aud Ap : Mi :: -^G ■■ iCH, 
tnd so on. 




rROPOSITIOH XXI. 

85. Having given thtDireefkii,aa4the i/^petuijor ^kHude duf 
ta the Firjl Velncity of a Pryidiltj in determ^f the Greatest 
Height to which it will rite, «nd the B-awIftm or tior.ixonlal 
Range. 

Let ap be the height due to the 
projectile velocity at a, ag the di- 
rection, and Ai! the horizon, ©n 
^G let fall the perpendicular Fq, 
-and on ap the perpendicular qi> ; so 
- shallARbeetpal to the greatest alti- 
tude CVj and 4(111 ecjual to the hori- 
zontal range ah. Or, having drawn 
■p(i_perp. to AC, take AG = 4aq, and draw ch perp. to ah ; 
then AH is the range. 

For, by the last corollary, AP : AG : ; ag : iGH; 

and, by similar triangles, Af : ag : : At^ : oh, 

or - - - A.P : AG : : 4A«_:4Qaj 
therefore ag = 44q; and, by similar ^triangles, oh p= 4 CL 

Also, if V be the" vertex of the parabola, then ab or ^Afl 
= 2a2, or A(i.=: QB ; consequently as. = Bv, vrbich is -= CV 
by the property of the parabola. 

84. Corol. 1. Because the angle 
Q. is a right angle, which is the angle 
in a semicircle, thei-efore if, on ap 
as. a diameter, a semiciccle be de- 
scribed, it will pasfi [hrougli the 
point q; 

85. Coro/. 2.1-f the horizontal range 
and the projectile velocity be given. 
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•> Ae-dirootion ol Ays jpkoe so as to hit the object S) will b« 

4dMis vastly ibuni : Take ju> as ^a»h, draw Dft perpendicular 

42a Mi,4neetang t^e .seaaidrcle) descrihed on die diaoatber A9p 

in Q aod ^q ; then Aq or Aq will be the direciaosi of the 

piece* And hence it appears^ that there are .two directions 
AB, Ab, which, with the same projectile velocity, give the 

• VMy4iame ^horizoptd i^ange ah. And these two directions 
4n^e e^^al angles -qA^ i<i^p with ah and ae» j»ecause the 
apc P9 =^ the arc Aq. 

86. Corel, 3. Or, if the range AH, and directiw AB> he 
given ; to fihd the altitude and velocity or impetus. Take 
AD = :Jah, and erect the perpendicular d2> meeting ab in 
q; so shall dq^ be equal to the greatest altitude c v. Also, 

'j«irect AP perpef^di^^i^r tQ .^, wl ^ to aqj $0 «h?ill ap be 
the iheight due to the ^^oci^y. 

87. CprpL 4f, When the bpdf is projected with the same 

* velocity, but ip different directions : the horizontal ranges 
/ji will be 9s the sines of double the angles of elevation.-^ — 
Or, which is the same, s^s therectan^ of the sine and co- 
sine of elevation. For ad jot r^, jvhjch is Jah, is the 
sine oF the arc aq(, which measur^es double the angle qad .ef 
elevation. 

• And when the direction is the jsame, but the velocities 
different; the horizontal ranges are as the square of the 
velocities, or as the height ap, which is a$ the square of the 
velocity $ for t)xe sine ad or n^ or 4 ah is as the radios or as 
the diameter ap. 

Therefore, .when both are different, the ranges are in the 
compound ratio of the squares of the v^cities, and the sines 
of double the angles of elevation. 

88. Corol.'S, The greatest range is when the angle of ele- 
vation is 45**, or half a right angle ; for the double pf 43 is 
t'O, which has rhe greatest sine. Or the radius os, which is 

. J of the range, is the greatest sine. 

-And, hence the greatest range, or that at an elevation of 
45°, is just double the altitude ap which is due to the velocity, 
or equal to 4vc. Consequently, in that case, c is the focus of 
the parabola, and ah its parameter. Also, the ranges are 
equal, at angles equally above and bdow 43«. 

39. CoroL 6. When fhe felevatioo is 15% the double of 
which^ or 30°, has its sii?^ equal to half the radius ; conse- 
quently then its range will be equal to ap, or half the greatest 
rai?ge at the dievation pf4l^^i that is, due range at 15% is 
^ugi to the impetus or jieigfat due to tfas prc^tile velocity. 

90. Coroi. 7. 
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60. Cofoi. 7. The greatest altitude CT, being equal to avl, 
is as the versed sine of double the angle of elevation, and 
alsa as AP or the square of the velocity. Or as the square 
of the sine of elevation, and the square of the velocity ; for 
the square of the sine is as the versed sine of the double 
angle. 

9K Cor^L 8. The time of flight of the projectile, vrhich is 
equal to the time of a body nlling fireeiy through gh or 
4cv, four times the attitude, is therefore as the square rpot 
of the altitude, or as the projectile velocity and siae of the 
elevation^ 

SCHOLIUM* 

92. from the last proposition, and its corollaries, may be 
deduced the following set of theorems, for finding all the 
circumstances of projectiles on horizontal planes, having any 
two of them given. Thus, let /, ^, t denote the sine, cosine, 
and tangent of elevation % s^v the sin^ and versed si;i^ of 
the dou&e elevation $ n the horizontal range ; T the time of 
flight ; V the projectile velocity ; M the greatest height of the 
projectile g =:: 16^ feet, and a the impetus, or the altitude 
due to the velocity v. Theflj 



% =£ 2as i=i ^asc s£ 



sv* j^v* __^rT* ^' 4h 



iV a iti jVi H 

g S g g^ g 

, , • t' J'R J*v* vv* g ^ 

4r 4^ 8^ 4 

• And from any of these, the angle of direction may be 
found. Also, in these theoj-ems, g may, in many cases, he 
taken =£ > 1 6, without the small fractipn Vx> which will be * 
ttear enough for common us^, 

4 



PROPOSITION XXII. 

63. To detertnine the Range on an Oblique Plane ; having given, 
the Impetus or Velocity^ and the Angle of Direction. '■'' 

Let ae be the oblique plane, at a given angle, either 
above or below the horizontal plane ah; a g the direction 

of 
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lof the piece, aird Av th^ alti- 
tude due to the pmjectile velo- 
city "at A, 

l3y-the last proposition, fiad 
tke horizontal range ah to the 
given velocity and direction; 
4lraw HE perpendicular to ah^ 
meeting the oblique i^ane in s ; 
draw £F parallel to AQ, and . 
Fi parallel to he; so shall the 

projectile pass through i, and the range on the oblique 
plane will be Ai. As i$ evident by theon 15 of the Para- 
bola, where it is proved, that if Ak, Ai be any two lines ter^ 
minated at the curve, and if, he parallel to the zw ; then 
is £F parallel to the tangent ag« 

94. Otherwise, without the Horizontal Range. 

Draw P<^ perp. to AC, and <|p perp^ to the horizontal 
plane af, meeting the inclined plane* in k:; take ae =s 4ak, 
draw £t7 parallel to AG, and fi parallel to ap or dq ; so «hatl 
AI be the rahge on the oblique plane. For ah ^ 4ax^, 
therefore cit is pafsdlel to Fi> and so on, as above^ 

Othemnse^ 

95. Draw pq making the angle Apq = the angle GAt4 
then take AG = 4Aq, and draw Gi perp. to ah. Or, draw 

,qk perp, to ah, ancl take ai. = 4Aiu Also kq will be equ4 
to ^ the i^eatest height above the plane. 

For, by cor. 2, prop. 20, ap : AG :i AG : 4gi; 
and by sim. triangles, ap : ag ; : Aq ; gt« 
or - - - AP : AG :: 4Aq : 4gi; 

therefore AG = 4Aq; and by sim. triangles, Ai = 4Ak.. 
Alsd, qk, or -Jgi, is =; to cvhy theor. 13 of the ParaboJiiL. 





©6, CproL 1. If AO be drawn perp. to tlie plane At, atid 

Af fee 
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AP be bisected by the perp^ildi^hr si^o; then wkK (he 
centre o describing a circle ihion^ A and f, the saihe wiU 
also pass through q, because the angle gai, formed by the 
tangent ai and ag, is equ^l to thie anf^ APq^^ which- will 
therefore stand on the same ^ Aq. 

97. CoroL 2. If there be giten the neige A^ arttf tH* ^- 
locity, or the impetus, the 41feetioii* wiiir heitee Bf ifif^ 
found thus : Take Ak = -Jai^ dr^nfr fc^pjft^. to ah, rtw«l% 
the circle described with the radios Ad' in t#6 ^^s 4 ^♦d 
q ; then Aq or Aq will be the direettbrt of the ^i6«*; Arild 
kence it appears that there aire trko dStettioM^ WttMi', ^tfWSi 
the same itnpetus, give the very *iffte rangfe^ ai. Attd'-rtftSs 
two directioHs makfe e^uM angleft Wifff* ^ and Ai>, ftfedWSte 
the arc l^q fe equal the arc Mcf. 'thtfy afeo^ihriiife equ»! i»rtg<lfe 
with a line drawn from A thrdugh d^B^cau^' tfce anS^ ^ is 
equal the arc sq. 

98. Cord, 3. Or^ if there be given the range aI| anrf^the 
direction Aq j to find the velociky of< io^petite* TAe Ak i=s. 
:fAi, and erect kq pex'p. to ah> meeting the Ime-of direetkHi 
in q; then draW qp ihaking tbe -£ Aq^ = iCAk-qv so sb^ll 
AP be the icn^nsy or the altitude due to die pr'^li^ee^le 
velocity. 

99. CoroL 4. The range oh an oblique plane, with a given 
elevation, is directly proportion^ t6 t^e refctim^ cr the 
cosine of the diWctioft of. the piece above the hd^M8dn> anft 
the sine of the direction Aove the oblique plinfe, ^ir^ reci- 
procally to the square of the cosine of the ang'Ie of thfe fi^afiie 
above or below tiie horizon. 

For, put J =* sin. i^qAi of Apq, 

r 3= COS. i^qA» or sin. FAq, 

c = cos* Z. lA-H or sin. Akd,or Akq ofr* Aqp. 

Then, in the triangle APq, c : / : : AP : Aq; 
and in the triangle Akq, c : ^ : : Aq : Ak; 
theref. by composition, c* : cs: : ae : ak = ^1. 

cs 
So that the oblique range ai = v— >^ *ap. 

100. The range is the greatest when Ak is the greatest ; 
that is, when kq touches the circle in the middle point s; 
and then- the line of direction passes through s, and bisects 
the angle formed by the oblique plane and the vertex. Also, 
the ranges are equal at equal angles above and below this 
direction for the maximum. 

101. G^L S* The gre^atest heigftit r^ or hq of ^ prdjec* 

tile 
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tile, above the plane, is equal to — x ap. And therefore it 

i$ as the impetus and square of the siilfe of direction above 
the plane directly, and square of the cosine of the plane's in- 
<iintck>n i^dj^focaily . > 

Wot •« c ^sfn. Aqv) :' x {sine Arq) :: ap : Aq, 
mid € (Sini Akx^) : s (sin. k^q) : : Aq : k<]»T 
ik&tel. by dof»p. o^ : j^: : ap : k^ 
1012. Cdrdi. d* Thie time of flight in the curve Avi is =S' 

— y— J where £ = IS^V feet. And therefore it is as the 
t g 

vrHbtity aWd sine tff direction iBore tfte plane directly, and 

cositte df the phntf^s incHnatiott i^ecipt-ocally. For the time 

of descrifrfrtg the curved is equal to tiie time of falling freely 

if" 
thrci^i' CI or 4feq o^ -7 X ap« Therrfcn^ the time being 

ais the square root of the distance, 

^X S?X AP 

4/g : — ^'AP : : 1" : — v'— •, the time of flight, 

scitoutj^: - 

WS4 Vvom tbefbregohig corollaries ms^ be collected the' 
fetterwing s^t of theorhils^ relating to (fro^ct^ made on any* 
givefl iticlined plffn^s^ either abov^ or below the horizontal 
pkmt. In trhidi dse letters denote as before, naonely, 

c i±i COS. oF direction above the horizon, 

c = cok of indination of the plane, 

s = sin. of direction above the plane, 

R the rangfe on the obKque pl^e, 

T the time of flight, 

V the projectile velbcity^, 

H the greatest height above the plane, 

a the impetus, or alt. due to the velocity v, 

g = le^Vfeet. Then, 

CS ^ CS ^ gC ^ ifC 

ft =2 "V X 4» = -r V* = ^— T* 3= — H. 
c* c*^ / J 

c* ""4^0* '^ ic "* 4 ' ' 
V = V 4fl5f =Cv/^^=: — T = — Vgu. 
25 a SV^ XR ' H 

^ g g<^ gc g 

And from dsijcf these, the angle of direction may be founds 

PRAC- 
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104. THE two foregoing propositions contain the whole 
theory of projectiles, with theorems for all the cases, regu- 
larly arranged for use, both for oblique and horizental planes. 
But, before they can be applied to use in resolving the several 
cases in the practice of gunnery, it is necessary that some 
more data^be laid down, as derived from good experinientST' 
made with balls or shells discharged from Gannon or mortars/ 
by gunpowder, imder different circumstances. For, without 
such experiments and data, those theorems can be of very, 
little use in real practice, on account of the imperfections and 
' irregularities in the firing of gunpowder, and the expulsion 
6f balls from guns^ but mor^ especially on account of the 
enormous resistance of the air to all projectiles made with 
any velocities that are considerable. As to the cases itt 
which projectiles are made with small velocities, or such as 
do not exceed 200, or 300, or 400 feet per second , of time, 
they may be resolved tolerably near the truth, especially for 
the larger shells, by the parabolic theory, laid down above. 
Btit, in cases of great projectile velocities, that theory is quite 
inadequate, without the aid of several data drawn from many 
and good experiments. For so great is the efiect of the re* 
sistance of the air to projectiles of considerable velocity, that- 
some of those which in the air range only between 2 and 3 
miles at the most, would in vacuo range about ten times as 
far, or between 20 and 30 miles. 

The effects of this resistance are also various, according to 
the velocity, the diameter, dnd ^he weight of the projectile. 
So that the experiments made with one size of ball or shell, 
will not serve for another size, though the velocity should be 
the same ; neither will tl^e experiments made with one ve- 
locity, serve for other velocities, though the ball be the same.^ 
And therefore it is plain that, to form proper rules for prac- 
tical gunnery, we ought to have good experiments made with 
each size of mortar, and with every variety of charge, from 
the least to the greatest «^ And not only so, but these ought 
also to be repeated at many different angles of elevation, 
namely, for every single degree between 30** and 60^ elevation,^ 
and at intervals of 5 above 60"^ and below 30°,froln the ver- 
tical direction to point bljink. By such a course of experi- 
ments it will be found, that the greatest xange, instead of be- 
ing constantly that at ah elevation of 45", as in the parabolic 
theory, will be at all intermediate degrees b^ween 45 and 30, 

being 
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being nuMre br« less^ both according to the velocity and the 
vreiffit of the projectile ; the smaller velocities and larger 
shells ranging farthest when projected aknost at an elevation 
of 4S^'f while the greatest velocities, especially with the 
smaller shells, range farthest with an elevation of about 30% 

105» There have, at different times, been made certain 
small parts, of such a course of experiments as is hinted at 
above. Such as the experiments or practice carried on in 
the year 1773, on Woolwich Common; in which all the 
sizes of mortars were used, and a variety of small charges of 
powder. But they were all at the elevation of 45° ; conse« 
qtlently these are defective in the higher charges, and in aU 
the other angles of elevation. 

Other experiments were also carried on in the same place 
in the years 1784 and 1786, with various angles of elevation 
indeed, but with only one size of mortar, and only one 
charge of powder, and that but a small one too : so that all 
those nearly agree witl^the parabolic theory. Other experi- 
ments have also been carried on with the ballistic pendulum^ 
at difl^rent times ; from which have been obtained some of 
the laws for the quantity of powder, the weight and velocity 
of the ball, the length of the gun, &c. Namely, that the 
velodty of the ball varies as me square root of the charge 
directly, and as the square root of the weight of ball reci- ^ 
procally ; and that, some rounds being fired with a medium 
length of one-pounder gun, at 15° and 45*^ elevation, and' 
with 2, 4, 8, and 12 ounces of powder, gave nearly tYjn ve- 
locities, ranges, and times of flight, as they are here set down 
in the following TaUe. 



Powder. 


Elevation 
of gun. 


Velocity 
of ball. 


Bange. 


Time of 
flight. 


oz. 




feet. 


feet. 


■ 


2 


15^ 


860 


410O 


9" 


4 


15 


1230 


5100 


12 


-6 


15. 


1640 


6000 


J4i 


12 


15 


l68b 


6700 


Mf 


2 


45 


860 


"5100 


2, 






106. But as we are not yet provided with a sufficient 
number and variety of experiments, on which to establish 
true rules fpr practical gunnery, independent of the parabolic 
theory, we must at present content ourselves with the data of 

Voi.IL M . some 
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some one certain experimented range and time of flight, at i ' 
given angle of elevation; and then by help of these, and the 
rules in the parabolic theory, determine the like circumstance* 
for other elevations that are not greatly different from the < 
former, assisted by the following practical rules.— ^ 

Some PRACTICAL RULES in GUNNERY- 

I. To find the Velocity of any Shot or Shell. 

RtJLfi. Divide double the weight of the charge of powder 
by the weight of the shot, both in lbs. Extract the~squartf 
root of the quotient. Multiply that root by i 600, and the 
product will be the velocity in feet, or the number of feet the 
shot passes over per second. 

Or say-^As the root of the weight of the shot, is to the 
root of double the weight of the powder, so is 1600 feet, to 
the velocity. 

•» 

IL Given the range at One £levation ; to find the Range at . 

Another Elevation* 

Rule. As the sine of double the first elevation, is to its 
range; so is the sine of double another elevation, to its 
range. 

III. Given the Range for One Charge / to find the Range for 
Another Charge^ or the Charge for Another Range. 

* 

Rule. The ranges have the same proportion as the 
charges ; that is, as one range is to its charge, sd is any other 
range to its charge : the elevation of the piece being the 
same in both cases. 

107. Example 1. If a ball of lib. acquire a velocity of 
1600 feet per second, when fired with 8 ounces of powder ; 
it is required to find with what velocity each of the several 
kinds of shdls will be discharged by the full charges of 
powder, viz. 

Nature of the shells In inches 
Their weight in lbs. 
Charge of powder in lbs. 

Ans. The velocities are 

108. Exam, 2. If a shell be foynd to range 1000 yards, . 
when discharged at an elevation of 45° j how far will it 

range 



15 
196 


10 

90 

4 

477 


8 

48 
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16 
1 


4| 
8 

T 


485 


462 
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range when the elevation is 30* 16', the charge of powder " 
beiiig the same ? Ans. 2612 feet, or 871 yards. 

109. Exam. S. The range of a shell, at 45* elevation^ 
being found to be 3750 feet ; at what elevation must the 
piece be set, to strike an object at the distance of 2810 feet, 
with the same charge of powder ? 

Ans. at 24* 16', or at 66** 44'. 

110. Exam* 4. With what impetus, velocity, and charge 
of powder, must a IS-ioch shell be fired, at an elevation of 
32° 12', to strike an object at the distance of 3250 feet ? 

Ans. impetus 1802, veloc. 340, charge 41b. Tfoz. 

ill. Exatfi. $. A shell being found to range S5qO feet, 
when discharged at an elevation of 25*^ 12^^ how far then 
will it range at an elevation of 36* 15^ with the same charge 
of powder ? Ans. 4332 feet, 

* « 

112. Exam, 6. If, with a charge of 9lb. of powder, a shell 
range 4000 feet ; what charge will suffice to throw it 300Q 
feet, the elevation being 45° in both cases ? 

Ans, 6^\h, of powder. 

1 1 3. Exam. 7. What will be the time of flight for any 
given range, at the elevation of 45** ? 

Ans. the time in sees, is ^ the sq. root of the ran^e in feet* 

114. Exam, 8. In what time will a shell range 3250 feet, 
at an elevation of 32** } Ans. 11^ sec. nearly. 

115. Exam, 9. How far will a- shot range on a plane which 
ascends 8* 15', and another which descends 8* 15' ; the im- 
petus being 3000 feet, and the elevation of the piece 32° 30' ? 

Ans. 4244 feet on the ascent, 
and 6745 feet on the descent. 

116. Exam. 10, How much powder will throw a 13 -inch 
shell 4244 feet on an inclined plane, which ascends 8<> 15', 
the elevation of the mortar being 32° 30' ? 

Ans. 7'37651b. or 7lb. 6oz. 

117. Exam, ll. At what elevation must a 13-inch mortar 
be pointed, to range 6745 feet, on a plane which descends 
8M^'; the charge 7|lb. of powder ? Ans. 32* 28'. 

U8. Exam. 12. In what time will a 13-inch shell strike a 
plane which rises S° 30', when elevated 45°, and discharged * 
with an impetus of 2304 fee^? Ans. 14| seconds. 

M2 ' Thb 
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The descent of BODIES ok INCLINED PLANES 
AND CURVE SURFACES.— The MOTION of PEN- 
DULUMS. 

PROPOSITION XXIIX. 

119. If a weight w he Sustained on an Inclined Plane AB» iy^ 
Power T, acting in a Direction WP, Parallel to the Plane. Then 



The Length AB^ 
The Height Bc, and 
The Base Ac, 
of the Plane. 




The Weight of the Body^ w 
The Sustaining Power y^ and 
The Pressure on the Plane ^ pf 
are respectively as ^ 

For, draw cd pierpendicular 
ta the plane. Now here are 
three forces, keeping one an- 
other in equilibrio; namely, the 
weight, or force pf gravity, act- 
ing perpendicular to ac, or pa- 
rallel to Bc; the power acting 
parallel to db ; and the pressure 
perpendicular to ab, or parallel to DC : but when three fora» 
keep one another in equilibrio, they.are proportional to the 
sides of the triangle cbd, made by lines in the direction of 
those forces, by prop. 8 ; therefore those forces are to one. 
another as bc, bd, cd. But the two triangles abc, cbd, are 
equiangular, and have their like sides proportional ; there- 
fore the three bc, bd, cd, are to one another respectively as 
the three ab, bc, ac; which therefore are as the three forces 

120. CoroL 1 . Hence the weight w, power p, and pressure 
/, are respectively as radius, sine, and cosine, 
of the plane's elevation bac above the horizon. 

For, since the dides of triangles are as the sines of their' 
opposite angles, therefore the three ab, bc, ac, 
are respectively as - - sin. c, sin. a, sin. b, 
or as - - • . radius, sine, cosine, 

of the angle a of elevation. 

Or, the three forces are as ac, cd, ad ; perpendicular to 
their directions. 

s 

121. Corol. 2. The power or relative weight that urges a 

bc 
l^dy w down the inclined plane, is = — x w ; or the force 

with 
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with wliich k descends^ or endeavours to descend^ is as the 
sine of the angle a of inclinaUoia. 

122. Corel. S. Hence, if there be 
two planes of the same height, and 
two bodies be laid on them which 
are proportional to the lengths of 
the planes ; they will have an equal 
tendency to descend down the planes. 
And consequently they will mutually sustain each other if 
they be connected by a string acting parallel to the planes. * 

12S. Carol, 4. In like manner, 
when the power P acts in any 
other direction whatever, wp; by 
drawing cde perpendicular to the 
<lirection wp, the three forces in 
equilibrioy namely^ the weight w, 
the power p, and the pressure on 
the plane, will still be respectively 
as AC, CD, AD, drawn perpendicular 
to the direction of those forces. 




PROPOSITION XXIV. 

124; ff a Weight VJ on an Inclined Plane AB, fc in Equllihrio 
wifi another Weight P hanging freely ; then if they be set 
a^maving^ their Perpendicular Velocities y in that Place^ will be 
Reciprocally as those W fights. 

Let the weight w descend a very 
small Space, from w to a, along the 
plane, by which the string pfw will 
cozpe into the position pfA. Draw 
WH perpendicular to tie horizon ac, 
and WG perpendicular to af: then 
WH will be the space perpendicularly 
descended by the weight w ; and AG, 
or the difference between fa and fw, 
will be the space perpendicularly ascended by the weight P % 
and their perpendicular velocities are as those spa 
and AG passed over in those directions, in the same time. 
Draw CDE perpendicular to af, and di perpendicular to ac. 

Then, 
in the sim. figs, agwh and aedi, 
and in the sim. tri. aec, d^ic^ 
but, by cor. 4, prop. 23, 
therefore, by equality, 

That 




AG 




WH 




AE 




DI 
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CD 
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That is, their perpendicular spaces, or velocities, are reci- 
procally as their weights or masses. 

lis, Carol. \* Hence it follows, that if any two bodies be 
in equilibrio on two inclined planes, and if they be set a- 
moving, their perpendicular velocity will be reciprocally as 
their weights. Because the perpendicular weight which sus^ 
tains the one, would also sustain the other. 

126. Corol, ^. And hence also, if two bodies sustain each 
other in equilibrio, on any planes, and they be put in motion: 
then each body multiplied by its perpendicular velocity, will 
give equal products, 

PROPOSITION XXV. 

12*7. The Velocity acquired by a Body descending freely down an 
Inclined Plane AB, is to the Velocity acquired by a Body falling 
Perpendicularly^ in the same Time ; as the Height of the Plane 
BC, is to its Length AB, 

For the force of gravity, both per- 
pendicularly and on the plane, is con- 
stant^ and these two, by corol. 2, prop. 
23, are to each other as ab to Bc. But, 
by art. 28, the. velocities generated by 
any constant forces, in the same time, 
are as those forces. Therefore the velocity down ba is to 
the velocity down bc, in the same time, as the force on ba to 
the force on bc : that is, as Be to b a. 

128. CoroL \, Hence, as the motion down an inclined 
plane is produced by a constant force, it will be a motion 
uniformly accelerated 5 and therefore the laws before laid 
down for accelerated motions in general, hold good for mo- 
tions on inclined planes 5 such, for instance, as the following: 
That the velocities are as the times of descending from rest \ 
that the spaces descended are as the squares of the velocities, 
or squares of the times ; and that if a body be thrown up an 
iiiclined plane, with the velocity it acquired in descending, it 
will lose all its motion, and ascend to the same height, in the 
same time, and will repass any point of the plane with the 
same velocity as it passed it in descending. 

1 29. CoroL 2. Hence al^o, the space descended down an 
inclined plane, is to the space descended perpendicularly, in 
the same time, as the height of the plane cb, to its length 
^b, or as tb^ sin^ of inclination to radius. For the spaces 

describ^q 
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described by any forcesj in the same time^ are as the forces, 
(^ as the velocities. 

130. CorpL 3. Consequently the velocities and spaces de- 
scended by bodies down different inclined plan^s^ ^e as the 
sines of elevation of the planes. 

131. C&roL 4. If cp be drawn perpendicular to ^b.; 
then^ while a body falls freely through the perpendicular 
space B9f another body will^ in the same time^ descend down 
the part of the plane bd. For by similar triangles, 

Bc : BD :: 3A : Bc> that is, as the space descended, by 
CoroL 2, 

Or, in any right-angled triangle bdc, 
having its hypothenuse bc perpendicular 
to the horizon, a body will descend down 
any of its three sides bd, b^, dc, in the 
same time. And therefore, if on the dia- 
meter, BC a circle be described, the time of 
descending down any chords bd, be, bf, 
PC, sc, FC, &c, will be all equal, and each 
^qual to the time of falling freely through 
(he perpendicular diameter qc 




PKOPOSITION XXV r. 



i32. The Time of descending down the Inclined Plane BA, is to 
the Timf of falling through the Height of the Pl^tne BC, as the 
Length BA is to the Height bc. 



\ 




Draw cd perpendicular to ab. 
Then the times of describing bd and • 
BC are equal, by the last corol. Call 
that time /, and the time of describing 
BA call T, 

Now, because the spaces described 
by constant forces, are as the squares of the times} therefore 
/* : T* :: BD : ba. 

But the three bd, bc, ba, are in continual proportion; 
therefore bd : ba : : bc* : : ba* ; 
hence, by equality^ f- : T* : : bc* : ba% 
pr •!■ 1- / : T ;: bc : ba, 

133. Corol, Hence the times of descending do^n different 
planes, of the same height, are to one anQthex" as the lengths 
9f the planes. 

PROPOSITION 
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PROPOSITION XXTII. 

1 34. A Body acquires the Same Velocity in descending down a^y 
Inclined Plane BA, as by falling perpendicular thrcugh the 
, Height of the Pthne BC. 

For, the velocities generated by any constant forces, are 
In the compound ratio of the forces and times of acting. 
But if we put 

F to denote the whole force of gravity in BC, 
f the force x>n the plane ab, 
/ the time of describing ^c,. and 
T the time of descending down AB ; 
then by art. 119, f \ f : : ba -. bc; 
and by art. 132, / : T : : bc : ba^j 
therefi by comp. f/ : ^t : : 1 : 1 . 

That IS, the compound ratio of the forces and times, or 
the ratio of the velocities, is a ratio of equality* 

IS 5. CoroL 1. Hence the velocities acquired, by bodi6s 
descending down any planes, from the same height, to the 
same hori^ontaf line, are equal. 

136.- CoroL 2. If the velocities be equal, at any two equal 
altitudes, d, e^ they will be equal at all other equal alti- 
tudes A, c. 

137. CoroL 3. Hence also, the velocities acquired by de- 
scending down any planes, are as the square roots of the 
heights* 

POPOSITION XXVIII. 

1 38. If a Body descend down any Number of Contiguous Planes^ 
AB, bc, CD; it will at last acquire the Same Velocity ^ as a 
Body falling perpendicularly through the Same Height ED, 
supposing the Velocity not altered by changing from one Plane t§ 
another* ^ 

Producb the planes dc, cb, to 
meet the horizontal line ea pro- 
duced in F and g* Then, by 
art. 135, the velocity at B is the " 
same, whether the body descend 
through AB or fb. "And therefore 
the velocity at c will be the same, 
whether the body descend through asc or through fc, 

which 
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which is also again, by art. 1 35, the same as by descending 
through GC. Consequently it will have the same velocity 
at D, by descending through the planes ab, bc, cd^ as by de- 
scending through the plane gd i supposing no obstruction 
to the motion by the body impinging on the planes at B and 
c: and this agaiti, is the same velocity as by descending 
through the same perpendicular height ed, 

13d. Coro/. 1. If the lines A£CD> &c, be supposed inde- 
finitely small, they will form a curve line, which will be the 
path of' the body ; from which it appears that a body ac- 
quires also the same velocity in descending along any curve, 
as in falling perpendicularly through the same height. 

140. Coro/, 2. Hence also, bodies acquire the same velo- 
city by descending from the same height, whether they 
descend perpendicularly, or down any planes, or down any 
curve or curves. And if their velocities be equal, at any one 
height, they will be equal at all other equal heights. There- 
fore the velocity acquired by descending down any lines or 
curves, are as the square roots of the perpendicular heights. 

141. CcroL 3. And a body, after its descent through any 
curve, will acquire a velocity which will carry it to the same 
height through an equal curve, or through any other curve, 
either by running up the smooth concave side, or by being 
retained in the curve by a string, and vibrating like a pen- 
dulum : Also, the velocities will be equal, at all equal alti- 
tudes ; and the ascent and descent will be performed in the 

same time, if the curves be the same. 

. \ 

PROPOSITION XXIX. 

142. The Tttnes in which Bodies descend through SimHar Parts 
of Similar Curves j ABC, abc, placed alike, are as the Square 
Koots of their Lengths* 

That is, the time in ac is to the time in ac, as Vkz 
to \^ac. 

For, as the curves are similar, they may 
be considered as made up of an equal 
number of corresponding parts, which are 
every where, each to each, proportional tp 
the whole. And as they are placed alike, 
the corresponding small similar parts will 
filso be parallel to each other. But the 
time of describing eachof these pairs of corresponding pa^ 
rallel parts, by art. 128, are as the square roots of their 

lengths. 
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I^gths, which, by the supposition, are as v^ac to \/ac, the 
roots of the whole curves. Therefore, the whole times are 
ia the same ratio of \/ ac to ^/ac*. 

H3* CoroL 1. Because the axes dc, dc, of similar curves, 
nr^ as the lengths of the similar parts AC, ac ; therefore the 
times of descent in the curves Ac, ac, are as v^pc to \/dc, 
^ the square roots of their axes* 

144^ CqtoL 2\ As it is the same thing, whether the bodies 
fun down the smooth concave side of the curves, or be made 
^o describe those curves by vibrating like a pendulum, the 
lengths being dc, dc ; therefore the times of the vibration 
tp^ pendulums, in similar arcs of any curves, are as the square 
TQPts Qf the len^hs of the pendulums. 

SCHOLIUM. 

145. Having, Jn the last corollary;^ mentioned the pen-* 
^idum, it may not be improper here to add some remark^ 
. fioaqerning it» ' . 

A pendulum consists of a ball, or any 
either heavy body b, hung by a fine .. 

string or thready moveable about a cen- / 

fre A, and describing the arc cbd; by / 

which vibration the same ihotions hap* s/ 

pep to this heavy body^ as would happei; ^^^••--^jb.,^-'"^^ 
to any body descending by its gravity ^ 

?klpng the spherical superficies cbd, if 
that superficies were perfectly hard and smooth. If the 
pendulum be carried to the situation Ac, and then let fall, 
the ball in descending will describe the arc cb ; and in the 
point R it will have that velocity which is acquired by de-* 
§ceuding through cjg, or by a body falling freely thro,ugh eb. 
This; velocity wfll be siifficient to cause the bait to. ascend 
through an equal arc bd, to the same height d from whence 
it fell at c ; having there lost all its motion, it wiil agiio be- 
jgn to descend by its own gravity ; aqd in the lowest point b 
\t will acquire the same velocity as before ; which will caus^ 
it to re-ascend to q : and thus, by ascending and descending, 
$t will perform continual vibrations in the circumference psq. . 
A^id if the motions of pendulums met with np resistance 
frora the air, and if there were no friction ^t the centre of 
^notion A,^tbe vibratipns of pendulufiis would, never cease, 
Put from these obstructions, though small, it happens, that 
the velocity of the ball iu the point B is a little diminished 
ia every vibration j and consequently it does not return 
RE^cisely tp the s^me points g or p, but the arcs described cout 

t^wally 
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tinually become shorter and shorter, till at length they ard 
insensible ; unless the motion be assisted by a mechanical 
contrivance^ as in docks, called a maintaining power. 

DEFINITION. 

146. If the cir- 
fcumference of a 
circle be rolled on 
a right line, begin- 
ning kt any point 
A, and continued 
till the same point 
A arrive at the line 
again J making Just one revjolution, iand thereby measuring 
out a straight line aba equal to the circumference of the cir* 
cle, while the point a in the circumference traces out a curv^ 
line acaga; then this curve is called a cycloid; and som^ 
of its properties are contained in the following lemma. 

LEMMA* 

i47. If the generating or revolving circle be placed in iht 
middle of the cycloid, its diameter coinciding with the axii 
AB, and from any point there be drawn the tangent cf, th6 
ordinate ode perp. to the axis, and the chord of the circle 
AD : Then the chie^f properties are these : 

The right line CD =k the circular arc ad ; 

The cycloidal arc AC = double the chord ad ; 

The semi-cycloid aca z= double the diameter aB> and 

The tangent cf is parallel to the chord ad. 

PROPOSITION XXX. 

148. Wken a Pendulum^vibraies in a Cycloid ; the Time of one 
Vibration^ is to the Time in which a Body falls through Half 
the Length of the Pendulum^ as the Circumference of Cifch 
is to its Lyiamete^, 

Let ABabe the cycloid; 
pB its axis, or the diameter 
of the generating semicircle 
DEB ; cB = 2db the length 
of the pendulum, or radius 
of curvature at b . Ljet the 
ball descend from f, and, 
in vibrating, diescribe the 
^rc Ffif. Divide PB into iur 
numerable small parts, one 
of which is Gg; draw fel, , 

pjl, gm, perpendicular ^Q 
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Z>B. On LB describe the se« 
micircle lmb, "whose cen- 
tre is o ( draw Mp parallel 
tODB; also draw the chords 
BEj BH^ EHj and the radius 

OM. 

Now the triangles beh, 
BHK, are equiangular ; 
therefore bk : ^h : : bh : be, 
or BH^ ='bk . be, or bh = 
V' (bk.be). 

And the equiangular triangle > Mmp, mom, give • ^ 

Mp : Mm : : mn : mo. Also, by the nature of the cycloid, 
Hh is equal to eg. / 

If another body descend down the chord eb, it will have 
the same vdocity as the ball in the cycloid has at the same 
height. So that Kk and Gg are passed over with the same 
velocity, and consequently the time in passing them will be 
as their lengths Ggy Kk, or as Hh to Rk, or bh to bk by 
similar triangles, or \/(bk . be) to bk, or y^BE to Vbk, or as 
V^BL to v^bn by similar triangles. 

That is, the time in Gg : time in Kk,: : V^bl : y^BN. 

Again, the time of describing any space with a uniform 
motion, is directly as the space, and reciprocally as the ve^ 
locity; also, the velocity in K or Kk, is to the velocity at B, 
as v^EK to v/eb, or as a/ln to \/lb 5 and the uniform ve- 
locity for £B is equal to half that at the point b, therefore the 

Kk EB Nn lb 

tmie m Kk : tmie m eb : : —7— : , . : : — ; — : , - — . 

-v/LN t\/LB y^LN ■i-v/LB 

(by sim. tri.) : : Nn or Mp : 2 V{bl . ln.) 

That is, the time in Kk : time in eb : : Mp : 2 V(bl • LN.) 

But it was, time in Gg : time in Kk :: Vbl : Vbn; theref. 

by comp. time in Gg : time* in eb : : Mp : 2 V(bn . nl) or 2nm^ 

But, by^im. tri. Mm : 2om or bl : : Mp : 2nm. 

Theref. time in Gg : time in eb : : Mm : bl. 

Consequently the sum of all the times in all the Gg% is to 
the time in eb, or the lime in db,. which is the same thing, 
as the sum of all the Mm's, is to lb ; 
that is, the time in Fg : time in db : : Lm : lb, 
and the time in fb : time in db : : lmb : lb, 
pr the time in FBf ; time in db : : 2ijsib : lb. 

That iffy the time of one whole vibration, 

is to xthe time of falling through half CB, 

as tlje circumference o£ any circle, 

is to -its diameter. 149. CeroL 
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149. Carol, 1. Hence all the xribrations of a pendulum in 
a cycloid, whether great or small, are performed in the same 
time, which time is to the time of fallin|; through the axis, 
or half the length of the pendulum, as 3*1416 to 1, the ratio 
of the drcumrerence to its diameter ; and hence that time 
is easily found thus. Put ^ = 3*1416, and / the length of 
the pendulum) also g the space fallen by a heavy body in 1" ^ 
of time. 

then Vg : Vy : : l" : V— the time of falling through 4/, 

/ f . ^ 

theref. I :p :i a/-x :^\/o"> ^^^^ therefore is the time 

€>i.one vibration of the pendulum. 

150. And if the pendulum vibrate in a smaH arc of a circle; 
because that small arc nearly coincides with the small cy-* 
cloidal arc at the vertex b ; therefore the time of vibration in 
the small arc of a circle, is nearly equal to the time of vibra* 
tion in the cycloidal arc ; consequently the time of vibration 

/ 
in a small circular arcj is equal top V — , where / Is the radius 

of the circle. 

151. So that, if one of these, ^ or /, be found by experi- 
ment, this theorem will give the other. Thus, if g, or the 
space fallen through by a heavy body in 1 " of time, be founds 
then this theorem will give the length of the second pendu- 
lum. Or, if the length of the, second pendulum be ob- 
served by experiment, which is the easier way, this theorem 
will give g the descent of gravity in l". Now, in the lati- 
tude of London, the length of a pendulum which vibrates 

seconds, has been found to be ^9\ inches ; and this being 

391 
written for / In the theorem, it gives py^-— = 1"; hence is 

found ^ = f/>V = IP" X 29 f = 193 07 inches = 16^^ feet, 
for the descent of gravity in 1^^; which it has also been 
found to be, very nearly, by many accurate experiments. 

SCHOLIUM. 

1£2. Hence is found the length of a pendulum that.shalf 
make any number of vibrations in a given time. Or, the 
number of vibrations that shall be made by a pendulum of 
a given length. Thus, suppose it were required to find the 
length of a half-second$ pendulum, or a quarter-seconds 
pendulum ; that is, a pendulum to vibrate twice in a second, 
or 4 times in a second. Then, since'^the time of vibration 
is as the.square root of the length, 

therefore 
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ikeFefbre 1 : f : : V'SDf : »^/ly 

Qr - . - 1 : ^ : : 39| : ~ = 9f indies nearly, the length 

^f the hal&seconds pendulum. Again 1 : ^ : : 39-j. : 2^ In- 
ches, the length of the quarter-seconds pendulum. 

Again, if it were required to find how many vibrations a 
pendulum of 80 inches long will make in a minute. Here 

39* 
V80 : v'39|^: : 60" or l' : 60/ -^ = 7lv'31-3 = - - 

41*95987, or almost 42 vibrations in a minute. 

' )53. In these propositions, the thread is supposed to ht 
Tery fine, or of no sensible weight, and the ball very small, 
pr all the matter united in one point ; also, the length of 
the pendulum, is the distance from the point of suspension, 
or centre of motion, to this point, or centre of the small 
ball- But if the ball be large, or the string very thick, or 
the vibrating body be of any other figure ; then the length 
pf the pendulum is different, and is measured, from the 
centre of motion, not to the centre of magnitude of the 
body, but to such a point, as that if all -the matter of the 
pendulum were collected into it, it would then vibrate in 
the same time as the compound pendulum \ and this point is 
called the Centre of Oscillation; a point which will be treated 
pf in what follows. 
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1 54. WEIGHT and Power, when opposed to each other^ 
fiignify the body to be moved, and the body that moves it \ 
or the patient and agent. The power is the agent, which 
moves, or endeavours to move, the patient or weight, 

}SiS. Equilibrium, is an equality of action or force, be- 
tween two or more powers or weights, acting agiinst each 
Other, by which they destroy each other's effects, and remain 
ftt r^st, 

156. Machine, or Engine, is any mechanical instrument 
<jontrived to move bodies. And it is composed of the me- 
chanical powers, 

J 57. Mechanical Powers, are certain simple instruments, 
commonly employed for raising greater weights, or overcom- 
ing greater resistances, than could be effected by the natural 
•trength without them. These are iisualiy ac<:ounted six in 
^ . pumber, 
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number J, viz. tke Lever, the Wheel and Axle, the Piillef 9 t&t 
Inclined Plane, the Wedge, and the Screw* 

158. Mechanics, is the science of forces, land the effect^ 
they produce, when applied to machines, in the motion of 
hodies.. 

15^. iStatics, IS the science dt weights, especially when 
considered in a state of equilibrium. 

1 60. Centre of Motion, is the fixed point about which % 
body moves. And the Axis of Motion, is the fixed lint 
about which It moves. 

161. Centre of Gravity, is a certain point, on which a body 
being freely suspended, it will rest in any position^ 



Of the lever. 



I62. A Lever is any inflexible rod, bar, or beam, which. 
serves to raise Weights, while it is supported at a point by a 
fulcrum or prop> which is the cfentfe of motion. The lev^f 
is supposed to be void of gravity or weight, to render th« 
demonstrations easier and simpler. There are three kindt 
of levers. 

16S. A Lever of the First 
kind has the prop c be- 
tween the weight w ^nd 
the power p. And of this 
kind are balances, scales, 
crows, hand-spikes, scissors, 
pinchers, &c. 

l64. A Lever of the Se- 
cond kind has the weight 
between the power and the 
prop. Such as oars, rud- 
ders, cutting knives that are. 
fixed at one end, &c. 
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165. A Lever of the 
Third kind has the power 
between the weight and 
the prop. Such as tongs, 
the bones and muscles of 
animals, a man rearing a 
bidder, &c. 
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166. A Fourth kind is some* 
times added, called the Bended 
Lever. As a hanuner draving 
a naiL 

167. In all these instruments the power may be repre- 
sented by a weight, which is its most natural measure, acting^ 
downward i but having its direction changed, when neces-- 
sary^ by means of a fixed pulley. 

PROPOSITION XXXI. 

168. Wlen tie Weight and Power keep the Lever in Equilibria^ 
ihey are to each other Reciprocally as the Distances of their 
Lines of Direction from the Prop. That w, p : w : : CD : CE ; 
svhere CD and C£ are perpendicular to wo and AO, the 
Direetions of the ttvo Weights , or the Weight and Power 
' w and A. 

For, draw cf parallel to ao, and 
CB parallel to wo : Also, join oo, 
which will be the direction of the 
pressure on the prop c\ for there 
cannot be an equilibrium unless the 
directions of the three forces^all meet 
in, or tend to, the same point, as o. 
Then, because these three forces 
keep each other in equilibrio, they 
are proportional to the sides of the 
triangle cBo or cfo, drawn in the 
direction of those forces; there- 
fore - - - 
But, because of the parallels, the 
two triangles cdf, ceb are equiangu- 
lar, therefore - • - - CD 
Hence, by equality, - . p 

. That is, each force is reciprocally proportional to the 
distance of its direction from the fulcrum. 

And it will be found that this dfemonstration will serve for 
all the other kinds of levers, by drawing the lines as directed. 

169. CoroL 1. When -the angle a is = the angle w, then 
is CD' : CE : : cw : CA : : p : w. Or when the two forces act 
perpendicularly on the lever, as two weights, &c ; then; in 
case of -^n equilibrium, d coincides withrw, and E with p; 
consequently then the above proportion becomes also p : iw :: 
cw : CA, or the distances of tlie two forces from the fulcrum, 
taken on the lever, are reciprocally proportional to those 
forces* 

170. Corel. 




p : w : : CF : Fp or CB. 
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1 70; Corel. 2« If any force p be applied to a lever at A ; its 
.bffect on the lever, to turn it about the centre; of motion Cj 
is as the length of the lever c a, and the sine of the angle of 
direction cae* For the perp. C£ b as ca x s. Z. a. 

171. CoroL 3. Because the product of the extremes- is 
bqual to the product of the means, therefore the product of 
the power by. this distance of its direction, is equal to the 
jproduct of the weight by the distance of its direction. 

That is, p X CE = w X cd. 

172. Corol* 4. If the lever, with the weight and powex; 
fixed to it> be made to move about the centre c i the mo^ 
mentum bf the power will be equal to the momentum of the 
weight ; and their velocities will be in reciprocal proportion 
to each other. For the weight and power will describe; 
circles whose radii are the distances cd> C£ j and since the 
circumferences or spaces described, are as th^ radii, and ako 
as the velocities, thereforl^ the velocities are as the radii cd; 
c£ } and the momenta, which are as the masses and velocities 
are as the masses and radii ) that is, as ^ x cfi and w x cOj 
which* are equal by cor. 3. 

173. Corol. 5. In a straight lever, kept in equilibrio by i 
weight and power acting perpendicularly; then, of thes^ 
three, the power, weight, and pressure on the prop^ aiiy oni 
is as the distance of the 6ther tw6. 

174. CoroL 6. If 
several weights !»,, q, 
R, s, act on a straight 
lever, and keep it in 
equilibrio ; then the 
sum of the products 
on one side of the * 
prop, will be equal to 

the sum on the other slde^ made by tfiultiplying eacH weight 
by its distance $ namely, 

P X AC + <^X BC = R X DC + S X EC. 

For, the effect of each weight to turn the lever, is as the 
weieht multiplied by its distance; and in the case of aii 
equdibrium, the #sums of the effects, or of the products oii 
both sides, are equal. 

175. CoroL 7. Because, when 
two weights Q arid it af e in 
equilibrio, q : R : : CD : CB ; 
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therefore, by composition, q_+ r : q^: : bd : cd, 

and, 0.+ R : R : : BD : tB. 
Tot. 11/ N 
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Tlut is> the lum of tlie waghts is to either of then% 9S 
the sum of their distances is to the distance of the other* 




SCHeLIVM^ 

176. On the foregoing prin- 
ciples depends the nature of 
^ales and beams^for weigh* 
ing all sorts of goods. For, 
if the weights be equal, then 
will the' distances be equal 
also, which gives the eonstruo- 
tion of the common scales, 
whith ought to have these 
properties: 

]j/. That the pmnts of sasp&mon of the scales and the 
centre of motion of the beam, 4» b, c, ^ould be in a straigfac 
line : 2d, That the arms ab^ bc, be of an equal length : 34^ 
That the centre of gravity be in the centre of motion b» 
or a little below it : 4/A, That thej be in equilibrio when * 
empty : 5/^, That there be as litde friction as possiUe at the 
centre B. A defect in any of these properties, makes >the 
scales either imperfect or fsdse. But it often happens that 
the one side of the beam is made shorter than the other>and 
the defect covered by making that scale the heavier, by 
which means the scales hang in equilibrio when empty; but 
when they are charged with any weights^ so as to be still hi 
equilibrio, those weights are not equal ; but the deceit will 
be detected by changing the weights to the contrary sides, . 
for then the equilibrium will be immediately destroyed. 

177. To find the true weight of any body by such a false 
balance: — First weigh the body in one scak^ and afterwards 
weigh it in the other ; then the mean proportional between? 
these two weights, will be the true weight required. For,^if 
any body b' weigh w pounds or ounces, in the 'scale d^ and 
only w pounds or oujices in the scale e: then we have th^e 
two equations^ namely, ab . ^ = bc . w. 

and BC . b =s A^ i Wf 
the product of the two is ab . bc . ^* = ab . bc . ww ; 
hence then - - - b'^ sz ww, 

and • - - i = \/\iriWy 

the mean proportional, which is the true weight of the bddy h 

178. The Roman Statera,, or Steelyard, is also a lever, but 
of unequal brachia or arms, so contrived, that one weight 
only may serve to weigh a great many, by sliding it back- 
ward 
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ward anfl forward, to diflferent distances, on t\it lon^r arm 
of the lever; aiid it is thus constructed : 




Let AE be the steel]rard> and c its centre of motion, whence 
the divisions must commence if the two arms just balance 
each other: if dot, slide the constant moveable weight i 
along from b towards c, till it just balance the other end 
without a weight, and there make a notch in the beam, 
marking it with a cipher 0, Then hang on at A a weight w 
equal to x, and slide i back towards b till they balance each 
other ; there notch the beam^ and mark it with I. Then 
make the weight w double of i, and sliding i back to balance 
it, there mark it with 2. Do the same at S, 4, 5, Sec, hj 
making w equal to S, 4, 5, &c, time^ i ; and the beam is 
finished. Then, to find the weight of any body B by the 
steelyard ; take off the weight w, and hang on the body t 
at A; then slide the weight I backward and forward till it 
just balance the body t, which suppose to be at the number 
5 ; then is b equal to 5 times the weight of i. So, if i be ona 
pound, then ^ is 5 pounds ; but if i be 2 pounds, then i is 
10 pounds ; and so on. 



Of the wheel and AXLE. 

PROPOSITION XXXII. 

179. In the Wheel-and^Axle ; the Weight and Power will be 
in Equilibriof when the Power p is to the Weight w, Reci- 
procally as the Radii of the Circles where they act ; that is, as 
the Radius of the Axle CA, where the Wdght hangs^ to the 
Radius of the Wheel cb, where the Power acts. That is, 
p : w : : CA : cb. 

HERE the cord, by which the power p acts^ goes about 

N2 the 
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the circumference of the wheel, while 
that of the weight w goes round its 
axle, or another smaller wheel, attach- 
ed to the larger, and having the sabne 
axis or centre c. So that ba is a lever 
moveable about the point c, the power 
p acting always at the distance bc, 
and the weight w at the distance c A ; 
therefore p : w : : CA : cb. 

180. CoroU U If the wheel be put 
in motion; then, the spaces moved 

being as the circumferences, or as the radii, the velocity of 
w will be to the velocity of p, as CA to cb; that is, the 
weight is moved as much slower, as it iis heavier than the 
power; so that what is gained in pbwer, is lost iii time. 
And this is the universal property of all machines and 
engines. 

181. CoroL^. If the power do not act at right angled 
to the radius cb, but obliquely ; draw CD perpendicular to' 
the direction of the power ; then, by the nature of the lever, 
p : w : : CA : CD. 

sc^ouui^. 

IS2^ To this power be- 
long all turning or wheel 
thachinesyof di#er ent radii. 
Thus, in the roller turning 
on the axis Or spindle Ce, 
by the handle Cbd; the 
power applied at B is to 
jhe weight w on the roller, 
jjS the radius of the roller 
is to the radius cb of the handle^. 

183. And the same for all cranes, capstans, windlasses, and, 
such like ; the power being to the weight, always as the ra- 
dius or lever at which the weight acts, to th^t at which the 
power acts ; so that they are always in the reciprocal ratio 
of their velocities. And to the same principle may be re^ 
ferred the gimbletand augur for boring holes. 

184?. But all this, however, is on supposition that the ropes 
or cords, sustaining the weights, are of no sensible thickness. 
For, if the thickness be considerable, or if there be several 
fdtds of fheni, over one another, on the roller or barrel ; then- 
we must measure to the middle of the outermost rope, for 




Thb wheel and axle. I6i 

tbe ndius of the roller ; or, to the radius of the roller we 
must add half the tlupkaeu of the cord} when there is but 
one fold. 

185. The wheel-and-axle has a great advantage over the 
mmple lever, in point of convenience. For a weight can be 
raised but a little way by tbe lever ; whereas, by the conti- 
nual turning of the wheel and roller, tbe weight may be 
raised to any height, or from pny depth. 

1 86. By increasing the number of wheels too, die power 
may be multiplied to any extent, making always tbe less 
wheek to turn greater ones, as far as we please ; and this is 
commonly called Tooth and Pinion Work, the teeth of one 
drcumference working in the rounds or pinions of another, 

- to turn the wheel. And then, in case of an equilibrium, the 
power is to the weight, as the continual product of tbe radii 
(^ all the axles, to that of all the idieels. So, if the power p 




turn the wheel q, and this turn the sm^l wheel or axle r, 
and this turn the wheel s, and this turn the axle t, and this 
turn the wheel v ; and this turn the axle x, which raises the 
weight w J then p : w : : CB . de . fg : ac . bd . ef. And 
in the same proportion is the velocity of w slower than that 
of P. Thus, if each wheel be to its axle, as 10 to 1 ; then 
I* ; w : ; 1» : IC or as 1 to 1000. So that a power of pne 
pound will balance a weight of 1000 pounds; but then, 
when put in motion, the power will move lOOO'^imes hstet 
than the weight. 

Of 
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Of THE PULLET. 

1 S7. A Putt&T is a^mall wheel* commonly made of wood 
or brass* which turns about an irpn axis passing through the 
centre, and fix^d in a block* by means of a cord passed round 
its circupiference* which serves to draw up any weight. 
The pulley is either single* or combined together* to increase 
the power. It is also either fixed or moveable, according as 
it is fixed to one j^lace* or moves up and down with the 
wei^t and power. 



PEOFOSITXOM XXXIII. 

188. If a Power sustain a Weight by meaks efm Fixed Pulley •' 

the Power and Weight are Equal* 

For through the centre c of the pulley 
draw the horizontal diameter AB:,then 
will AB represent a lever of the first kind, , 
its prop being the fixed centre c ; from 
which the points A and b, where the 
power and weight act* being equally 
distant* the power p is consequently equal 
to the weight w. 

189. CoroL Hence, if the pulley be put 
in motion* the power p wUl descend as 
fast as the weight w ascends. So that 
the 'power is not increased by the use of 
the fixed pulley* even though the rope go over several of 
them. It is* however, of great service in the raising of 
weights, both by changing the direction of the force* for the 
convenience of acting* and by enabling a person to raise a 
weight to any height without moving from his place, and 
also by permitting a great many persons at once ta exert 
their force on the rope at p, which they could not do to the 
weight itself; as is evident in raising the hammer or weight 
of a pile-driver* as wel} as on many other occasions. 

PROPOSITION XXXIV. 

190. ]^ a Power sustain a Weight by means of One Moveable 
Pulley i the Power is but Half the Weight. 

For* here ab may be considered as a lever of the second 

kind^ 
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imdy the power acting «t a, 
the weight at c, and the prop 
or fixed point at B $ and be- 
cause p : w :: CJB : ab^ 
and CB = (ab, therefore 
p x= 4w, or w = 2p. 

191. CoroL U Hence it is 
evident, that, when the pul- 
ley is put in motion, the ve* 
locity of the power will be 
double the velocity of the 
weight, as the point p moves 
twice as fast as the point c and weight w rises. It is also 
evident, that the fixed piilley f makes no difference in the 

*polrer p, but is only used to change the direction of it^ firom 
upwards to downwards. 

192. Coroi. 2. Hence we may estimate the efBdCt <^a combi- 
nation of any number of fixed and moveable pulleys; by 

i which we shall find that every cord going over a moveable 
pulley always adds 2 to the powers; since eaoh moveable pul- 
ley's rope bears an equal share of the weieht ; while each rope 
tbait is fixed to a pulley, only increases the power by unity. 





Here p = ^w. 



Here/ 



, w+w+w 



/ 



Of thk inclined PLANE. 



193. THi:. Inclined Plane, is a. plane inclined to the 
horizon, or making an angle with it. It is often reckoned 
one of the simple nlechanic powers ; and the double inclined 
plane makes the wedge. It is employed to advantage in 
nosing heavy bodies in certain situations, diminishing their 
weights by laying them on the inclined planes. 

PROPOSITION 
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PROposTiION 

194. The Povoir gained by the Inclined Plane j is in Proportion^ 
i 'as the Length of the Plane is to its Height. That is^ when a 
Weight w is sustained on an Inclined Plane BC, by a Power 
P acting in the Direction nw^ parallel to the Plane; then the. 
Weight W, is in proportion to the Power p, as the Length gf 
the Plane is to its Height ; that if, w ; p : : BC : AB. 

For, draw ae perp. to 
the plane BC, or to qw. 
Then we are to consider 
that the body w is sustained 
by three forces, viz. 1st, its 
own weight or the force of 

gravity, acting pierp. to AC, or parallel to BA; 2d, by the 
power P, acting in the direction wD, parallel to BC, or be \ 
and 3dly, by the re-action of the plane, perp. to its face, or 
•parallel to the line £a. But when a body is kept in equili- 
brio by the action of three forces, it has been proved, that 
the intensities of these forces are proportional to the sides 
of the triangle abb, made by lines drawn in the direction^ 
of their actions^ therefore those forces ate to one another as 
the three lines - - •«> t ab, be, ae ; that is, 
the weight of the body w is as the line A9, 
the power p is as the line - - be, 
and the pressure on the plane as the line A£w 
But the two tmangles abe, abc are equian|[ular, and hare 
therefore their like sides proportional j that is, 
the three lines - - ' r - ab, be, ae, 
areto each other respectively ?s the three Be, ab, ac, 
or ulso as the three - - - Be, ae, ce, 
. which therefore are as the three forces w, p, py 
where/ denotes the pressure on the plane. That is, w : p : : 
f c : AB, or the weight is to the power, as the length of the 
plane is to its height. 
I See more on the Inclined Plane, at p. 164, &c. 

195 Scholium. The Inclined plane comes injto use in so^e 
situations in which the other mechanical powers cannot be 
conveniently applied, or in combination with them. As, in 
sliding heavy-weights either up or down a plank or other 
plane laid sloping : or letting large casks down into a cellar, 
or drawing thenj out of it. .Also, in removing earth from a 
lower .situation to a higher by means of "Sfheel-barrows, or 
otherwise, as in making fortifications, &c ; inclined planes, 
made of boards, laid aslope, serve for ^he barrows to run 
upon. * ... : , ,,..,..■,;.-" ^ ;. . ... .: . .v 

Of 
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Of all the various directions of drawing bodies up an in- 
(clined plancj or sustaining them on it, the most favourable 
is where it is parallel to the plane bc, and passing through 
the centre of the weight ; a direction which is easily given 
to it, by fixing a pulley at D, so that a cord passing over it^ 
and fixed to the weight, may act or draw parallel to me plane. 
In every other position, it would require a greater power to 
support the body on the phne, or to draw it up. For if one 
end of the line be fixed at w, and the other end inclined down 
towards b, below the direction WD,the body would be drawn 
down aeainst the plane, and the'power must be increased in 
{proportion to the greater difficulty of the traction. And, on 
the other hand, if tKe line were carried above the direction 
pf the plane, the power must be also increased ; but here only 
in proportion as it endeavours to lift the body off the plane. 

If the length bc of the plane be equal to any number of 
times its perp. height ab, as suppose 3 times ; then a power 
p of 1 pound, hanging freely, will balance a weight w of S 
pounds, laid on the plane ; and a power P of 2 pounds, will 
balance a weight w of 6 pounds ; and so on, always 3 times 
as much. But then if they be set a-moving, the perp. descent 
of the power p, will be equal to 3 times as much as the perp. 
ascent of the weight w. For, though the weight w 
ascends up the direction of the oblique plane, BC, just as fast 
as the power p descends perpendicularly, yet the weight rise^ 
only the perp. height AB, while it ascends up the whole 
length of the p|ane b^, which is 3 times as much ; that is, 
for every foot of the perp. rise of the weight, it ascends 3 feet 
iip in the direction of the plane, and the power p descends 
just as tnuch| or 3 feet. 



Of thb WEDG^, 



196. THE Wedge is a piece of 
wood or metal, in form of half a rec- 
tangular prism. AF or bg is the 
breadth of its back ; ce its height $ 
GC> ^c its sides ; and its end gbc is 
composed of two equal inclined planes 

CCE, B^E. 
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186 MECHANICS. 



PROPOSITION XXXVI. 

197. Whm m Wedge is in Eqmliino / the P^wer acting etgmmf 
the Bsck, if to the Ftrce acting Perpendicularly against either 
Sidcf as the Breadth of the Back AB» is to the Length vf the 
Side AC or mc»' 

For, any three forces, which sustain one 
another in equilibrio, are as the correspond- 
ing sides of a triangle drawn perpendicular 
to the directions in which they act. But 
AB is perp. to the force acting on the back» 
to urge the wedge forward ; and the sides 
iiCy BC are perp. to the forces acting on 
them ; therefore the three forces are as ab^, 

AC» BC. 

19B. Carol. The force on the back, r AB, 
its effect in direct, perp. to Ac, J ac. 
And its effect parallel to ab ; | DC, 

are as the three lines ^ which are per.tothem. 

And therefore the thinner a wedge is, th^ greats is its 
•effect, in splitting any body, or in overcotning any resistance 
a^nst the sides of the wedge. ^ 

SCHOUUM. 

159. But it must be observed, that th6 resistance, or the 
Ibrces above-mentioned, respect one side of the wedge only. 
For if those against boA sides be taken in, then, in the fore- 
going proportions, we must take only half the back aD) or 
else we must take double the line AC or dc. 

In the wedge, the friction against the sides is very great, 
at least equal to the force to be overcome, because the wedge 
retains any poation to which it is driven j and therefore the 
resistance is doubled by the friction. But then the wedge 
has a great advantage over all the other powers, arising from 
the force of percussion or blow wit|h which the back is struck, 
which is a force incomparably greater than any dead weight 
or pressure, such as is employed in other machines. And ac- 
cordingly we find it produces effects vastly superior to those 
of any other power 5 such as the splitting and raising the • 
largest and hardest rocks, the raising and lifting the largest 
ship, by driving a wedge below it, which a man can do 
by the blow of a mallet : and thAis it appears that the smaU 
blow, of a hammer, on the back of a wedge, is incomparably 
greater than any mere pressur^j and will overcome it» 
^ Op 
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SOD. THE Screw is one of the six meclianical powers, 
chiefly used in pressing or squeezing bodies closej though 
sometimes also in raising weights* 

The screw i^ a spiral thread or groove cut round a cylin- 
der, and everywhere making the same angle with the length . 
of it. So that if the surface of the cylinder, with this spiral 
thread on it, were unfolded and stretched into a plane, the 
spiral thread would form a straight inclined plane, whose 
length would be to its height, as the circumference of the 
cylinder, is to the distance between two threads of the 
screw: as is evident by considering that, in making one 
round, the spiral rises along the cylinder the distance be- 
tween the two threads. 

PROPOSITION XZXVXI. 

201 . The Force of a Power applied to turn a Screw rounds is H 
the Force with which it presses upward or downward ^ setting 
aside the Friction ^ as the Distance between two Threads ^ is t§ 
the Circumference where the Power is applied. 

The screw being an inclined plane, or half wedge, whose 
height is the distance between two threads, and its base the 
circumference of the screw ; and the force in the horizontal 
direction, being to that in the vertical one, as the lines per- 
pendicular to them, namely, as the height of the plane, or 
distance of the two threads, is to the base of the plane, or 
circumference of the screw ; therefore the power is to the 
pressure, as the distance of two threads is to that circumfer- 
ence. But, by means of a handle or lever, the gain in power 
is increased in the proportion of the radius of the screw to 
the radius of the power, or length of the handle, or as their 
circumferences. Therefore, finally, the power is to the pres- 
sure, as the distance of the threads, is to the circumference 
described by the power. 

202. CoroL When the screw is put in motion ; then the 
power is to the weight which would keep it in equilibrio, as 
the velocity of the latter is to that of the former ; and hence 
their two momenta are equal, which are produced by mul- 
tiplying each weight or power by its own velocity. So that 
this is a general property in all the mechanical powers, 
namely, that the momentum of a power is equal to that of 
the weight which would balance it^ in equilibrio ; or that 
each of them is reciprocally proportional to its velocity. 

SCHOLIUM* 
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203. Hence we can easily 
compute the force of any ma- 
chine tacped by a screw. Let 
die annexed figure represent a 
press driven by a screw, whose 
threads are each a quarter of 
an inch asunder i and let th^ 
screw be turned by a handle 
of * feet long, from a to a ; 
then, if the natural force of 
a man, by which he can lift, 
puU, or draw, be 150 pounds ; and it be required to deter- 
mine with what force the screw will press on the board at p, 
when the man turns the handle at & and b, with his whole 
force. Then the diameter ab of the power being 4 feet, or 
♦8 inches, its circumference is +8 x 3-1416 or 150^ nearly; 
and the distance of the threads being ^ of an inch; ther^ 
forp the power b to the pr^sure, as 1 to 608^; but the 
power is equal to 1501b } theref. as ] : 603f : : 150 : 90480; 
and consequently the pressure at d is equal to a wdgHt of 
90480 pounds, independent of iriction, 

204. Again, if the end^ 
less screw ab be turned by 
a handle ac of 20 inches^ 
the threads of the screw 
being distant half an inch 
each; and the sprew turns 
a toothed wheel f , whose 
innion I. turns another 
wheel F, and the pinion m 
pf this another wheel g, to 
(be pinion or barrel pf 
which is hung a weight w ; 
it is required to determine 
what weight the man will 
be able to raise, working at 
the handle c; supposing the 
diameters of the wheels to _ 
be 1 8 inches, and those of 
the pinions and barrel 2 
inches ; the teeth and pi- 
Tuons being all of a size. 
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Here 20 x 3*1416 x 2 = 125*664, is the circumference 
^f the power; 

And 125*664 to i, or 251*328 to 1, is the force of the 
screw alone. 

Alsoi 18 to 2, or 9 to 1, being the proportion of the 
"Wheels to the pinions; and as there are three of them, 
thereforcf 9^ to 1', or 729 to 1, is the power gained by the 
wheels. 

Consequently 251*328 >( 72$ to 1, or 18321 8^ t<> 1 nearly, 
is the ratio of this power to thfe weight, arising from the ad* 
vantage both df the scr^w and the wheels. 

But the power is 150lb; therefore 150 x 183218^^, or 
27482716 pounds, is the weight the man can sustain, which 
is equal to 12269 tons weight. 

But the power has to overcome, not only the weight, but 
also the frictioM-of the screw, which is very great, in some 
cases equal to the weight itself, since it is sometimes suffi- 
cient to sustain the weight, when the power is taken offi 
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On the centre of GRAVTTT. 

205. THE Centre of Gravity of a body, is a cert;un 
.point within it, on which the body being freely suspended, 
it will rest in any position ; and it Will always descend to the 
lowest place td which it can get, in other positions. 

. PROPOSITION XXXVIII.j 

206. y rf Pdrpendicular to the Horizon^ from the Centre <f 
Gravity of any Body^fall Within the Base of the Body^ it wili 
rest in that Position ; but if the Perpehdicularfall Without the 
Basey the Body will not rest in that Position^ but will tumhU 
down* 

For, if cB,be the perp; ^^ ^ 

from the centre of gravity c, 

within the base : then the 

body cannot fall over towards ^ 

A; because, in turning on the 

point A, the centre ofgravity ^ 

C would describe an arc "^"»«cj.,>^~ ^ ar^^^^^^^» 

which would rise from c to £ ; 

contrary to the nature of that centre, which only r^sts when' 
in the lowest place. For the same reason, the body will not 
fcH towards p. And therefore it will stand in that positlori. 

Buf 
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But if the perpendicular fall without the base, as cb $ then 
the body will tumble over on that side : because, in turning 
on the point a, the centre c descends by describing the de- 
scending arc ce. 

207. CoroL I. If a perpendicular, drawn from the centre 
of gravity, fall just on the extremity of the base ; the body 
may stand ; but any the least force will cause it to fall that 
way. And the nearer the perpendicular is to any side, or 
the narrower the base is, the easier it will be made to fall, 
or be pushed over that way; because the centre of gravity 
has the less height to rise : which is the reason that a globe 
is made to roll on a smooth plane by any the least force. 
But the nearer the perpendicular is to the middle of the 
base, or the broader the base is, the firmer the body stands. 

208. Cor^l. 2. Hence if the centre of graf ity of a body 
be supported, the whole body is supported. And the place 
of the centre of gravity must be accounted the place of the 
body ; for into that point the whole matter of the body may 
be supposed to be collected, and therefore all the force also 
with which it endeavours to descend* 

209. Corol. 3. From the property which 
the centre of gravity has, of always de- 
scending to the lowest point, is derived an 
easy mechanical method of finding that 
centre. 

Thus, if the body be hung up by any 
point A, and a plumb line ab be hung by 
the same point, it will pass through the cen- 
tre of gravity; because that centre is not in 
the lowest point till it fall in the plumb 
line. Mark the line ab on it. Then hang 
the body up by any other point d, with a 
plumb line de, which will also pass through 
the centre of gravity, for the same reason 
as before ; and therefore that centre must 
be at c where the two plumb lines cross 
each other. 

210* Or, if the body be suspended by 
two or more cords Gf, gh, &-c, then a 
plumb line from the point g will cut the 
body in its centre of gravity c. 
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211. Likewise, because a body rests when its centre of 
gravity is supported, but not else ; we hence derive another 
easy method of finding that centre mechanically. For, if 
the body be laid on the edge of a prism, or over one side of 
a table, and moved backward and forward till it rest, or ba-*^ 
lance itself; then is the centre of gravity just over the line of 
the edge. And if the body be then shifted into another po» 
sition, and balanced on the edge again, this line will tIso 
pass by the centre of gravity ; and consequently the inter- 
section of the two will give the centre itself. 

PROPOSITION XXXIX. 

« 

212. Tie cMimon Centre of Gravity c of any two Bodia A, B, 
divides the Line joining their Centres^ into t^ffo Parts^ whuS 
are Reciprocally as the Bodies* 

That IS, AC : BC : : B : A. 

For, if the centre of gravity c be supported, the two 
bodies A and b will be supported, .^ 
and will rest in equilibrio. But, ^ t § 

by the nature of the lever, when 

two bodies are in equilibrio about a fixed point c, they are 
reciprocally as their distances from that point ; therefore 
A : B : : CB : CA. 

213. Coro/, 1. Hence ab : AC : : A + b : B; or, the 
whole distance between the two bodies, is to the distance of 
either of them firom the common centre, as the sum of the 
bodies is to the other body. 

• 214, CoroL 2* Hence also, CA . A =r €B • b; or Ae two 
products are equal, which are made by multiplying each 
body by its distance from the centre of gravity. 

215. Corol, 3. As the centre c is pressed with a force equal 
to both the weights A and b, while "the points A and b are 
each pressed with the respective weights a and b. There* 
fore, if the two bodies be both united in their common 
centre c, and only t;he ends a and b of the line ab be sup- 
ported, each will still bear, or be pressed by the same weights 
A and b as before. So that, if a weight of lOOlb. be laid on 
a bar at c, supported by two men at a and B, distant from c, 
the one 4 feet, and the other 6 feet i then the nearer will 
bear the weight of 601b, and the farther only 401b. weight. 

216, Cor^. 
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216. CoroiA. Since the ^a^ g^ 
effect of any body to turn 'IP ^^ C"^ 




E-^ 



#B a #E 



rn 



a lever about the fixed -^ 
point. c, is as that body and 

as its distance from that point ; ther^forej if C be the com- 
mon centre of gravity of all the bodies a, b, d^ e, f, placed in 
the straight line af \ then is CA . A + Cb . B = CD . D + 
€E . £ 4- CF . F ; or, the sum of the products on one side^ 
equal to the sum of the products oh the other, made by mul- 
tiplying each body by its distance from that centre. And 
if several bodies be in equilibrium on any straight lever^ then 
the prop is in the centre of gravity. 

217. Coro/. 5. And thought /^^ 

the bodies be not situated in 
a straight line, but scattered 
about in anypromiscuous man- ^^ 

ner^the same property as in the ^J, 
last corollary still hold true, ^^ 
if perpendiculars to any line 
whatever af be drawn through 

the several bodies, and their common centre of gravity, name* 
ly, that ca . A + bb = cd . D + ce . e + cf . i. For the 
bodies have the same effect on the line af, to turn it about the 
point c, whether they arfe placed at the points a, b, d, e, f, or 
m any ^art of the perpencficulstx^ Aa, Bb, Dd, Ee> Ff. 

PROPOSITION XL. 

21 S. ^ there he three or more Bodies, and if a Line he drawn 

from any one Body b to the Centre of Gravity of the rest C ; 

then the Common Centre of Gravity E of alt the Bodies, divides 

the line CD into two Parts in E, which are Reciprocally Pro^ 

portional as the Body D to the Sum of all the other Bodies^ 

That is, C£ : ED : : D : A + B &c. 

For, suppose thfe bodies A and b ^ ^; " j i 

to be collefcted into* the common A ^|_ ^ 

centre of gravity c, and let their sum 
be called s. Then, by the last projp. 
CE : ED : : D : s or A + B &c. 

219. Corol. Hence we have at method of finding the com- 
mon centre of gravity t>f s^ny number of bodies ; namely, by 
first finding the centre of any two of them, then the centre 
of that centre and a thirds and so on for a fourth, or fifth,' 

Proposition^ 




CENTRt OF GRAVITY. 1»5 



PROPOSITION XLI. 



S2O. If there he taken any Point p, in the Line passing through 
the Centres ^ of two Bodies ; then the Sum of the two Products ^ 
of each Body multiplied by its Distancefrom that Pointy is equal 
to the Product of the Sum of the Bodies multiplied by the Di^ 
stance of their Common Centre of Gravity c from the same 
Point P. 



That IS, PA >A + PB . B = PC t A + B, 

For, by th e 38th, cA ; A = cb . b, 

that is, PA — PC . A = PC — pb . Bj O ^ — 5» — G ■ si 

therefore, by adding, -A ^» 

' — •■ 

PA ; A + PB . B = PC . A + B. 

221. CoroL 1. Hence, the two bodies a and b have the 
same /orce to turn the lever about the point p, as if they 
were both placed in c their common centre of gravity, 

Or, if the line, with the bodies, move about the point P ; 
the sum of the momenta of a and b, is equal to the mo- 
mentum of the sum s or a + b placed at the centre c. 

222. CoroL 2. The same is also true of any number of 
bodies whatever, as will appear by cor. 4, prop. 39, namely, 

PA . A + PB . B + PD . D &C. = PC . A + B + D &C, whcie 

F is in any point whatever in the line AC 

And, ))y cor. 5, prop. 39, the same thing is true when the 
bodies are not placed in that line, biit any where in the per- 
pendiculars passing through the points A, B, d, &c ; namely. 

Pa . A + pb . B + pd . D &c = PC . A + B + D &c. 

223. CoroL 5. And if a plane pass through the point p per- 
pendicular to the line cp ; then the distance of the common 
centre of gravity from that plane, is 

pa . A + pb . B + pd . D &c _ 

PC = ; ; r-> that IS, equal to the 

A + B + D &c ^ 

sum of all the forces divided by the sum of all the bodies. 

Or, if A, B, D, &c, be the several particles of one mass or 

compound body; then! the distance of the centre of gravity 

of the body, below any given point p, is equal to the forces 

9^ all the particles divided by the whole mass or body, that 

is, equal to all the Pa . A, pb . B, pd • p^ &c, divided by the 

|>ody or sum of particles A^ B, p, S^c, 

VojL. ir. Q PROPOSITION 



IS4 



. 1 
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PROPOSITION XLII. 

224. To find the Centre of Gravity iff any Bidy^ or efany System 

of Bodies* 

THjEtouGirany point p draw 
a plane> and let Pa, Pb, Pd, &c, 
be the distance of the bodies 
A> B,D, &c,from the planer 
then, by the last cor. the di- 
stance of the common centre of 
gravity from the plane, will be 

pa . A + pb , B + pd . D &c 
PC = ; s . 

A + B + D &C 

225. Or, if b be any body, and cy»R any plane; draw pabp 
&c, perpendicular to qr, and through A> b, &c> draw innii- 
merable sections of the body b parallel n p r^ 
to the plane qr. Let / denote any of 
these sections, and d = pa, or pb, &c> 
ks distance from the plane QR. Then 
will the distance of the centre of gra- 
vity of the body from the plane be 

sum of all the ^s ^ , ,- , 
^ SB . J- — . ^ ^nji ^f the 

distance be thus found for two inter- 
secting planes, they will give the point 
in which the centre is placed. 

226. But the distance from one plane is sufficient for znj 
regular body, becauise it is evident that, in such a figure, the 
centre of gravity i& in the axis, or line passing through the 
centres of all the parallel sections. 

- .Thus, if the figure be a parallelogram, or a ft ^ J^ 
cylinder, or any prism whatever; then the axis 
or line, or plane ps, which bisects all the sec- 
tions parallel to qr, will pass through the 
centre of gravity of all those sections, and 
conae^jUeritly through that of the whole figure 
C . Then, all the sections s being- equal^ and 
the body b = ps . /,. the distance of the centre 
wiU be pq =3 




%- 



sV 



&- 



^ 



PA '. X + PB . J- + &C PA 4- PB + PD &C 

g.M ' . ' ■ f =» — , ' *"-— ' X / 



p'ili + PB + &c;^ 



PS 



But 
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But PA + PB + &c, iJ the sum of an arithmetical pro- 
gression, beginning at 0, and increasing to the greatest term 
PS, the number of the terms being also equal to ps ; there- 
fore the sum pa + pb + &c = 4ps . ps ; and consequently 

JLpc pQ 

PC r: ' ' — = f ps; that is, the centre of gravity is in 

the middle of the axis of any £gure whose parallel sections 
are equal. 

227. In other figures,, whose parallel sections are nof 
«qual, but varying according to some general law, it will not 
be easy to find the sum of all the pa . /, PB . / , pd . j", &c, 
except by the general method of Fluxions; which case 
therefore will be best reserved, till we come to treaf of that 
doctrine. It will be proper however to add here some ex- 
amples of another method of finding the centre of gravity of 
a triangle, or any other right-lined plane figure. 



PROPOSITION xmi. 
'228* To find the Centre of Gravity of a Triangt^ 

N 

From any two of the angles draw 
lines ad, cfi, te^ bisect the opposite 
sides t so will their intersection g be 
the centre of gravity of the triangle. 

For, because a d bisects BC, it bisects 
also all its parallels, namely, all the 
parallel sections of the figure ; there- 
fore AD passes through the centres of 
gravity ot all the parallel sections or 
component parts of the figure ; and consequently the centre 
of gravity of the whole figure lies in the line AD. For the 
same reason, it also lies in the line ce. Consequently it is 
in their common point of intersection g. 

229. Coroi. The distance of the point o, is AG = |-ad, 
and CG = |CE : or ag = 2gd, and cg = 2ge. 

For, draw bf parallel to ad, and produce ce to meet it 
in F. Then the. triangles aeg, bkf are similar, and also 
equal, because AB r= be ; consequently ag = bf. But 
the tnangles cdg, cbf are also equiangular, and cb being 
=^* 2cd, therefore bf = 2gd. But bf is also = AG;- 
consequently AG = 2cd or -f-AD. In like manner, co = 

2GEOr|CE. 

O 2 • PROPOSITWIC' 
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PROPOSITION XLIV- 
230. Tafini the Centre of Gravity of a Trapexium. 
Divide, the trapezium abcd into 
two triangles, by the diagonal bd, and 
find E, F) the centres of gravity of 
these two triangles j then shall the 
centre of gravity of the trapezium lie 
in the line eF, connect in fr them. And 
therefore if ep be divided,inG, in the 
alternate ratio of the two triangles, 

namely, eg : cv :: triangle bcd : triangle abd, then G wilt 
be the centre of gravity of the trapezium. 

2SI, Or, having found the two points e, f, if tlje trape- 
zium be divided into two other triangles hac, dac, by the 
other diagonal AC, and the centres of gravity h and i of thesa 
two triangles be also found ;_ then the centre of gravity of 
the trapezium will also lie in the line hi. 

So that, lying in both the lines, ef, hi, it must necessarily 
lie in their intersection g. 

232. And thus we are to proceed for a figure of any 
greater numlier of sides, finding the centres of their com- 
ponent triangles and trapeziums, and then finding the com- 
mon centre of every two of these, till they be all reduced 
into one only. 

Of the use of the place of the centre of gravity, and the 
nature of forces, tlie following practical problems are added ; , 
viz, to find the force of a bank of earth pressing against ar 
wall, and the force of the wall to support it ; also the push of 
an arch, with the thickness of the piers necessary to support 
it ; also the strength and stress of beams and bars of timber 
and metal, &c. 



233 



PROrOSlTJON XLV. 

To tietermine the Force -with ivhtch a Bank of Earth, ^ 



such like, presses against a Wall, and the Dimensiofu of the 
Wall necessary to Support it. 

Let acde be a vertical section of a 
bank of earth i and suppose, that if it 
were not supported, a triangular part of 
it, as ABE, would slide down, leaving > 
it at what is called the natural slope be; 
but that, by means of a wall aefg, it 
is supported, and kept in its place. — It 
is required to find the force of abe, 
to slide down, and (he dimensions of 
thu wall AEFG, to support it. 
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Let H be the centre of gravity of the triangle Abe, through 
^hich draw KHi parallel to the slope face of the earth BC. * 
Now the centre of gravity h may be accounted the place of 
the triangle a be, or the point into which it is all collected. . 
Draw HL parallel, and kp perpendicular to ae, also KL perp, 
to IK or BE. Then if hl represent the force of the triangle 
ABE in its' natural direction hl, hk will denote its force in 
its direction hk, and I>k the same force in the direction pk, 
perpendicular to the lever ek, on which it acts. Now the 
three triangles eab, hkl, hkp are all . similar ; therefore 
EB : EA :: {uh : hk : :) w the weigjht of the triangle eab : 

EA , . . 

— w,_which will be the force of the triangle in the direc- 

loo . 

tion HK. Then, to find the effect of this force in the direc- 

EA EA AB 

tion .pK, it will be, as hk : pk : : EB : ab : : — w •: ^ — «r, 

EB EB* 

the force at K, in direction pk, perpendicularly on the lever 
EK, which is equal to |ae. But 4ae . ab is the area of the' 
triangle abe ; and if m be the specific gravity of the earth, 
then yAE . ab . i» is as its weight. Therefore 

EA .' AB EA* . Ab'- 

— --Ti — • -t AE • AB =;: — - — 5— m is the xorce acting at K in 

direction i»K. And the effect of this pressure to overturn 
the wall,' is also as the length of the lever KE-or |a'e*: con- 

* The principle now employed in the solution of this 45th 
prdp. is a little different from that formerly used; viz, by co{i- 
sideriug the triangle of earth abe as acting by lines ik, Arc, pa- 
rallel to. the face of the slope be, instead of acting in directions 
parallel to the horizon ab 5 an alteration which gives the length 
df the lever ek, only the half of what it vras in the former way, 
viz. EK =: -J-AE instead of *ae : but>*very thiug else remaining 
the same as before. Indeed this problem hm ^merly been 
treated on a variety of different hypotheses, by Mr. Muiler^ &c, * 
in this country, and by maoy French and other authors in other* 
countries. And this has been chiefly owing to the viuf'^rtaln way 
In which loose earth may be supposed to act in such a case; which • 
on account of its various circumstances of tenacity, friction, &c, 
vyill not perhaps admit of a strict mechanical certainty. On these 
abcpunts it seems pPobable that it is to good experiments oaFy, 
made on different kinds of earth and walls, that wc may probably 
hope for a just and satisfactory soluXion of the probJeiu. , 

The above solution is given only in the most simple case of the 
problem. But the same principle may easily be extended to any 
other case that may be required, either in theory or practice, either 
with walls or bankjof earth of different figures^ ^nd in different 
sjtu^tious. ^ 

sequently 
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sequently its effect is — -r—i — m, for the perpendicular forc^. 

against K^ to ovefset the wall aefg. WKich must be ba- 
lanced by the counter resistance of>the wall, in order that* 
it may at least be supported. 

Now, if M be the centre of gravity of the wall, into which 
its whole matter may be supposed to be collected, and acting 
in the direction mnw, its efi^ct will be the same as if a weight 
w were suspended from the" point n of the lever FN. Hence, 
if A be put for the area of the wall aefg, and n its specific 
gravity; then a • n will be equal to the weight w, and A • 
n . FN its effect on the lever to prevent it from turning about 
the point f. And as this effort must be equal to that of the 
triangle of earth, that it may just support it, which was 

£ a' a B* 

biefoFe found equal to ■ >' ^ — m j therefpre A • n • in = 

AE' • AB* 

■ * ^ — m, in case of an equilibrium. 

234. But now, both the breadth of the wall fe, and 1|hQ 
lever fn, or place of the centre of gravity m, will dep^d oa 
the figure of the wall. If the wall be rectangular, or as 
b;road. at top as bottom ; then fn ^ ^fe, an5l the area A =c 
a:^ • F£ ; consequently the effort of the wall a . /i . fn is =3 

ae' ab^ 

4fe*. ae . «; which must be = — r--T — m, the effort of 
^ . 6eb* 

the earth. And the resolution of this equation gives the 

breadth of the wall fe = ^— V-r- c; aq V^— > drawing 

£9 3^ on 

Aq^ perp. to eb. So that the breadth of the wall is always 

proportional to the perp. depth AQjof the triangle abe. But 

the breadth must be made a little more than the above value 

of it, that it may be more than a bare balance to the earth.-— 

If the angle of the slope £ be 45% as it is nearly in most cases | 

k'E m m ' m 

then fe = -7-: V-r-^: aev— = 4ae V -— very nearly. 

235. If the wall be of brick, its specif gravity is about 
2000, and that of earth about 1984 \ namely, tn to n as 1984 

to 2000 ; or they may be taken as equal j then V'— = I very 

nearly -, and hence fe ac -r^ABi or |ae nearly. That is, 
whenever a^brick rectangular wall is made to support earth, 
its thickness must be at least | or -^ of its height. But if 

th^ 
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tbe wall be of stone) whose specific gravity u about 2520; 

then — = |, and */ - = ^/\ = '895 ; hence fe = -358 AB 

= -^AE : tlut is, when the rectangular wall it of stone, th« 
breadth niust be at least -^ of its height. 

236. Batif the figure of th? wall 
Ije a triangle, the outer side tapering 
' to a point at-top, ■'Then the lever 
fN=|fE,andthe area a = Jfe. AE; 
■consequently its effort a . n . fn is = 
'I-PE' . A£ . n; which beiug put =: 



6be* 



—m, the equation gives fe » 
-,/t-=a<l v/— for the breadth 




of the wall at the bottom, for an equilibrium in this case also. 
—If the angle of the slope E be 45° ; then will te be = 

^—V.-s- = iAZ^~. And wh*athiswafiisDfhrick,then 

PE =: lAE nearly. But when it is of stone; then 4 V — = 

•4+7 = |. nearly : that is, the tnan^lar stone wall must 
have its thickness at bottom equal to ^ of its height. And 
in like manner, for other figures of the wall and also for 
<other figures of the «arth. 

fROFOSITION XLVI. 

237. To determine the Thickness of a Pier, necessary to support 
a Given ^reh^ 
Let abcd be half 
thearch,andDjfFGthe 
pier. From the centre 
of gravity K of the half 
arch draw KLperp. oa; 
also oKR, and tkqp 
perp. to it ; also draw 
tq^and Gp perp. to tp, 
or parallel to okr. 
Then if kl represent 
the weight of the arch 

BCua, in the direction of gravity, this will resolve into Kq, 
the force acting against the pier perp. to the joint SR, and 
i.<^thepart of i]ie force- par a] lei to the same. Now kq_ de- 
notes 
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notes the only force 
acting perp. on the arm 
GP»of thecrooked lever 
PGP, to turn the pier 
about the point c; con- 
seq. KQ X GP will de- 
note the eScaciouf^ 
force of the arch to 
overturn the pier. 

Aj>:ain,the weight of 
the pier is as the area 
DP X FG; therefore dp . 
TG .Jfg, or -Jdf . FG*, is its effect on the lerer fpc, to pre 
vent the pier from beinp overset j supposing the length of 
the pier, from point to point, to be no more than the thick- 
ness of the arch. 

But that the pier and the arch may be in equitibrio, these 
two efforts must be equal. Therefore we have ^df .'fg* = 

- — '■ ' — , an equation, by which will be determined the 

thickness of the pier fg j a denoting the area of the half 
arch BCDA *. 

Example 1. Suppose the arc abu tobe a simicircle; and 
that CD or OA or OB =45, BC^ 7 feet, AF = 20. Hence ad — 
52, DP = GE = 72. Also by measurement are found ok = 
50-3, KL = 40-6, LO = 29-7, Td = 30-87, k<l= 3-h the 
area bcda = 750 = aj and putting FG = * the breadth 
of the pier. 

ThenTE =td + de = 30-87 4- a?, and kl:i.o :: te: 

Ev — 22'S8 + 073*, 
then GE - EV = GV =49'42 — -73sr, - . 

lastly OK : KL : : GV : GP = 39-89 — -a^x. 
These values being now substituted in the theorem -^^df • 
KQ . GP . A , 
yc» — _^ g,,,g 3g^i _ i7gg5 _ 261-5*, or x*+ 

* JV(./c. As it is commonly a troublesome thing to calculate 
the place of the centre of gravity k of llie half arch aBCb, it may 
be easily, and sufficiently near, found mechanically in the manner 
dascribed inart. '2il, thus: Construct that ^psice adcb accurate- 
ly by 3 scale to the given dimenaiojis, on a plate of any uniform 
flat substancej or even card paper; then cut it nicely out by the 
extreme lines, and balance it over any edge or the aide of a table 
jn two positions, and the intersection of the iwo places will give 
the situation of the point k ( then the distances or lines may be 
m«asured by the scale, except those depending on the breadth of 
(he pier ta, viz. the lines as mentioned in the examples, 

7-26jf 
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V*26j« = +90-7 i the root of which quadratic equation give* 
* = 18'8 feet = DE or FG, the thickness of thepierSoughU 
Example 2. Suppose the span^to be 100 feet, the height 
40 feet, the thickness at top 6 feet, and the height of thf 
pier to the springer 20 feet, as before. 

'fig. .. _ _ - 



may be et 



sidered 

- seg- 



ment, having the 

Versed sine ob = 
40 and the right 

50; alsoBD = 6, 
CF=:20, andEF=^ 
€6. Now, by the 
nature of the cir- 
cle, whose centre is 
OB* 4- oe' 40' + 




go' 



80 



the radius wb = 
= 514; hence ow = 



■ HU 



-4o=II*| 



and the area of the semi-segment obc is found to be 1491 1 
which taken from the rectangle odec = od ■ oc = 46 x SO ^ 
2300, there remain?, 809 = a, the area of the space BdbcB, ' 
Heiice, by the method of balancing this space, and measur- 
ing the'lines, there will be found, Kc = IS, ik = 34-6, !X a 
42, KX = 24, ox = 8, 10^= 19'4, te = TiS'S, and Th =s 
S5'6 + *, putting * = EH, the, breadth of ihe pier. Thea 
i)C : KX : : th : hv = 24'7 -}- O-lxy hence gh — Hv =* 
41-3 - 0-lx = Gv, and ix:iK : : Gv : cp = .'i4'02 -0*58*. 
These values being now substituted in the theorem fEp* 

^G* = i^-^-^— , gives 33*'= 15431-47 — 263*. or «* -(- 

IK ° 

S* = 467'62, the root of which quadratic equation gives 
« =: 18 = EH or FG, the breadth of the pier, and which iq 
probably very nea^ the truth. 



On the STRENGTH and STRESS of BEAMS oR 
BARS OF TIMBER and METAL, &c. 

238; Another use of the centre of gravity, which may be 
here considered, is in determining the strength and the 
stress of beams and bars of timber and metal, &c, in differ- 
ent positions ; that is, the force or resistance which a beam 
or bar makes, to oppqse any exertion or endeavour made to 
break it ; and the force or exertion tending to break it j 

both 
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both of which will be different, according to the place and 
position of the centres of gravity. 

;. . . PROPOSITION XLVIL. 

239. The Ahsolute Strength of any Bar in the Directum of iii 
Lengthy is Directly Proportional to the Area of its Transverse 
Section. 

Suppose the bar to be suspended by one end, and hanging 
freely in the manner of a pendulum ; and suppose it to be 
strained in direction of its length, by any force, or a weight 
acting at the lower part, in the direction of that length, suf- 
ficient to break the bar, or to separate all its particles. Now, 
as the straining force acts in the direction of the length, all 
the particles in the transverse section, of the body, where it 
breaks, are equally strained at the same time \ and they must 
all separate or break together, as the bar is supposed to be of 
uniform texture. Thus then, the particles all adhering and 
resisting with equal force, the united strength of the whole, 
will be proportional to the number of them, or as the trans- 
i^er^e section at the fracture. 

. 240." CoroL 1. Hence the various shapes of bars makje no 
difference in their absolute strength ; this depending qnly 
on the area of the section, and must be the same in all equal 
areas, whether round, or square, or oblong, or solid, or hol- 
low, &c. 

241. Corol- 2. Hence also, the absolute strengths of diit 
ferent bars, of the same materials, ^re to each other as their 
transverse sections, whatever their shape or form may be. 

242. Corol, 3. The bar is of equal strength in every part 
of it, when of any uniform thickness, or prismatic shape, 
and is equally lisible \o be drawn asunder at any part of its 
length, whatever that length may be, by a weight acting at 
the bottom, independent of the weight of the bar itself; but 
when considered with its own weight, it is the more disposed 
to break, and with the less additional appended weight, th^e 
longer the bar is, on account of its own weight increasing 
with its length. And, for the same reason, it will be more 
and more liable to be broken at every point of its length, all 
theiway in ascending or counting from the bottom to the 
top, where it may always be expected to part asunder. And 
hence we see the reason why longer bars are, in this way, 
more liable to break tlian shorter ones, or with less ap- 
pended weights. Hence also we perceive that, by gradually 
increasing these weights, till the bar separates and breaks, 

the« 



STRENGTH and. STRESS of BEAMS, &c. £03 

then the last or greatest wright, is the proper measure of 
the absolute streugth of the bar. And the same is the case 
with a rope, or cord, &c.<— So much then for the longitudi- 
nal strength and stress pf bodiesi^ Proceed we now %o am* 
sider those of their transverse actions^ 




PROPOSITION XLVIII. 

, 243, Thi Strength cf a Beam or Bar, of Wood or Metal, is^r^ 
in a Lateral or Transverse Direction, to resist n Foree acting 
Laterally, is Proportional to the Area or Section of the Beam 
in that Place, drawn into the Distance of its Centre of Gra^ 
vityfrofn the Place where the Force acts, or where the Frac^-' 
ture will end. 

Let AB represent the beam 
or bar, supported at its two 
efnds, and on which is laid a 
weight ^, to cause a trans- 
verse fracture abee. The 
force w acting downwards 
there, the fracture will com- 
mence or open across the 
fibres, in the opposite or 

lowest line ab *, from thence, as the weight presses down the 
upper line ee^ the fracture will open more and more below, 
and extend gradually upwards, successively to the parallel 
lines of fibres cc, dd, 8cc, till it arrive at, and finally open in 
the last line of fibres ee, where it ends ; when the whole 
fracture is in the form of a wedge, widest at the bottom, and 
ending in an edge or line ee at top. Now the area ae con- 
tains and denotes the sum of iall the fibres to be broken, or 
torn asunder ; and as they are supposed to be all equal to 
one another, in absolute strength, that area will denote the 
aggregate or whole strength of all the fibres in the longitu- 
dmal direction, as in the foregoing proposition. But, with 
regard to lateral strength, each fibi-e must be considered as 
acting at the extremity of a lever whose centre of motion is 
in the line e^ : thus, each fibre in the line ab, will resist the 
fracture, by a force proportional to the product of its indi- 
vidual strength into its distance ae from the centre of motion ; 
consequently the resistance of all the fibres in ab, will be 
expressed hy ab x ae. In like manner, the aggregate re* 
sistance of another course of fibres, parallel to ab, as cc, will 
be denoted by cc x ce\ and a third, as dd, by dd. x de\ and 
so on throughout the whole fracture. . So that the sum of 
all thf se products will express the total strength or resist- 
ance 
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ance of an the fibres, or of the beam in that part. But, by 
' »rt. 222, the sum of all these products, is equal to the pro- 
duct of the area ae^h^ into the distance of its centre of gra- 
vity from ee. Hence the proposition is manifest. 

244-. CoroL 1. Hence it is evident that the lateral strength 
of a bar, must be considerably less than the absolute longi- 
tudinal strength, considered in the former proposition, and 
will be broken by a much less force, than was there neces- 
sary to draw the bar asunder lengthways. ^Because, in the 
one case the fibres must be .all separated at once, in an in- 
atant i but in the other, they are overcome and broken suc- 
cessively, one after another, and in som^ portion of time. 
For instance, take a walking stick, and stretching it length- 
ways, it will bear a very great force before it can be drawn 
launder *, but again takmg such a stick, apply the middle of 
it to. the bended knee, and with the two hands drawing the 
tsnds towards you^ the stick is brokien across by a small force,, 

245. CoroL 2. In square beams, the lateral strengths are 
fts the cubes of the breadths or depths, 

246, Corot. 3. And in general, the lateral strengths of any 
bars, whose sections are similar figures, are as the cubes of" 
the similar sides of the sections. . 

^47. CoroL 4, Ifi cylindrical beams, the lateral strengths 
are as the gubes of the diameters. x 

24S. CoroL 5. In rectangular beams, tl^e lateral strengths 
are to each other, as the breadths and square of the depths. 

^49. CoroL 6. Therefore a joist laid on its narrow edge, is. 
Wronger than when laid on its fiat side horizontal, in, 
proportion as the breadth exceeds the thickness. Thus, 
if a joist be 1 inches broad, by 2^ thick, then it will bear, 
4 times more when laid on edge, than when laid flat. Which* 
ghows the propriety of the modern method gf flooringi witlx. 
very thin, hut deep joists. 

S^ryO. CoroL 7. If a? beam be fixed firmly hj one end into a 
wall J in a horizontal position, and the fracture be caused by a 
weight suspended ^ the other end, the process would be th^. 
samei. only tliat the fracture would commence above^ and 
te**^i^^ate at the lower side ; and the prop, and all the co»' 
rollariea would still hold good. 

- 251. CoroL S. Wheft a cylinder or prism is made hollow, it 
is stronger than when solid, with an equal quantity of-maie^. 
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rials and length, in the same proportion as its outer' diameN>r ^ 
is greater. Which shows the wisdom of Providence lA 
ihaking the stalks of corn> and the feathers and bones of 
animals, &c, to be hollow. , Also, if the hollow beam have 
the hollow or pipe not in the middle, but nearest to that side 
where the fracture is to end, it will be so much the stronger, 
25.2. CoroL 9. If the beam be a triangular prism, it will 
be strongest when laid with the edge upwards, if the frac- 
ture commence or open fir3t on the under side ; otherwise 
with the flat side upwards 5 because in either case the cen- 
tre of gravity is the farther from the ending of the fracture. 
And the same thing is true, and for the same reason, for any . 
other shape of the prism. On the same account also, a 
square beam is stronger when laid, or when acting angle- 
wise, than when on a flat side. 

PROPOSITION XLIX. 

• 

253. The Lateral Strengths of Prismatic Beams ^ of the sami 
materials^ are Directly as the Areas of the Sections and the 
Distances of their Centres of Gravity s and Inversely as their 

' Lengths and IVtights. 

Let ab and cd represent tlie 
two beams flxed horizontally, 
by their ends, into an upright 
wall AC. . Now, by the last 
prop, the strength of either 
beam, considered as without or 
independent of weight, is as its section drawn into the dis* 
tance of its centre of gravity from the fixed point, viz. as sc% 
where s denotes the transverse section at a or c, and c the 
distance of its. centre of gravity above the lowest point a or 
c. But the effort of their weight, w or lu^ tending to sepa- 
rate the fibres and break the beam, are, by the principle of 
the lever, as the weight drawn into the distance of the place 
where it may be supposed to be collected and applied, which 
is in the middle of the. length of the beam 5 that is, the effort 
of the weight upon the beam is as w x tAb. Hence the . 
prop, is manifest. 

254. CoroL 1. Any extraneous weight or force also, Any- 
where applied to the beam, will have a similar effect to break 
the beam as its own weight ; that is, its effect will be as 
w X J, as the weight drawn into the length of lever or dis- 
tance from A where it is applied. 

9;55. CoroL 
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259, CoroL i . The greatest stress is when the weight W 
is at the middle : for then the rectangle of the two halves, 
AC * AC = ^AB . yAB = :J-AB*, is the greatest. And, from the 
middle point) the stress is less and less all the way to the 
txtremities a and B, where it is nothing. 

260. Corot, 2. The same thing wiH obtain from the weight 
of the beam itself>or from any other weight diffused equally 
all over it ; the stress in this case being the half of the 
former. So that, in all structures, we should avoid as much 
«s possible, placing weights or strains in the middle of 
beams. 

26 K Corel, 3, If w be the greatest weight that a beam can 
fustain at its middle point ; and it be required to find the 
place where it will support any greater weight w ; that point 
will be found by making, as w : w : : ^ab . ^AB, or -J^ab* ; 

AC • BC or AC X (aB — Ac) = AB . AC — AC*. 



FROPOSITION Lt. 

862.; When a Beam is placed aslope ^ its Strength in tiat position, 
is to its Strength when Horizontal ^ to resist a Vertical Force^ 
as the square of Radius is to the Square of the Cosine of the, 

' Elevation. 

Let ajb be the beam standing aslope, 
CF perp. to the horizon afg \ then cd 
k the vertical section of the beatn, and 
CE, perp. to AB, is the transverse sec- 
tion, and is the same as when in the' 
horizontal position. Now, the strength, 
in both positions, is as the section drawn 
into the distance of its centre of gravity 
from the point c, But the sections, being of the same 
breadth, are as their depths, cd, ce •, and the distances of 
the centres of gravity are as the -same depths ; therefore the 
Strengths are as en , cd to ce . ce, or cd* to ce\ But, 6y 
the similar triangles cde, afp, it is cd : ce ; : ad : af, as 
radius to the cosine of the elevation. Therefore the oblique 
strength is to the transverse strength, as ad* to af*, th^ 
square of radius to the square of the coshie of elevation. 

^ 269; Corol \ . The strength of a beam increases frpm the 
horizonul position, where it is least, all the way as it revolve^ 
to the vertical position, where it is the greatestf 
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264. fVb^h Beams, stand Aslope, w Obliquely , and smstatning 

Weights, either at the Middle Points , or in any other Similar 

Situations, or Equally Doused over .their Lengths 'p the 

' Stream upon them are Directly as the Weights, and the 

Len^hs, and the Cosines of ElevHtiori. 

For, by the inclined plan^, the weight is to the pressfere 
on the plane, as ac to af, as radius to the cosine of elevation: 
therefore the pressui'e is as the weight drawn into the cosine 
of the elevation. Hence the stress will be as the length of 
the beam and this force ; that is, as the weight x length x 
cosine of ekiration. , 

265. CoroU 1. When the lengths and weights of beams 
are the same, the stress is as the cosine of elevation ; and it 
is therefore the greatest when it lies horizbntaL 

266. Corol. 2. In all similar positions, and the weights vary- 
ing as the lengths, or the beams uniform \ then the stress 
\aries as the squares of the lengths: 

267. CoroL 3. When the weights 
iare equal, on the oblique beam ab, 
and the horizontal one AC, and bC 
is vertical ; the stress on both beams 
is equal. For, the length into the 
cosine of elevation is the same in 
both; or ab x cos. A = ac x ra- 
diuSi 

268. CoroL ^. But if the weights on the beams vary as 
their lengths; then the stress will also Vary in the same 
ratio*. 

S69., CoroL 5. And universally, the strieiss lipoii any point 
of an oblique beam, is as the rectangle of the segments of 
the beam, and the weight, and cosine of inclination, directly; 
and the length inversely. 
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PROPOSXTIOM LIU* 

270r Whin a Beam is to sustain any Weight, or Pressure, or 
Force, acting Latereify; then the Strenph ought to be as the 
Stress t^n it; that is, the Breadth muHMted h the Square 
of the Depth, or in similar sections, the Cute ^the Diameter, 

, far every tlace^ ou^ to be proportional to the Lettg^ drawn 
into the Weight or Force acting on it. And the jom^. is true 
of several Different Pieces of timber compared together. 

For every several piece of timber or metal, as well as 
every part of the same, ought to have its strenjgth propor- 
tioned to the vreight, force, or pressure it is to support. And 
therefore the strength ought to be universally^ or in e^^ery 
part as the stress i^pon it* B>ut the strength is as the breadth 
into the; square of the depth ; and the stress is as the wei|^lit 
or force into the distance it acts at. Therefore these must 
be in constant ratio. This general property will give rise to 
the effect of different shapes in beams, according to particu* 
lar circumstances; as in the following corollaries. 

271. Coroh 1. If ABC be a hori- 
zontal beam, fixed at the end ac, 
and sustaining a weight at the other 
end B. And if the sections at all 
places be similar figures; and be be 
the diameter at any place d ; then 
BD will be every where as de'. So that, if adb be a right 
line, then beg will be cubic parabola. In which case | of 
such a beam may be cut away, without any diminution of 
the strength. — But if the beam be bounded by two parallel 
planes, perpendicular to the horizon ; then Bt> will be as 
D£^ ; and then beg wiU be the common para|)ola. la which 
case a 3d part of the beam may be thus cut away. 

272. CoroL 2. But if a weight press uniformly on every 
part of AB ; and the sections in all points, as D, be simtlarj 
then BD^ will be every where as gb} : and then BSC is the 
semicubical parabola. 

But, in this disposition of the 
weight, if the beam be bounded by 
parallel plainis, perpendicular to the 
horixon ; then bd will be always as 
^£ ; and bec a right line, or abc a 
w^dge. So that then half the beam 
may be cut awayi without diminution of strength. 

27». Corol. 
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. S7j;<ir»/.S* KdiebtamAB j^ ^ 

be supported at both ends v and 

if it sustain a w^»ght at ^iny va^ 

riable point 89 or uaiformlj on 

all parts of its length; and if all the sections be similar 

figures; then will the diameter Dzrf be ev^ where as the 

rectangle ad . db. 

But if it be bounded by two parallel planes, perpendicular 
to the horizon ; then will db* bi& every where as the rect- 
angle AD . DB^ and the curve aeb an ellipsis. 

y?4.. Ctr^A ♦. But if a weight 
be placed at any given point t» 
and all the sections be similar fi- A H f* B 




gures ; then will ad be as de', ^ 

and AG, BG be two <jubic para- ^ ^ 

bolas. 

But if the beam be bounded by two parallel planes, per- 
pendicular to the horizon ; then ad is as D£% and AG and 
BG are' two common paratxdas. 

a75. ScMiutn. Tlie relative strengths of several sorts of 
wood, and of other bodies, as determined by-Mn Emerson^ 
are li^fi>llow: 

Iroii , •-- --*♦- 107 
Bferass -•--•-• 50 

. Bone - * - - - - - 2% 

Box, Tew, Plumtreej Oak - - — • 11 

Elm, Ash . ^ . - • ^ 8i 

Wabiut, Thorn ^ - . - . 7| 
Red fir. Holly, Elder, Plane, Crabtree, Appletree 7 

Beech, Cherrytree, Hazle - - - 6«. 

Lead - -- - - - - 6J 

Alder, Asp, Blrdi, White fir, Willow - 6 

Fine freestone - ^ * - - - 1 

A cylindric rod of good clean fir, of 1 inch circui^ferencej 
drawn lengthways, will bear at e^^tremity 400 lbs | and a 
^ear of fir, 2 inches diameter, will bear about 7 tons in that, 
cfirection. 

A rod of good iron, c^ an inch circumfer^ncet will bear 
a strc^tch of near S tons weight. * 

A good hempen rope, of an inch circumfe^nce, will beaif 
1000 lbs at the roost. " 

Hence Mr. Emerson concludes^ that if a rod of fir, or of 

P 2 iron. 
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iron, or a rope of d inches diameter, were to lift j-. of the ex* 
treme weight ; then 

The fir would bear 8| ^/* hundred weights. 
The rot>e - - 22 rf* ditto. * 
The irort - - 6\ eP" tons* 

Mr. Banks, an ingenious lecturer on mechanics, ma;de 
many experiments t>n the strength of wood and metal; 
whence he concludes, that cast iron is from 3^ to 44 times 
stronger than oak of equal dimensions \ and from 5 to 6^ 
times stronger than deal. And that bars of cast iron, an 
inch square, weighing 9 lbs. to the yard in length, supported 
at the extremities, bear on an average, a load of 970 ibs. 
laterally. And they bend about an inch before they break. 
^Many other experiments' on the strength of different ma- 
terials, and curious results deduced from them, may be seen 
in Dr. Gregory's and Mr. Emerson's Treatises on Mechanics^ 
as well as some more propositions on the str^igth and stress 

of different bars. 

« 

On the Centres of percussion, oscillation, 

and gyration. 

276. THE Centre of Percussion of a body, or a 
syst-em of bodies, revolving about a point, or axis, is that 
point, which striking animipoveable object, the whole mass 
shall not incline to either side, but rest as it were in equi* 
librio} without acting on the centre of suspension. 

277. The Centre of Oscillation is that point, in a body 
vibrating by its gravity, in which if any body be placed, or if 
the whole mass be collected, it will perform its vibrations in 
the same time, and with the same angular velocity, as the 
whole body, about the same jpoint or axis of suspension. 

278. The Centre of Gyration, is that point, in whic](i if 
the whole mass he collected, the same angular velocity will 
be generated in the same time, by a given force acting at any 
placei as in the body or system itself. 

279. The angular motion of a body, or system- of bodies, 
is the motion of a line connecting any point and the centre 
or axis of motion; and is the same in all parts of the same 
revolving body. And in different unconnected bodies, each 

' revolving about a centre, the angular velocity is as the abso- 
lute velocity directly, and as the distance from the centre 
inversely; so that, if their absolute velocities be as their 
Fadii or distances, the angular velocities will be equal. 

F&09 
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1E80. To find the Centre of Percussion of a Body^ ur System 

cf Bodies. 

Let the body revolve about an dxis 
passing through any point s in the line 
SGQ, passing through the centres of gra- 
vity and percussion^ g and o. Let mm 
be the section of the body, or the plane 
in which the axis SGO moves. And 
conceive all the particles of the body to 
be reduced to this plane, by perpendi* 
culars let fall from them to the plane : a 
supposition which wiU not afiect the 
centres G, Q, nor the angular motion of 
the body. 

Let A be the place of one of the particles, so reduced ; 
join SA, and draw ap perpendicular to as, and Aa perpendi- 
cular to SGO : then ap will be the direction of a'« motiort as 
it revolves about s ; and the whole mass being stopped at o, 
the body A will urge the pojnt p, forward, with a force pro- 
portional to its quantity of matter and velocity, or to its 
inatter and dbtance from the point of suspension ^ ; that is, 
as A . SA ; and t^e efficacy of this force in a direction per* 
pendicular to so, at the point p, is as a . sa, by siii\ilar tri- 
an^es ; also, the effect of this force on the lever, to turn it 
about o, being as the length of the lever, is as A • sa • po = 
A • sa . (so — sp) = A . sa . SO — A . sa . sp = A • sa • so — 
A . SA^ In like manner, the forces of b and c, to turn the 
system about o, are as 

B . sb . so — B . SB*, and ^ 

C . sc . so — c . sc% &c» 

But, since the forces on the contrary sides of o destroy 
one another, by the definition of this force, the sum of the 
positive parts of these quantities must bp equal to the sum of 
the negative parts* 

th^t is, A . sa • so + B • sb . so -)- c • 6C • s« &c = • • 
A . sA*+ B . SB* + c . sc* &ci and 

A . SA* 4- B . SB* + C. so* &C 

hence so =s - 



sa 



+ B . sb + c . sc&c* 



Ti^hich 
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which ii the distince of the centre of percmslon below the 
ajus of motion. 

And here it must be obtenred tha^ if any of the points 
a, b> &c> £dl on the contrary side of Sy the correspondhig 
product A . say or B • sb^ &c, must be made negative. 

281, Corol. 1. Since, by cor. 3, pr. 40| A + b + c Sec^ 
or the body t x the distance ot the centre of gravity, S6» 
is = A • sa + B . sb + c • sc &€, which i^ the denominator 
of the value of so } therefore the distance of the ceiltre of 

A . sA* + B • SB^ + c . se* &c 
percussion, u so =: — sG X body "* * 

983. Carol. 2. Since, by Oeomietry, tbeor. 80^ 87y 
it B SA* = SG* + GA* — «tG . Ga, 
and SB* = SG* + gb* + 2sg . cb, 
and ac* = sg^ + cc^ + 2«Cf . cc, Src; 
.and, by cor. 5, pr. 40, the sum of the last terms is nothihgy 
namely, — 2sG . Ga + 2aG . cb + 25G . ec &c = 0^ 
therefore the sum of the others, or A • SA^^ b • sB* &c « 

is = (a + B &c) • SC* + A . GA* + B . GB» + C . ^C* &C, 
or = i . SG* + A . GA* + B . GB* + C • GC* &W I 

which being substituted in the numerator of the feregwig- 
value of so, gives 

* . SG* + A . GA* + B . GB* -f &C 

^.SG • 

. A . GA* + B . GB* + C . OC* kc 

or SO = SG + ' ' , , 

ff . SG 

283. Coral., 3. Hence the distance of the centre of per- 
cussion always exceeds the. distance of the coitre of gravitry^ - 

^ ^ . . A . GA* + B . GB* &C 

. and the excess is always go =5^ •— ^ — -r , 

9 • Sv 
^^ . - , t A . OA* +B.OB*&C 

284. And hence auso, SG . GO = ; — : — ; — r-^ ; 

, < the body a 

that is sG • GO is always the same constant quantity, where- 
et^ the pcHnt of suspension s is placed ; since the point g 
and the bodies a, b, &c, are constant. Or go is always 
redlproiosdly as sg, fhat is go & kss, as sg is greater i and; 
consequently the point q rises upwards and approaches to- 
wards the point G, as the point s is removed to the greater 
distance } and they coincide when sg is infinite. Bu^ when 
a coincides wkh Gj^ then go is infinite^ or o i$.at an infinity 
distance. 

FROPO* 
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PROPOSITION hV* 

as* if d B^y-±i at Ai Distance ba from an axis passing 
HnvugA Sy h made to, revolve ahut that axis ^ of^ Une ofting. 
ai P in the Line fiP^ Perpendicular to the Axis if M<Aim : b 

• ' fx rehired to determine the Quantity or Matter ^ahdither Rodj 
Qy nvhich being placed at Py ti>e Point when tfoe Force acts, ti 
shall be acceuraUd in the Same Manner^ at when A revolved 
at the Distance SA; 0ind consequently^ that the Angular Velocity 
of K and (ijabout S, may be the Same in Both Cases* - 

Bt the nature of the lever, sa : sp : :fz 

— .f the effect of the force f acting at p, 

on the body at A; that isi the Ibrce/ acting at 

T, wiU have t!ie same effect on the body a, as 

$p 
the force — J^ acting directly at the point A. 

But ar ASP revolves alto^her about the axis at s, the abso- 
lute velocities of the pomts A and s, or of the bodies a and 
Hi win be as the radii sa, sp, of the circle described by them. 
Here then we have two bodies A and q, which being urged 

SP . 

directly by the forces^ and — f, acquire velocities which are 

as SP and sa* And since the motive forces of bodies are as 
their mass and velocity : therefore • . . . 

8P SA^ 

— / 2 / : : A . SA ^ ^ . SP, and sP* : sa* :; A: o rr —r a, 

iA*' '^ SP* 

which therefore expresses the mass of matter which, being 
placed at p, would receive the same angular motion from the 
action of any force at p, as the body a receives. So that the 
resistance of any body a, to a force acting at any point p, 19 
directly as the square of its distance sa from the axis of mo- 
tion, and reciprocally as the square of the distance sp of the 
point where the force acts. 

286. Cordl. 1. Hence the force which accelerates the point 

/ • sp* 
p, is to the force of gravity, as*^--^ — \ to I, or as f . s?* 

.•^" ' A • SA 

^O A . SA*. 

2S7. Corol. 2. If any number of bodies 
A, B, c, be put in motion, about a fixed 
axis passing through s, by a force actr 
ing at P; the point p will be accele* 
rated in the same manner, and conse« 
quently the whole system will haive the 
9ame angular velocity, if instead of the 

bodies 
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bodies A, B, c^ placed at the distances SA^ sb, sc, there hf 

$A* ' ' SB* SC* 

substituted the bodies — r a, ^-tb, — rc ; these being coU 

SP* SP* sp* ' • . - 

lected into the point p. ' And hence, the moving force be- 

. • ^ , J. . 1 . SA* + B'.SB*-hC.»C*', 

mg/i and the matt^ moved bemg —— 



theref. — 



/.SP* 



SP* 



is the accelerating force j 



., r A . $A* + B . SB* + C . SC* 

which therefore is to the accelerating force of gravity, as 

/ . SP* to A '. SA* + B . SB* + C . so*. t ■ ^ 



288. CoroL 3. The angular velocity of the whok systeni 
of bodies, is as t-t-— — r :• 

r. „ A i SA* + B . SB* -I- C . 8C* 



For the abso- 



lute velocity of the point p, is as the accelerating force, or 
directly is the motive force / and inversely as the mass 

^ — I — : : but the angular velocity is as the absolute velo- 

city directly, and the radius sp inversely; therefore the an- 
gular velocity of p, or of the whole system, which is the same , 

' , ; /• SB 

thing, is as r— ; — ^ tt— ; r. 

** . A . SA* ^ B • SB* + C . SC* 
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289. Tp determine the Centre of Oscillation of any Compound Mass^ 
' or Body mn, or of any System of Bodies A, B, o, isfx. 

Let mn be the plane of vibration, to which let all the 
matter be reduced, by letting fall perpendiculars from every 
particle, to this plane. Let / 
G be the centre of gravity, 
tod the centre of oscilla- 
tion; through the axis s 
draw sGO, and the horizon- 
tal line ^; then from every 
particle A, B, c, &c, let fall 
perpendiculars Ail, a^, b^, b^, 
Ccy or, to' these twolines ; and 
join sA, SB^ sc; also, draw 
Gm, oH^ perpendicular- to sj^: 
Now th,e forces of the weights 
A, B, c, to tura the. body 
about the axis, are A . sp, b . 
sg', ^ c . sr; therefore, by 
Cor. 3, prop. 55^ the angular 

, ' mption 
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ijiobon generated by aU these ^fotc«« « ^ ..3^, j., . „%^c . »c* 
Also, the angul^tr yeloc. any particle p, placed in Oj generates 
^ the systjfm, by its weight, is^— , or — ^or^^^;;^, be- 

cause qf tlie similar triangles SGm^ son. But, by the pn>- 
ti^lem, the vibrations are p^ifc^med alike in both cases, and 
therefore these two expressions must be equal to each otEer, 
sm A.s^+B,Sf-7C.sr» 

%G . so "" A . SA* + B . SB* + C , ^Q^ 
sm A . $A* + B . SB"+ C . SC* ' * 

SO = — X : * 

SG A . S^ + B . 8^ — C . sr 

But, by jcor. 2, pr. 41, the sum A.s/ + B.Cf-*c.srs 
( A 4- B + c) . sm 1 therefore the distance so = w • « 

A '. SA^ + B . «B^ + C > »C* _ A . SA* 4* B , SB* -h C . SC *' ' 

»G.(A + B+c) , ""A.Stf + B.S^+C.Sr 

by prop. 42, which is the distance of the centre of oscillation 
o, beldw the axis of suspension $ where any of the products 
A . Stf, b • sbj must be negative, when a, i, &c, lie on the 
other side of s. So that this is the same expression as that 
for the distance of the centre of percussion, found in prop. S4« 
Hence' it appears, that the centres of percussion and of 
oscillation^ are in the very same point. And therefore the 
properties in all the corollaries there found for the formerj 

are to be here understood of the latter* 

■ , * . % 

290. Corol. 1. If / be any particle of a body i, and <f its 
distance from the axis of motion s ; also G, o the centres of 
gravity and oscillation. Then the distance of the centre of 
osdllatioh of the body, from the axis of motion^ is • • « 

■ "" sG X the-body y 

201* CproL Q. If t denote the matter in any compound 
body, Whose centres of gravity and! oscillaticm are o.and o; . 
the body p, which being placed at p, where the force acts as 
in the last proposition/ and which receives the same hiotion 

.' - SG.SO 

from that force af the compound body ^, is p =: j- . i. 

V For, by corol. 2, prop. 54, this body p is = - - . • 

A ; 6X* + b\ SB*^ ^ c . sc* •. \ 

But, by coroL 1, prop. 53f 



SJP* 



SG 



«1« STATICS. 



292« By the mediod of Fluxions^ xkt centre off oscillation^ ' 
for a regular body, will be found from ^r. 1* But for an 
irregular one; suspend it at the given point} and hxaz up 
also a simple pendulum of sucha lengthy that making meitl 
both vibrate^ they may keep time together. Then th# 
length of the simple penduhuUt b equal to the distaace of 
the oentre of osciUatioQ of the bcdyt below the point of sus* 
pension. 

293. Or it will be still better found thus : Suspwid the 

body Tery freely by the g^ven point, and make it vibrate in 

small arcs, counting the number of vibrations it makes in 

-any tin^e, as a minute, by a good stop watch ^ and let that 

number of vibrations made in a minute be caUed n : Then 

140850 

shall the distance of the centre of oscfllafion, be so =:= " ■ 

nn . 

inches. For, the length of the pendulum vibratkig second^,- 

or 60 times in a minute, being 39-|^ inches ; and the lengths . 

of pendulums being reciprocaUy as the square of the nucdier 

of vibrations made in the same time; therefore i- • • 

: 60* :: 39| : 5 =- „ — -^ . the length of the 

• _ nn ' ,nn 

pendulum which vibrates n times in a minute, or the distancQ 

of the centre of oscillation below the axis of motion. 

£94. The foregoing determinaticHi df the point, into which 
all the matter of a .bKxly being collected, it shaU osciUate in 
the same manner as before, only respects the casern wHeh' 
the body is put in motion by the gravity <^ its own paj'ticiesy 
and the point is the centre of oscUlation : but when the body - 
is put ia motion by some other extraneous force, instead of 
Its gravity, then the point is different From the former, and 
Is called the Centre of Gyration;, which is determined in thQ 
JFoHowiitg nuftin^ ; ■ ', " 



n* 



FRO- 



CENTRE M GinElATK)N* 



«» 



2d5. To ietefmne the Centre ef GjreOimrfs Om/tmidM^ 

or of a Sytem y JB^Jiis* . 

Lbt r be the centre of gyradons or 
the pcnnt into which aU the particles A» 
By c, &Cj being collected* it dndl re- 
ceive the same angular motion firbm a 
force/acting at r> as the whole syaiem 
receives. 

N0W5 by cor. S, pr. 54> the angular 
vdocity generated in the syaiem k^ the 



force f, is as — 



-9 and 




8A* + 9 . SB^ &C 

by £he same, the angtiha* veiocity of tide ^stem placed id 1^ 

/". sp . 

is ■»'■'■■' *^' ■ j - ' v ; ,: then, by making these two t^ 

yA "T* n *f* C 9CC) • SR 

pressions equal to each other, the eouation gives • « • 

^ > . fti* + B • »B* + C . se ^ . ,. ^ ^ 

SB =:v^ ■ — 7 , , for the distance of tho 

A + B + c 

centre of gyration below the axis^ of motion* 

296. Corol. 1. Because A . sa* + B . sb* &c =s so ^ a> . I, 
where C b the centre of gravity, o the centre of osciUationt 
and b the body a 4- b + c &c ; therefore tK* as so . so i 
that is, the distance of the centre of gyration, is a meaa pro- 
portional between those of gravity ao^ osci&adon. 

297. Carol. 2. Up denote any partideof a body ^, at d di- 
stance &om the axis of motion; thensii*=:-. — ■ ■ , ^ ■♦ 

body ^ 

PBOPOSITION Lviii. 

298. To determine the Velocity with which m Ball moveSf wMdi 
being shot against a Ballistic Pendulum, causes it to vitrati 
through a pven Angled 

The Ballistic Pendulum is a heavy block 
of wood UN,, suspended vertically by a 
strong horiaontal iron axis at s> to which 
it is connected by a firm iron stem. This 
problem is the a^lication of the last pro- 
position, or of prop. 54, and was invented 
by the verj^ ingenious Mr. Robins, to deter- 
mine the initial velocities of military pro- 
jectiles ; a circumstance very useful m that 
science; and it is the best mediod yet 
known fbr determining them with any de- 
gree of accuracy. Let 
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Let Cf ftj o be the centres of gravity^ gyrations and oscil- 
lationj as determined by the foregoing propositions j and let p 
be the point where the ball strikes the face of the pendulum ; 
the momentum of which, or the product of its weight and 
velocity, is expressed by the force/", acting l>^ 

• at p, in the foregoing propositions. Now^ 
Put p =3 the whole weight of the pendul. 

% =3 tlie weight of the ball, 

^ =s 86 the dist. of the cen. of grav. 

:£z so the dist. of the cen. ofoscilla. 

r ss SR = V^^thedist.of cen. ofgyr, 

f =s sp the dist. of the point of impact, ^IHiBI^ 

V =s: the velocity of the ball, 

u s: that of the point of impact p, 

r =: chord of the arc described by o. 

By prop. 56f if the mass p be placed all at R, the pen« 
dulum will receive the same motion from the blow in the 

pomt P : and as sp' : SR* ::/ : — » ./ or — ^orTrf,(prop. 54), 

tht mass which being .placed at p, the penciulum will still 

receive the same motion as before, tiere then are two 

^ go 
quantities of matter, namely, k and -rf j), the former moving 

* , witl^ th^ velocity v, and striking the latter at rest.; to deter- 
mine their common velocity «, with which they will jointly 
proceed forward together after the stroke. In which case^ 
by the law of the impact of non-elastic bodies, we have 

%rp + 4'« * 5 : v : I/, and therefore v =r — rrrr^u the velo- 

city of tl\e ball in terms of i/, the velocity of the point p, 
and the known dimensions and weights of the bodies. 

Put now to determine the value of </, ve must have re- 
course to the angle through whicJi th^ pendulum vibrate^ ; 
for when the pendulum descehds down again to the vertical 
, position, it will have acquired the same velocity ' with which 
it began to ascend, and, by the laws of falling bodies, the 
velocity of the centre of oscillation is such, as a heavy body 
would acquire by freely falling through the' versed sine of 
the arc diescribed by the same centre o. But the chord of 
that arc is r, and its radius is^; arid, by the nature of thq 
circle, the chord is a mean proportional between the versed 

' ''\ ' . '''■'■? ■ ' ^^ 

sine and diameter, therefore 2^ : < :; r : ;^, the versed sine 

t>{ the arc described by o. Then, by the laws of falling bodies 
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V16^ : V J- : : 32| : r-v/— i the velocity acquired by the 
point o in descending through the arc whose chord is c, 
,vrhere a = 16^^^ feet : and therefore # : i : : Ca/ — : - V~^ 

9 9* 

which is the velocity u, of the point P. 

Then^ by substituting this value for u, the velocity of the 

ball, before found, becomes v = rr^ x cjJ — • So 

^ that the Velocity of the ball is directly as the chord of the 
arc described by the pendulum in its vibration. 

SCHOLIUM. 

299. In the foregoing solution, the change in the centre 
of oscillation is omitted, which is caused by the ball lodging 
in the point p. But the allowance for that small change, 
and that of some other small quantises, may be seen in my 
Tracts, where all the circumstances of this method are 
treated at full length. - . 

300. For an example in numbers of this method, suppose 
the weights and dimensions to be as follow : namely, 
p = 5701b, - ' 
b =: ISozl^dr 

= l-lSllb, 
g = 78i inc. 
# = 84>|- inc. 

= 7-065 feet 
i == 94T\r inc. 
c = 18-73inc. 



Then 

bjtjrg^ _ l'131x94'3*4-78ix84»j.x570 



bio 1-131x94t^x84^ 

A3-73 ^ ^ ,^ ^ 

^ J 2^ ^ S2f ^193 

Therefore 656*56 x 2-1337, or 1401 feet, is the velocity, 
per second, with which the ball moved when it struck the 
pendulum. 



Of hydrostatics. 

• 301. Hydrostatics is the science which treats of the 
pressure, or weight, and equilibrium of water and other 
fluids, especially those that are non- elastic. 

302. A fluid is elastic, when it can be reduced into a less 
volume by compression, and which restores itself to its former 
bulk again when the pressure is removed ; as air. And it is 
iaoh-eiastic, when it is not compressible by such force ; as 
water, &c. ^ / 

PRO- 
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SOS. If any Pari pfa. FhM he rmei. tndant ^^ tU rtH^ fy 
any Forci^ and ibm left to itself; tie tigher Parti 'will descend 
tt tiehwr Blaeesj and the midd'^mU mt rati, iillitf Surface 
Jr fuite even and levels 

FoR| the parts erf* a fluid being easily moveable every 
way, the higher parts will descend by their superior gravitjs 
and raise the low^ partsj till the whole come to rest in a 
l«¥el or horisontal pleM* 

804. Cord. 1 . Hence, water that com- 
municates with other water^ by means of 
a close canal or pipe^ will stand at the same 
height in both places. Like as water in 
the two legs of a syphon. 



905. CoroL 2. For the same reason, if 
% fluid gravitate towards a centre ; it will 
dispose itself into ^ spherical %«r«i, the 
centre of w)uch is the centre of fonce* like 
the sea in respect of the earth. 




PROPOSITION tx. 

906. WT>en a Fluid is at Rest in a Vessel^ tie Bau rf nfi^iit is 
Parallel to. ti^ Horizon ; Equal Paris of the JSase are Eqi^y 
Pressed by the Fluid. 

For, on every equal part of this b^se there is an equal 
column of the fiuid supported by it* And as all the columns 
are of equal height, by the last proposition they are of equal 
weight, and therefore they pcess the base equally; that is> 
equal parts of the base sustain an equal pressure. 

t S07. Corol. 1. All parts of the fluid press equally at the 
same depth* For, if a plane paraljiel tp the homqn he con-* 
ceiyed to be drawn at that depth \ then the pre^o^re beijPg 
the same in any part of that plane, by the prppp^tioa#. 
therefore the psuts of the fluid, instead of the plane, sustain 
the same pressure at the same depth. 

^f^^ CoroL 2. The pre^^re of the fliiid at apy d^th^ it 
a^ xhs dept Ji of the fl\5d. For |he pres3i«e is, ^^ the w«^t^ 
and the weight is as the height of the fluid.^ 

809. Coroh 
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S09. Cenl. S. The pressure ot the fluid on any horizontal 
t M ' iina e^ phnc> a «^mi1 ' A the m^t dS a ounmn of tfa* 
fl^d> mbaat bsM is tqtnl to tint {djno, aod ahitade u itf 
-fl^tiiilMtofr.^ vfpae sarfut of thefliUd. 

>K.OPO>IT101« LZI. 

510. Wimafhiidii PreisedhjHtevmWei^,erhjanjBtbff 
Strct t at any Pant it Pruui Equtdly^ in all Directionj luBof* 
tvtr. 

Tail arises from the nature of fluidity, by which it yieldi 
to any force in any direction. If it canoot recede from any 
force applied, it will press agauut other parts of the fluid in 
the direction of that force. And the pressure in all direc- 
tions will he the same : for if it were less in any part, thie 
fii4d would move that way^ till the pveuute be eqiul every 
way. 

311. Cptv/. 1. In a vessel containing a fluid) the pTMSiue 
m Ae aune aj^aiBEt the bottom] as agamtt the aide*, or even 
vpwardt at the tune depth. 

S12. Coral. 2. Henoe^ and from 
the Iwt proposition) if APCD be a 
vessd of, water, and there be taken, 
ip the base produced, de, to repie- 
sent the pressure at the bottoHi ; 
joining AE, and drawing any pa- 
rallels to the base, as fc, Hi ; th^ 
shall SO represent the pressure at 

the depth AO, and hi the pressure at the depth li, and lo 
qn ; because the parallels - fGj Hi, BDj 
by sim. triangles, are as the depths ag, ai, ad : 
which Toe as the pressures, by the proposition. 

And hence the sum of all the Fo, hi. Sec, or area of the 
tri^gie ADE, is as the pressure against all the points G, I, 
&c, that is, against the line ad. But as every point in tlie 
tine CD is pressed with a force as de, and that thence the 
pMBSuro on the whole tine cd is as the rectangle bd . dc, 
while that against the side is as the triangle Ade or 4-ad . de \ 
ther^we the preesure on the horizontal line dc, is to the 
psessure against the v«tical line da, as dc to \ak> And 
hence, if the ve*ri be an upright rectangular one, the pres- 
i oo the bottom, or whole wwlght of the fluid, is to the 
' 'i to half that sklev 
) to the pressure against 




fwe oo the bottom, or whole wwlght of th 
messuK R^nst one side, as the base is t 
l%ertfiK<« &e w«ight ai the fliud is to the 



•2* HTDItOStATiCS. 

vH the four upright sides, as the base b to hali^ the 
:sux£ice. And tl^ same holds true also in any upright vesselt 
whatever the sides be, or in a tylindrical vessel. Or, in |he 

S Under, the weight of the fluid, is to Che pressure against 
e upright surface, as the radius of the^base is to double the 
altitude. ^ 

Also, vhen the rectangular prism becomes a cube, it 
appears that the weight ot the fluid on the base, is double 
' the pressure against one of the upright sides, or half the 
pressure against the whole upright surrace* 

SIS. Corol» 5. The pressure of a fluid against any upright 
surface, as the gate of a sluice or canal, b equal to half the 
weight of a column of the fluid whose base b equal to the 
surrace pressed, and its altitude the same as the altitude of 
that surface. For the pressure on a horizontal base equal 
to the upright surface, is equal to that column; and the 
pressure on the upright surface, b but half that on the base, 
of the same ariea* 

So that, if ^ denote the breadth, and d the depth of such 
ft gate or upright surface; then the pressure against it, b 
equal to the weight of the fluid whose magnitude b itd* ss 
-fAB . ad'. Hence) if the fluid be water, a cubic foot of 
which weighs 1000 ounces, or 62^ pounds; and if th6 
depth Ad be 12 feet, the breadth ab 20 feet; then the 
content, or -^ab . ad^, is 1440 feet ; and the pressure is 
1440000 ounces, or 90000 pounds, or 40f tons weight 
nearly. 

PROPOSITION LXri. 

314. Tie pressure ^ a Fluid fin a Surface any bow immersed iH 
it J either Perpendicular^ or Horizontal^ or Oblique ; // Equal to 
the Weight of a Column of the Fluids whose Base is equal io 
the Surface press ed^' and its Altitude equal to the Depth of the 
Centre of Gravity of the Surface pressed below the Top or Sur^ 
Jace of the Fluid. 

For, conceive the surface pressed to be divided into innu- 
/ merable sections parallel to the horizon ; and let s denote 
any one of those horizontal, sections, also d its distance or 
depth below the top surface of the fluid. Then, by art. 309, 
the pressure of the fluid on the section b equal to the weieht 
oids; consequently the total pressure on the whole surface 
is equal t6 all the. weights ds, But^ if b denote the whole 
surface pressed, and g the depth of its centre of gravity be^ 
low the top of the fluid ; jllien^ by art. 2b^ or 259, bg is equa^ 

to 
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to the sum of all the ds. Consequently the whole pressure 
of the fluid on the body or surface b, is equal to the weight 
of the bulk bg of the fluid, that is, of the column whose base 
is the given surface h, and its height is g the depth of the 
centre of gravity in the fluid. 

PROPOSITION LZIII. 

315. The Pressure of a Fluid, on the Base tfthe Vessel in telnch 

it is contained, is as ike Base and Perpendicular Altitude} 

•whatever be thf Figure tfthe Vessel that contains it. 

If the sides of the base be upright, so that 

it be a prism of a uniform width throughout; 

then the case is evident ; for then the base 

supports the whole fluid, and the pressure is 

. just equal to the weight of the fluid. 

But if the vessel be wider at top than bot- 
tom i then the bottom sustains, or is pressed 
by, only the part contained within the up- 
right tines ~ac, bDj because the parts Aca, 
Bnb are supported by the sides AC, sp; 
and those parts have no other effect on the 
part aboc than keeping it in its position, by 
the lateral pressure against ac and bo, which 
does not alter its perpendicular pressure downwards. And 
thus the pressure on the bottom is less than the weight of 
the contained fluid. 

And if the vessel be widest at bottom; then ^^AB If 

the bottom is still pressed with a weight which : tj 

is e^ual to that of the whole upright column 1 |U 

abDC. Vor, as the parts of the fluid are in "■ /1tj\ ! 

equilibrio, dl the parts have an equal pressure i.^).^^ 

at the same depth; so that the parts within cc ^ '-~^ ^ 

and An press equally as those in cd, and there- 
fore equally the same as if the sides of the vessel had gone 
upright to a and b, the defect of fluid in the .parts Aca 
;md Bd£ being exactly compensated by the downward pres* 
sure or resistance of the sides ac and bd against the con- 
tiguous fluid. And thus the pressure on the base may be 
made to exceed the weight of the contained fluid, in any 
proportion whatever. 

So that, in general, be the vessels of any figure whatever, 
regular or irregular, upright or sloping, or variously wide 
and narrow in different parts, if the bases and perpendicular 
altitudes be but equal, the bases always sustain the same 
pressure. And as that pressure, in the regular upright 
Vol. II; Q, vessel. 
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vessel, is the vhole column of the fluid) which is as the'bas^ 
and attitude i therefore the pressure in all figures is in that 
•iune ratio. 

3 1 6. Ctrol. I. Hence, 'when the heights are equal, the 
pressures are as the bases. And when the bases are equal, 
the pressure .is as the height. But when both the heights 
and bases are equal, the pressures are equal iu all, though 
their contents be ever so different.. 

317. Carol. 2. The pressure on the base of iny vessel, is 
the same as on that ofa cyhnder, bf an equal bas£ and height. 

518. Corol.Z. If there be an inverted sy-* 
phon, or bent tube, abc, containing two dif' 
ferent fluids CD, ABD, that balance each other, 
oi" rest in equilibrio; then their heights in 
the two legs, ae, cd, above the point of meet^ 
' ing, will be reciprocally as their densities. 

For if they do not meet at the bottonHy 
the part qd balances the part be, and there-' 
fore the part CD balances the part AE ; that 
is, the weight of cd is equal to the weight 
of AE. And as the surface at D is the same, 
where they act against each other, therefore 
AE : <CD : : density of cu : density of a e. 

So, if CD be water, and ae quicksilver, which is near 14 
^imes heavier; ■ then cd will be == 14ae ; that is, if ae be 
] inch.'cD will be 1* inches; if AE be 2 inches, CD wiU 
be 2S^ inches; aiid so on. 

pSoposition lxi*. 

319 If a Body be Immersed in a Fluid of the Same Density 
or Specific Gr/ivily: it villi Rest in any Place vjhere it is put. 
But a Ihdy of Greater Density will Sini ; and one ofa Less 
Density loill Rise to the Top, and float. 



The body, being of the same den- 
sity, or ot the same weight with the 
like bulic of the fluid, will press th6 
fluid under it, juSt as much as if its 
Space was filled with the fluitf itself 
■ The pressure then all around it will 
6e the same as if the fluid Were in 
its place; consequently there is no 
forc^, neither upward nor down- 
ward, ro put the body out of its 
place. And therefore it will remain 
whei fever it is put. 
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/_ kut if the body be Ugbter ^ its pressure downward will be 
less than b^forey and less thin the water upward at the sam^ 
depth ; therefore the great force will overcome the less, and 
push the body upward to A. 

And if the body be heavier than the fluid, the pressure 
downward will be greater than the fluid at the same depth.; 
therefore the greater force will prevail, and carry the body 
down to the bottom at 6: 

320. CoroL 1 . A body in^mersed in a fluid, .loses as much 
weight, as an equal bulk of the fluid weighs. And the fluid 
gains the same weight. , Thus, if the body be of equal flen- 
slty with the fluid, it loses all its weight, and so required no 
force but the fluid to sustain it. If it be heavier, its weight 
in the water will be only the difference between its own 
weight and the weight of the same bulk of water ; and it re- 
<uiires a force to sustain it just ^qual tb that difference. But 
if it be lighter, it requires a force equal to the same differ-' 
ence of weights to keep it from rising up in the fluid* 

.321. CoroL 2. The weights lost, by immergihg the same 
body in different fluids, are as the specific gravities of the 
fluids. And bodies of equal weighty but different bulk, lose, 
in the same Suid, weights ^hich are reciprocally as the spe- 
cific gravities of the bodies, or airectly as their bulks. 

322. Corol. 3. The whole weight of a body which will float 
in a fluid, is equal to as much of the fluid, ap the immersed 
part of the body takes up, when it floats. For the pressure 
under the floating body, ii just the same as so much of the 
fluid as is . eqoai to the iaunersed pait ; and therefore th6 
weights are the same. 

S23. CoroL 4. Hence thd magnitude of the airhole body,' is 
to the magfaitude of the pa^t immersed, as th^, specific gra- 
vity of the fluid, is to that of the body. For, in bodies of 
equal weight, thd densities^ or specific gravities; are reci- 
procally as their magnitudes. 

324. CoroL 5. And because, when the weight of a body 
taken in a fluid, is subtracted from its weight out of the' 
fltiid, the difference is the weight of an equal bulk of the 
fltiidi this therefore is to its weight in the air, as the specific 
gravity of the fluid, is to that of body. 

Therefore, if w be the weight of a body in air, 

^ its weight in water, or any fluid, 
s the specific gravity of the body, anci 
s the specific gravity of the fl^uid ; 

62 V tlieh 
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then w — w : w : : / : t, which proportim tHH* give dt&er 
of those specific gravities, the one from the other. 

tr 

Thus s = ■' X, the specific gravity of the body ; 

w — w 
• am} 5 -5 -«_ s, the specific gravity of the fluid* 

So that the specific gravities of bodies, are as their weights 
in the air directly, and their loss in the same fluid inversely. 

325. CoroL 6. And hence, for two bodies connected to- 
gether, or mixed together into one compound, of diflierent 
«pecific gravities, we have the following equations, denoting 
their weights and specific gravities, as below, viz. 

H = weight of the heavier body in air, ? -^ ^ -^ 

h = weight of the same in water, , ] '-'^ 'P^^' g^^^' 

L =: weight of the lighter body m air, 7 . ^.g^itv- 

/ = weight of the same in water, V^^ ^P^' ^^^^ 

c = weight of the compound in air, / /.. •^ 

c = weight of the same in water, \ f^^ ^^* S«^^' 

IV =s the specific gravity of water. Then, 

1st, . (h -; A) s = Hw, From which equations may be 
2d, (l — /) s = Lw, found any of the above quantities, 
3d, (c — c)f^ cnvj in terms of the rest. 

Thus, from one of the first three 
equations, is found the specific gra- 
vity of any body, as / = -— ;> by 

dividing the absolute weight of the 
body by its loss in water, and multiplying by the specific 
gravity of water. 

But if the body l be lighter than water ; then / will be 
negative, and we must divide by L + ? instead of L — /, and • 
to find / we must have recourse to the compound mass c; and 

because, from the 4th and 5th equations, L — /«=c— c — 

H — /&, therefore s = 7 t ^,-\ ; that is, divide 

(e - c) - (h - i») 

the absolute weight of the light body, by the difference be- 

t\*'een the losses in water, of the compound and heavier body, 

and multiply by the specific gravity of water. Or thus, 

s/l 
i zz -«— =^ — J-, as found from the last equation, 
cs H/ 

Alsoi if it were required to find the quantities of two 
ingredients mixed in a compound, the 4th and 6th equations 
ttould give their values^ as follows, viz. 

H =7 



4th, H + L = c, 

5th, A 4- / = ^, 

^ , H , L c 

^*^»T+ 7=7 



SPECIFIC GRAVITY. 229 

the quantities of the two ingredients h and l, in the com- 
pound c. And so for Ttaj other demand. ' 

/ 

PROPOSITION LXT. 

To find the Specific Gravity of a Body, 

S26. Case i. — When the iody is heavier than water : weigh 
it both in water and out of water, and take the difference, 
which will be the weight lost in water. Then, by corol. 6, 

prop. 64?, s = r, where b is the weight of the body out 

of water, b its weight in water, s its specific gravity, and w 
the specific gravity of water. That is. 

As the weight lost in water. 
Is to the whole or absolute. weight. 
So is the specific gravity of water, 
To the specific gravity of the body. 

Example. If a piece of stone weigh 10 lb, but in water 
only 6|^ lb, required its specific gravity, thftt of water being 
1000? Ans. 3077. 

327. Case II. — When the body is lighter than water, so that 
it will not sink : annex to it a piece pf another body, heavier 
than water, so that the mass compounded of the two may 
sink together. Weigh the denser body and the compound 
mass, separately, both in water, and out of it ; . then find how 
much each loses in water, by subtracting its weight in water 
from its weight in air ; and subtract the less of these re- 
mainders from the greater. Then say, by proportion, 

As the last remainder. 
Is to the weight of the light body in air. 
So is the specific gravity of water. 
To the specific gravity of the body. 

That is, the specific gravity is / = -; TZTT IT* 

by cor. 6, prop. 64. 

Example. Suppose a piece of ehn weighs 1 5 lb in air ; 
and that a, piece of copper, which weighs 1 8 lb in air and 
1 6 lb in water, is affixed to it, and that the compound weighs 
^ lb in water j required the specific gravity of the elm ? 

• ' Ans. 600. 

328. Case 
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S28. Case iit. — For ajluld of any sort, — Take a piece of 
% body of known <;pecific gravity; weigh it both in and out 
- of the fluid, finding the loss of weight by taking the diffc|r- 
cnce of the two ; then say, 

A? the whole or absolute weight, 
is to the loss of weight, ' 
So is the specific gravity of the solid, 
T<i the specific gravity of the fluid. ^ 

B - 3 

That is, the spec. grav. w == -? /, by cor. 6, pr. 64. 

B 

ExAMi^. A piece of cast iron weighed 35^^ ounces « 
in a fluid, and 40 ounces out pi\i\ pf what specific gravity 
is that fluid ? Ans. lOOOf. 
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-S29. To find, the^ Qjuantiiies of Two Ingredients in m Given 

Compound. 

Take the three differences of every pstir of thc^ three spe- 
cific gravities, namely, the specific gravities of the compound 
iand .each ingredient ; and multiply each specific gravity by 

the 4ifference of the other two. Then say, by proportion, 

»' . , 

^s the greatest product, 
js to the whole weight of the compound. 
So is each of :he other two products, 
To th^ weights of the two ingredients. 

That is, H = \f r>c = the one, and l = ^ — 4^ o. 

the other, byNCor. 6, prop. 64. 

Example. A composition of ! 121b being made of tin 
and copper, whose specific gravity is found to be g784 ; re- 
quired the quantity of each ingredient, the specific gravity 
of tin being 7320, and that of copper 9000 ? 
'"' Answer, there is 1 00 lb of copper, ? . * , 

and consequently 12 lb of tin, j '" *« composition. 

SCHOLIUM. 

330. The specific gravities of several sorts of matter, as 
found from experiments, are expressed by the numbers an^ 
tiexed to their names in the following Table : 

^ ■' ^ j4 Table 



f 
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A Table of Specific Gravities of Bodies. 
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Platina (pure) - - 23000 
Fine gold - - - 19400 
Standard gold - . • 17724 
Quicksilver (pure) - 14000 
Quicksilver (common) 13600 
JL,ead - - - - r 11325 
Fine silver - - - 11091 
Standard silver - - 10535 
Copper - . -' - SOOO 
Copper halfpence - 8915 
Gun metal - - • 8784 
Cast brass - - - 8000 

Steel 7850 

Iron - - - - - ,7645 
Cast iron - - ,f r 7425 
Tin ----- 7320 
Clear crysta] glass - 3150 
Granite - - - - 30OO 
Marble and hard stone 2700 
pommqn green glass 2600 
flint r - r - - 2570 
Common stone - - 2520 



Clay ----- 2100 

Brick ----- 2000 
Commoq earth - - . 1984 

Nitre ----- 1^00 

Ivory r - T - - 1825 

Brimstone - - - 1810 

Solid gunpowder - 1 745 

Sand - * - - - 1520 

Coal ----- 1250 

Box- wood - . - J 030 

Sea-warer * .- - - 1030 

Common- water - '• iOOO 

Oak 925 

Gunpowder, close shaken 937 



Ditto, in a loose heap 
Ash. - I - - - 
Maple . . - - - 
Elm 

Fir -"..-- . 
Charcoal - - - - 
Cork - . . - . 
Air at a mean state « 



836 
800 
755 

epo 

550 
2i.O 

i * 



331. Note. The several sorts of wood are supposed to be 
dry. Also, as a cubic foot of ^ater weighs just 1000 ounces 
avoirdupois, the numbers in this table express, not only the 
specific gravities of the several bodies, but also the weight of 
a cubic foot of each, in avoirdupois oimces; and therefore, 
by proportion, the weight of any other quantity, or the 
.quantity of any other weight, may be known, as in the ne^t 
two propositions. 

PROPOSITION LXVII. 

332. To find the Magnitude of any Body y from its Weight, 

As the tabular specific gravity of the body, 
Is to its weight in avoirdupois ounces. 
So is one cubic foot, or 1728 cubic inches, 
To. its content in feet, or inches, respectively. 

Example 1 . Required the copt^r^t of an irregular block of 
common stone, which weighs 1 cwt, or 1 12 lb ? 

Ans. 12284^i^ cubic jnches. 

Example 2, How many cubic inches of gunpowder are 
there in 1 lb. weight \ Ans. 29 i cubic iaches nearly. 

Kx ample J, 
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I 

Example 3. How many cubic feet are thfcre in a ton weight 
of dry oak ? Ans. 3844» cubic feet. 

PROPOSITION LXVlh. 

338. To find the Weight of a Body from its Magnitude. 

■ • 

As one cubic foot) or 1728 cubic inches^ 
Is to the content of the body, 
So is the tabular specific gravity. 
To the weight of the body. 

Example 1. Required the weight of a block of marble, 
who^e length is 63 feet, and breadth and thickness each 
12 feet; being the dimensions of one of the stones in th^ 
walls of Balbeck ? 

Ans. 683^ ton, which is nearly equal to the burden of 
an East-India ship* 

Example 2. What is the weight of 1 pint, ale measure, of 
gunpowder? Ans. 19 oz. nearly. 

, Example 3. What is the weight of a block of dry oak, 
which measures 10 feet in length, 3 feet broad, and 2\ feet 
deep or thick? Ans. 4335441b, 



Of HYDRAULICS. 

334. Hydraulics is the science which treats of the 
motion of fluids, and the forces with which they act upon 
bodies. 

PROPOSITION LXIX. 

• 

335 If a Fluid Run through a Canal or River y or Pipe of 
various Widths ^ always filling it ; the Velocity of the Fluid in 
different Parts of it ab, cd, will he reciprocally as the Trans^^ 
verse Sections in those Parts. : ^ 

That is, veloc. at a : veloc. 
at c : : cd : ab; where ab and 
CD de^iotCj not the diameters 
at A and b, but the are^ or 
sections there. ' , 

For, as the channel is always equtlly full, the quMitity of 
water running through ab is equal to the quantity running 
through CD, in the same time ; that is, the column through 

■ - .- ^ ' -^ AB 
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Ab IS equal to the column' through CD, in the same time; 
or AB X leneth of its column = cd x length of its 
column ; therobre AB : cd : : length of column through 
CD : length of column through ab. But the unifonn ve- 
locit^r of the water, is as the space run over, or length of 
the columns; therefore.AB : CD : : velocity through cd : 
velocity through ab, 

336. Coral. Hence, by observing the velocity at any place 
AB, the quantity of water discharged in a second, or any 
other time, wilt be found, namely, t^ multiplying the section 
Ai by the velocity there. 

But if the channel be not a dose pipe or tunnel, kert 
always full, but an open canal or river ; then the velocity iti 
all parts of the section will not be the same, because the 
velocity towards the bottom and sides will be diminished by 
the friction against the bed or channel ; and therefore a me- 
dium ainohg the three ought to be taken. So, if the veh>- 
chy at the top be - 1 00 feet per minute, 

that at -Ae bottom - 60 

and that at the sides - 50 

S) 210 sum; 
dividing thdr sum by S, gives 70 for the mean velocity, 
which is to be multiphed by the section, to give the ^an> - 
tity discharged in a minute. 

PROPOSITION LXX. 

S37. The Velocity iviih ivhich a Fluid Runs out by a Hole in the 
Bottom or Side of a Vettel, is Equal to that -which it Generated 
by Gravity through the Height tf the Water above the Hole ; 
that it, the Velocity of a Heavy Body acquired by Falling freely 
through the Height ab. 

Divide the altitude ab Into a great 
number of very small parts,each being I, 
their number a, or a =» the altitude ab. 

I^ow, by prop, 61, the pressure of the 
fluid against the hole b, by which the 
motion is generated, is equal to the 
Weight of the column of fluid above it, —^ — ■ - - - • 
that is the column whose height is ab 
. or a, and base the area of the hole b. Therefore the 
pressure on the bole, or small part of the fluid ], is to its 
weight, or the natural force or gravity, as o to i. But, by 
art. 38, the velocities generated in the same body in any 
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tune, tire as those forces ; and because grtvity generates the 
velocity 2 in descending through the sitiall space 1> therefore 
1 :a :: 2 : 2a, the velocity generated by the pressure of the 
column of iiuid in the same time. But 2a is also^ by coroL 1 
prop. 6, the- velocity generated by gravity in descending 
through a or ab. That is, the velocity of the issuing water, 
is equal to that which is acquired by a body in falling 
through the height ab. 

The same otherwise. 

Because the momenta, or quantiiies of motion, generate4 
in two given bodies, by the same force, acting during the 
same or an equal time, are equal. And as the force in this 
case, is the weight of the superincumbent column of the 
fluid over the hole. Lpt the one body to be moved, be that 
column itself; expressed by ^/6, where a denotes the altitude 
A^9 and h the area of the hole ; and the other body is the 
f:olumQ of the fluid that runs out uniformly in one second 
suppose, with the middle or medium velocity of that interv^ 
of time, which is ^Av, if v be the whole velocity require4« 
Then the mass |-/&v, with the velocity v, gives the quantity 
of motion ^hv x v, or \/jv^, generated in one second, in the 
spouting water: also 2^, or 3^2^ feet, is the velocity gene- 
rated in the mass aky during the jsame Jnterv^ of one second; 
consequently ab x 2^, or 2a;hgy is the motion g^nerat^d in 
the column ah in the same time of one second. But as 
these two momenta must be equal, this gives ^hv^ = 2al>g : 
hence then v* = 4^^, and v == 2 x/'ag^ for the value of the 
velocity sought ; which therefore is exactly the same as the 
velocity generated by the gravity in falling through the 
space ^, or the 'whole height of the fluid. 

For example, if the fluid were air, of the wholQ h^ght of / 
the atmosphere, supposed uniform, yvhich is about 5,^ miles, 
or 27720 feet = a. Then 2Vag ^ 2^211^0 x 16^^ = 
1335 feet = v the velocity, that is, the velocity with which 
common air would rush into a vacuum. 

338. CoroL 1. The velocity, and quantity run out, at dif- 
ferent depths, are as the square roots pf the depths. For the 
velocity acquired in falling through ab, is as >/ab. 

339. Cord. 2. The fluid spquts out with the same velocity, 
whether it be. downward or upward, or sideways; because 
the pressure of fluids is the same in all directions, at the 
«;ame depth. And therefore, if an adjutage be turned up- 
wardi the jet will ascend to the height of the surface of the 
yrater in the vessel. And this is confirmed by experience, 
by whicji it is found that jets really ascend , nearly to the 

height 



SPOUTING OF FLUIDS. £35 

height of the rc^servoir, abating a small quantity only, for the 
friction against the sides, and some resistance from the air 
and from the oblique motion of the fluid in the hole* . 

340. Coroi. S. The quantity run out in any time, i$ equal 
to a column or prism, whose base is the al-ea of the hole, and 
its length the space described in that time by the velocity 
Required by falling through the altitude of the fluid. And 
the quantity is the same, whatever be the 'figure of the'brir 
fice, if it is of the same area. , 

Therefore, if a denote the altitude of the fluids 
and A the area of the orifice, 
also^ = 16yT feet, or 193 inches; 
then 2h\/ag will be the quantity of water discharged in a 
second of time ; or nearly S-^h^/a cubic f<?et, wfien a and ^ 
are taken in feet. 

So> for example, if the height ^ be 25 inches, and the 
orifice A = I square inch j then 2h^ag = 2^/25 x 193 =; 
1 39 cubic inches, which is the quantity that would be dis- 
Ipharged per second. 

SCHOLIUM. 

341; When the orifice is m the side of the vessel, then the 
velocity is different in the different parts of the hole, being lestS 
in the upper parts of it than in th^ low^r. However, when 
the hole is but small> the differenpe \s inconsiderable, and the 
altitude may be estimated from the centre of the whole, tp 
obtain the mean velocity. But when the orifice is pretty 
large, then the mean velocity is to be more accurately com- 
puted by other principles, given in the next proposition. 

342. It is not to be. expected that experiments, as to the 
quantity of water run out, will exactly agree with this theory, 
both on account of the resistance of the air, the resistance of 
the water against the sides of the. orifice, and the oblique 
motion of the particles of the water in entering it. For, it 
Is not merely the particles situated immediately in the colunm 
over the hole, which enter it and issue forth, as if that column 
bniy were in motion; but also particles from a}l the sur- 
rounding parts of the fluid, which is in a commotion quite 
around; and the particles thus entering the hole in all direc- 
tions, strike against each other, ahd impede one another's 
motion : from which it happens, that it is the particles in the 
centre of the hole only that issue out with the whole velo* 
city due to the entire height of the fluid, while the other 
particles towards the sides of the orifices ()ass out with de- 
creased velocities ; and hence the medium velocity through 
the orifice, is somewhat less than that of a single body oqly, 
yrged with the same pressure of the superincumbent column 

of 
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«f the fluid. And experimeDts on the qoaittity of water 
discharged through apertures, shov that the quantity must 
be diminished, by those causes, rather more than the I'ourth 
part, when the orifice is small, or such as to make the mean 
velocity nearly equal to that in a body falling through ^ the 
height of the fluid above the orifice. 

34S. Experiments have also been made on the extent to 
which the spout of water ranges on a horizontal plane, and 
compared with the theory, by calculating it as a projectile 
discharged with the velocity acquired by descending through 
the height of the fluid. For, when the aperture is in the 
side of the vessel, the floid spouts out horizontally with a 
uniform velocity, which, combined with the perpendicular 
velocity from the action of gravity, causes the jet to form 
the curve of a parabola. Then 
the distances to which the jet will ^^ 

spout on the horizontal plane BG, 

will be as the roots of the rect- , ' ' ' 

angles of the segments 4C . CB, [ 

AD.DB, AE.EB. For the spaccs .-- 

Sf, BO, are as the times and hori- iv 

zontal velocities; but the velocity ^. - - . .. _, 

is as Vac ; and the time of the 
fall, which is the same as thetrme 

of moving, is as VcB} therefore the dist ance bp is as 
V'ac . CB ; and the distance bg as Vad . db. And hence^ 
if two holes are made equidistant from the top and bottc-m, 
they will project th« water to the same distance ; for if AC = 
Eb, then the rectangle ac . cb is equal the rectangle AE . eb:. 
which makes ef the same for both. Or, if on the diameter 
AB a semicircle be described ; then, because the squares of 
the ordinates ch, di, ek are equal to the rectangles ac . eb, 
&CJ therefore the distances bf, BG are as the ordinates 
CH, DI. And hence also it follows, that the projection from 
the middle point d will be farthest, for di is the greatest 
ordinate. 

These *re the proportions of the distances : but for the 
absolnte distances, it will be thus. The velocity through 
any hole c, is such as will carry the water horizontally 
through a space equal to 2ac in the time of falling through 
AC ; but, after quitting the hole, it describes a parabola, and 
comes to F in the time a body will fall through CB ; and 
to find this distance, since the times are as the roots of 
the spaces, therefore Vac : t/c^ ;; 2ic : 2Vac • cb = 

2CII 
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3CK ~ Br, the space ranged on the horizontal plane. And 
the greatest range bg = 2iji, or 2ad, or equal to ab. 

And as these ranges answer very exactly to the experi- 
ments, this confirms die theory, as to the velocity assigned. 

P&WOIITION LXXt. 

344. If a Notch or Slit eh 'inform of a Parallehgram, he cul 
in tbi Sile of a Veitil, Pull of Water, ad ,■ the quantity ^ 
Water Rowing through it, will ie y of the Quantity Jlovjint 
through an Equal Orifice, placed at the WMe Depth eg, or 
at the Base GH, in the Same Time ,■ it being supposed that the 
Vessel is always heptfulL 

For .the velocity at ch is to the velo- 
city at iL, as v'eg to v'ei \ that is, as 
GH or IL to IK, the ordinate of a para- 
bob EKM, whose axis is eg. Therefore 
the sum of the velocities at all the points 
I, is to as many times the velocity at G, 
as the sum of all the ordinates IK, to the 
sum of all the il's ; namely, as the area 
of the parabola egh, is to the area eghf; that is, the 
quantity running through the notch eu, is to the quantity 
running through an equal horizontal area placed at GH, as 
SGHKB, to EGHF, or as 2 to 3 ; the area of a parabola being 
^ of its circumscribing parallelogram. 

345. Cond. 1. The mean velocity of the water in the 
-notch, is equal to | of that at gh, 

346. Csfo/. 2. The quantity, flowing though the hole 
iGHL, is to that which would flow through an equal orifice' 
placed as low as gh, as the parabolic frustum ighk, is to 
the rectangle ighl. As appears from the demonjtiatum. 






Of pneumatics. 

347. Pneumatics b the science which treats of the 
properties of air, or elastic fluids. 

PROPOSITION LXXn. 

348. Air is a Heavy Fluid Body : and it Surrounds the Earth, 
and Gravitates m ail Parts of its Surface. 

These properties of air are proved by experience. — 
That it is a fluid, is evident from its easily yielding to any 

the 
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the least fprce impressed on it, without making a sensible 
resistance. 

But when it is move4 briskly, by any means, as by a fan 
or ^.pair of bellows; or when any body is moved very« 
briskly through it ; in these cases we ^become sensible of 
it as a body, by the resistance it makes in such motions, 
and also by its impelling or blowing, away any light sub- 
sUnces. So that, being capable of resisting, or moving 
other bodies, by its impulse, it must itself be a body, and 
be heavy, like all other bodies, in proportion to the matter 
it contains^ and therefore it will press on all bodies that 
ar^ placed under it. 

Also, as it is a fluid, it spreads itself' all over on the 
earth;, and, like other fluids, it gravitates and presses 
everywhere on the earth's surface. 

. 349. The gravity and pressure of the air 

is also evident from many experiments. 

Thus, for instance, if water, or quicksilver, 

be poured into the tube ace, and the air be 

suffered to press on it, in both ends of the 

tube, the fli^id will rest at the same height in 

both legs: but if the air be drawn out of one 

end as e^ by any means; thfen the air p^ess- 

iiig on the ofher end a, will press dowfl the 

fluid in this leg at 9, and raise it up in the other to D, as 

much higher than at b, as the pressure of the air is equal 

to. From which it appears, not only that the air does 

really press, but also how much the intensity of Aat 

pressure is equal to. And this is the principle of the 

barometer. 

PROPOSITION i-xxiir. 

# . -k . * 

t 

r > 

350. Tie Air is also an Elastic Fluids being Condenslble and 
Expansible, And the Law it observes is thisj that its Density 
and Elasticity are pr-o^ortiorial to the Force or Weight which 
Compresses it, , 

This property of the air i^ proved by many experiments;: 
Thus, if the handle of a syringe be pushed inward, it will 
condense the inclosed air into less space, thereby showing its 
coiidcnsibility. But the included air, thus condensed, is 
filt to act strongly against the hand, resisting the force com- 
pressing it more and more ; and, on withdrawing the hand, 
the handle \» pushed back again to where it was at first. 
Which shows that the air is elastic. 

351. Again/ 




ELASticrrr of air. 
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SSI. Again, fill a strong hoUle half full of 
water i then insert a sir.all glass tube into 
iti putting its lower end down near to the 
bottom, and cem»'niing it very Close round 
the mouth of the bottle. Then, if air be 
■ strongly injected through the pipe, is by 
blowing with the mouth or otherwise, it 
\*ill pass through the water from the lower 
end, ascending into the pans before occu- 
pied with air at B, and the whole mass of 
^r become there condensed, becanse the 
water is not compressible into a less space. But, on reinoT- 
ing the force which injected the air at a, the water will 
begin to rise from thence in a jet, being pushed up the pipe 
by the increased elasticity of the air B, by which it presses 
dn the surface of the water, and forces it through the pipei 
till as much be expelled as there was air forced in ; when 
tbejair at b will be reduced to the same density as at first, 
and, the balance being restored, the jet will cea^: 

352. Likewise, if into ajar of water 
JlB, be inverted an empty glass tumbler 
CD, or such-like, the mouth downward; 
the water will enter it, and partly fill 
it, bill not near so high as the water in 
the jar, compressing and condensing ' 
the air into a less space in' the upper 

- parts C, and causing the glass to make a 
sensible resistance to the hand in push- 
ing it down. Then, on removing the hand, the elasticity 
of the internal condensed air throws the glass up again. 
All these showing that the air is condensible and elastic. 

353. Again, to show the rate or proportion 
nf the elasticity to the condensation : take a 
loQg crooked glass tube,equaily wide through- 
our, or at least in the part bd, and open at A, 
but close at the other end, B. Pour in a fittle 
quicksilver at A, just to cover the bottom to 
ilie bend at cd, and to snip the communica- 
tion between the external air and the dir in 
fco. Then pour in more quicksih'er, and 
mark the corresponding heights at which it 
stands in the two legs : so, when it rises to 
H in the open leg Ac, let it rise to i. in the 
eiose one, rtducing its included air from the 
natural bulk bd to the contracted space . nr. 
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by the pressure of the column He; and when the quick- 
silver stands at i and t, in the open leg, let it rise to f and G 
in the other^ reducing the air to the respective spaces bf, 
BG, by the weights of the columns if. Kg. Then it is al- 
ways found) t^t the condensations and elasticities sure as 
the compressing weights or columns of the quicksilver^ 
and the atmosphere together. 8o> if the natural bulk of 
the air bd be compressed into the spaces b£> bf> bg^ which 
^^h h i o^ ^^» o'* ^ ^^ numbers 3> 2|.l ; then the at- 
mosphere, together with the corresponding columns ne, i/^ 
K^, are also found to be in the same proportion reciprocally^ 
vis. as -1^ !•, -f> or as the numbers 2, 3, 6. And then He = 
i^i tf=^y di^d 9:^ s: 9 A ; where a is the weight of atmo- 
sphere. Which sboW) that the condensations are directly 
as the compressing forces^ And the elasticities are in the 
same ratio, since the colunvis in AC are sustained by the. 
elasticities in BD. 

From the foregoing principles may be deduced many use- 
ful remarks, as in the following corollaries, viz. 

354?. Coroi. 1. The space which i 

any quantity of air is confined in^ ^K fc/ 

is reciprocally as the force that R I . 

compresses it. So,the forces which ^% — l]j ^ 

confine a quantity of air in the cy- SW -fcr- 

lindrical spaces AG, bg, cg, are G^^^[^]v A _- 

reciprocally as the same, or reci- ^ 

procally as the heights ad, bd, cd. 
And therefore if to the two per- 
pendicular lines da, dh, as asymptotes, the hyperbola ikl 
be described, and the ordinates ai, bk, cl be drawn ; then 
the forces which confine the air in the spaces AG, bc, cg, 
will be directly as the corresponding ordinates ai, bk, cl^ 
since these are reciprocally as the abscisses A0, bd, cd^ 

by the nature of the hyperbola. 

355. CoroL 2. All the air near the earth is in a state o£ 
Compression, by the weight of the incumbent atmosphere; 

356. CoroL 3. The air is denser near the earth, than in 
high places ; or denser at the foot of a mountain, than at 
the top of it. And the higher above the earth, the less 
dense it is. 

357. Corfil, 4. Thie spring or elasticity of the air, is equal 
to the weight of the atmosphere above it; and they will 
produce the same effects: since they always sustain and 
balance e»ch other. 

368. Ccfral. 5/ 
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S58. C$rol. 5. If the denfiity of the air be increased^ pre- 
serving the same heat or temperature, its spring or elasticity 
is abo increasedjL and in the same proportion* 

359. Corel* 6. By the pressure and gravity of the atmo- 
sphere, on the surface of fluids, the fluids are made to rise in* 
any pipes or vessels, when the spring or pressure within is 
decreased or taken off. 

PROPOSITION LXXIV. 

ZQO. Heat Increases th^ Elasticity of the Air^ and Cold Dimi*' 
nishesjt. Or, Heat Epepatidsy and Cold Condenses the Air. 

This property is also proved by experience. 

361. Thus, tie a bladder very close with some air in it; 
and lay it before the Are: then as it warms, it will more and 
more distend the bladder, and at last burst it, if the heat be 
continued, and increased high enough. But if the bladder 
be removed from the fire, as it cools it will contract again, 
as before. And it was on this principle that the first air- 
balloons were made by Montgolfier : for, by heating the air 
within them, by a fire beneath, the hot air distends them 
to a size which occupies a space in the atmosphere, whose 
weight of common air exceeds that of the balloon. 

362. Also, if a cup or glass, with a little air in it, be in- 
verted into a vessel .of water ; and the whole be heated over 
the fire) or otherwise ; the air in the top will expand till it 
fill the glass, and expel the water out of it ; and part of the 
air itseli will follow, by continuing or increasing the heat. 

Many other experiments, to the same effect, might be 
adduced, all proving the properties mentioned in the pro- 
p^osition. 

SCHOLIUM. 

' 363. So that^ when the force of the elasticity of air is 
considered, regard must be had to its heat or temperature; 
the same (Quantity of air being more or less elastic, as its 
heat is mofe or les*s. And it has been found, by experi- 
ment, that the elasticity is increased by the ^SSth part, for . 
ieach degree of heat, of which there are 180 between the * 
freezing and boiling heat of water. 

364. N, B. Water expands about the Ttyhs^ part, with 
each degree of heat. (Sir Geo. Shuckburgh, Philos. Tran^. " 
1:777, p. 560, &c.) 

Vot. II. R . Alsp, 
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AbOf the 
Spec. graT, of air r^Ol or 1^1 when the^barom. is 29^5, 

water 1000 f and the therm, is 55* 
mercury 13592 j which are their mean height* 

in this country. 
Or thu9> air l-222orl|-J^j^^^j^^ ^^^^ .^ 3^^ 

J???^C and thermometer S5. 
mercury 13 600 J 



PROPOSITION LXXV. 

S6S, The Weight or Pressure of the Aimosph^ey on any Base at 
the Earth* s Surfacey is Equal to the Weight of a Column of 
Quicksilver^ of the Same Base, and the Height of which is be-^ 
tnxjeen 23 and 31 inches. 

This is proved by the barometer, an instrument whidEr 
measures the pressure of the air, and which is' described 
below. For, at some seasons, and in some places, the air 
sustains and ba^nces a column of mercury> of aboat 28 
inches : but at otlier times it balances a colunm of 29, or 50^ 
or near 31> inches high; seldom in the extremes 2& or 31,,. 
but commonly about the means 29 or 30; A variation 
which depends partly on the different degrees of heat in the 
air near the surface of the earth, and partly on the commo- 
tions and changed in the atmosphere, from winds and other 
causes, by which it is accumulated in some ]^ace$, and de« 
pressed in others, being thereby rendered denser and hea- 
vier, or rarer and lighter ; which changes in its state am 
almost continually happening in any one place* fiut the 
Qiedium state is commonly about 29^^ or 30 inches. 

366. CoroL 1. Hence the pressure of the atmosphere ottL. 
every square inch at the earth's surface, at a medium, is very 
near 15 pounds avoirdupois, or rather \^\ pounds. For, a- 
cubic foot. of mercury weighing 13600 ounces nearly, an 
inch of it will weigh 7*866 cw almost 8 ounces, or nearly 
half a pounds which is tlie weight of the atmosphere for 
every inch of the barometer on a base of a square inch; and 
therefore SO inches, or the medium height, weighs- very 
near 14f pounds. 

36*7. CoroL 2. , Hence also the weight or pressure of the 
atmosphere, is equal to that of a column of water from 32 
to 35 feet high, or on a, medium 33 or 34« feet high. For^ 
water and quicksilver are in weight nearly as 1 to 13'6:,^ 

so 
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$0 that the atmosphere will balance a column of water 13*6 
times as hieh as one of quicksilver j consequently 

' 13-6 times 28 inches = 381 inches, or 31| feet, 

13'6 times 29 inches = 394 inches, or 32|. feet, 

* 1 5*6 times SO inches = 408 inches, or 34 feet, 

13*6 times 31 inches z= 422 inches, or 35^ feet. 

And hence a common slacking pump will not raise water 
higher than about 33 or 34 feet. And a siphon will not 
run, if the perpendicular height of the top of it be more 
than about 33 or 34 feet. 

368. CoroL 3. If the air were of the same uniform den- 
sfty at every height up to the top of the atmosphere, as at 
the surface of the earth; its height would be about 5|- 
miles at a medium. For, the weights of the same bulk of 
air and water, are nearly as 1*222 to 1000 j therefore as 
1*222 : 1000 :: 33| feet: 27600 feet, or 6^ miles nearly. * 
And so high the atmosphere would, be, if it were all of 
nhiform density, like water. But, instead of that, from 
its expansive and elastic quality, it becomes continually 
more and more rare, the farther above the earth, in a cer- 
tain proportion, which will be treated of below, as also the 
method of measuring heights by the barometer, which 
depends on it. 

369. CoroL 4. From this proposition and the last it fol- 
lows, that t;he height is always the same, of an unifbroa 
atmosphere above any place, which shall be all of the uni* 
form density with the air there, and of equal weight or 
pressure with the real height of the atmosphere above that 
place, whether it be at the same place, at different times, 
or- at any different places or heights above the earth ; and 
that height is always about 5^ miles, or 27600 feet, as 
above found. For, as the density varies in exact propor- 
tion to the wei^t of the column, therefore it requires a 
column of the samb height in all cases, to make the re- 
spective weights or pressures. Thus, If w and w be thft 
weights of atmosphere above any places, D and d their 
densities, and h and h the heights of the uniform columns, 
of the same densities and weights ; Then h x d = w, and 

W IV 

h X d =:i w; therefore — or h is equal to -r or i. The 
temperature being the same. 
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PROPOSITION LXXVI. 

870. The Defutty of the Atmosphere ^ at Different Heights abovi 
the Earthy Decreases in such Sort, that ivhen the Heights In^ 
crease in Arithmetical Progression^ the Densities Decrease in 
Geometrical Progression* 

Lbt the indefinite perpeiidicular line ap, 
erected on the earth, be conceived to be divided 
into a great number of very smaU equal parts. 
Ay B, Cy D9 *&€» forming so many thin strata of 
air in the atmosphere^ all of different density, 
gradually decreasing from the greatest at A: 
then' the density of the several strata a, b, c, 
D, &Cy will be in geometrical progression de** 
creasing. 

For, as the strata A , b, c, &c, are all of equal 
thickliesfi, the quantity of matter in each of them, is as the 
density there ; out the density in any one, being as the com* 
pressing force, is as the weight or quantity of all the matter 
from that place upward to the top of the atmosphere ; there- 
fore the quantity of matter in each stratum, is also as the 
whole quantity nrom that place upward. "Now, if from the 
whole weight at any place as b, the weight or quantity in the 
stratum b be subtracted, the remainder is the weight at the 
next stratum c ; that is, from each weight subtracting a part 
which is proportional to itself, leaves the next weight; or, 
which is the same thing, from each density subtracting a 
pbrt which is proportional to itsdf, leaves the next den- 
sity. But when any quantities are continually diminished by 
parts which are proportional to themselves, the remainders 
form a series of continued proportionals: consequently 
these densities are in geometrical progression. 

Thus, if (he .first density be d, and from each be taken 

its «th part J there will then remain its part, or the — 

n ft 

part, putting f» for «— 1 ; and therefore the series of den- 

. . .„ 1 m m^ m^ w^ ^ ^ 

sities will be d, — d, — -d, -^d, —-d, &c, the common ratio 

n vir r^ n^ 

of the series being that of « to w. 

SCHOLIUM. 

37 1. Because the terms of an arithmetical series, are pro- 
portional to the logarithms of the terms of a geometrical^ 
<6ries: therefore different altitudes above the earth's sur- 

&ce^ 
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face, are as the logarithms of the densities, or of the weights 
of air, at those ahitudes. 

So that, if D denote the density at the altitude a, 
and d - the density at the ahitude a ; 
then A being as the log. of d, and a as the log. of J, 

the dif, of alt. A —a will be as the log. d — log. rf. or log.-^ • 

And if A=0, or d the density at the surfiice of the eaitki 

then any altitude above the surface a^ is as the log. of -j. 

Or, in general, the log. of -j is as the altitude ojF the ow 

place above the other, whether the lower place be at the 
surface of the earth, or any where else. 

And from this property is derived the method of deter- 
Huning the heights of mountains and other eminences, by 
the barometer, which is an instrument that measures the 
pressure or density of the air at any place. For, by taking, • 
with this instrument, the pressure or density, at the foot of 
a hill for instance,, and- again at the top of it, the differ- 
ence of the logarithms of these two pressures, or the loga* 
rithm of their quotient, will be as the difference of altitude, 
or as the height of the hill ; supposing the temperatures of 
the air to be the same at both places, and the gravity of air 
not altered by the different distances from ^he eart]ix*$ 
C^ntre^ 

372. But as this formula expresses only the relations bc^ 
tween different altitudes with respect to their densities, re- 
course ihust be had to some experiment, to obtain the reaj 
altitude which corresponds to any given density, or the den* 
sity which coiTespoi^ids ta a given altitudje. And there are 
various e;jcperiments*by which this may be done. The first, 
and most iiaturai, is that which results from the known spe- 
cific gravity of air, with respect to the whole pressure of the 
atmosphere on the surface of the earth. Now, as the alti- 
tude a IS always ^slog. -jj assump A so that^? = ^ x log. -j, 

where A will be of one constant value for all altitudes; and to 
determine that value, let a case be taken in which we know 
the altitude ^ comesponding to a known density </;. as for 
instance, take^ = 1 foot, or 1 inch, or s^m^ such smqll al- 
titude 5 then, because the density p may be mr^sured by th,e 
pressure of the atmosphere, or the uniform column of 27600 
feet, when ^h^ temperature is 55°; therefore 27600 feet will 
■ ' / ' ' ' deno^ 
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denote the density d at the lower place, and 2*7599 the less 

^ 27600 

density d at 1 foot above it; consequently 1 =>& x ^Qg* 07599 > 

•434r294j48 
which^ by the nature of logarithms, is nearly = A x q'jqqq ^, 

h 
e? ' . ■ " nearly; and hence h z^ 63551 feet; which gives, 
63551 

for any altitude in general, this theorem, viz. a » 63551 x 
loe. -^f or =s 6a551 X log. — feet, or 10592 x log. — 

fathoms; where m is the column of mercury which is equal 
to the pressure or weight of the atmosphere at the bottom, 
and m that at the top of the altitude a ; and where M and m 
may be taken in any measure, either feet 09 inches, &c. 

3TS. Note, that this formula is adapted to the mean tem- 
peratiu'e of the air 55^. But, for every degree of tempe-t 
rature diflFerent from this, in the medium between the tern* 
peratures at the top stnd bottom of the altitude ^, that ahi- 
tude will vary by its 435th part; which must be added, when 
that medium exceeds 55% otherwise subtracted. 

374. Note, also, that a column of 30 inches of mercury 
varies its length by about the -^-c part of an inch fpr every 
degree of heat, or rather -^^ao of the whole volume, 

375. But the formula may be rendered much more con^- 
venient for use, by reducing the factor J 0592 to 10000, by 
changing the temperature proportionally from 55° ; thus, 
as the diff. 592 is the 18th part of the whole factor 10592 ; 
iuid as 18 is the 24th part of 435 ; therefore the corresponds, 
ing change of temperature is 24**, which reduces the 55° to 

Sr. So that the formula is, a z=. 10000 x log. — fathoms, 

tn 

when the temperature is 3 1 degrees ; and for every degree 

above that, the result is to be increased by so many times its 

435th part. 

376. Exanu 1 . To find the height of a hill when the 
pressure of the atmosphere is equal to 29*68 inches of mer- 
cury at the bottom, and 25*28 at th^ top ; the lAean tem- 
perature being 50° ? Ans. 4378 feet, or 730 fathoms, 

377. Exam. 2. To find the height, of a hill- when the 
atmosphere weighs 29*45 inches of mercury at the bottom, 
and.^26*82 at the top, the mean temperature being 33° ? 

Ans, 2385 feet, or 397^ fathoms, 

378. Exam. 3, 
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378. Exam. 3. At what altitude is the density of the at- 
mosphere only the ith part of what il is at the earth's sur- 
face f Ans. 6020 fathoms. 

Qy the weight and pressure of the atmosphere, the effect 
and operations of pneumatic engines may be accounted for, 
and explained ; such as siphons, pumps, barometers, &c ; of 
which it may not be improper here to give a brief deaoip- 
tion. 




Of the siphon. 

379. THESiphon, or Syphon, is any 
bent tube, having its two legs either of 
equal or of unequal length. 

If it be filled with water, and then 
inverted, with the two open ends 
' downward, and held level in that po- 
sition ; the water will remaih suspend- 
ed in it] if the two legs be equal. Por 
the atmosphere will press equally on 
the surface of the water in each end, 
and support them, if they are not more than S4 feet high 
and the legs being equal, the water in them is an exact 
counterpoise by their equal- weights; so that the one has no 
power to move more than the other i and they are both sup- 
ported by the atmosphere. 

But if now the siphon be a little inclined to one side, so 
that the orifice of one end be lower than" that of the other ; 
or if the legs be of unequal length, which is the same thing; 
then the equilibrium is destroyed, and the water will all der- 
scend out by the lower end, and rise up in the higher. 
For, the air pressing equally, but the 'two ends weighing 
unequally, a motion must commence where the power is 
greatest, and so continue till all the water has run out by the 
lower end. And if the shorter leg he immersed into a vessel 
of water, and the siphon be set a running as above, it will 
continue to run till all the water be exhausted out of the 
vessel, or at least as low as that end of the siphon. Or, it 
may be set a running without filling the siphon as above, byl 
only inverting it, with its shorter leg into the vessel of water; 
then, with the mouth applied to the lower orifice A, suck 
the air out; and the water will presently follow, being forced 
up into the siphon by the pressure of the air on the water 
in the vessel. 

Ot 
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Of the pump. 

380. These are three sorts 
of pumps: the Sucking, the 
Lifting, and the Forcing Pump. ^ 

By the first,water can be raised 
only to about 3* feet, viz. by 
thg pressure of the atmosphere; 
but by the others,to any height) 
but then they require more ap- 
paratus and power. 

The 3iinexed6gure represent s 
a common sucking pump. AB 
is the barrel of the pump, being 
a hollow cylinder, made of me- 
' tal, and smooth within, or of 
wood for very common pur- 
poses. CD is the handle, move- 
able about the pin b, by moving 
the end c up and down, df 
an iron rod turning about a pin 
j>, which connects it to the 
end of the handle. This rod is fixed to the pist«n, bucket. 
or sucker, fg, by which this is moved up and down JYithin 
the barrel, which it must fit very tight and close, that no aiz. 
pr water may pass between the piston and the sides of the 
barrel ; and Tor this purpose it ii commonly armed with 
leailier,- ■ The piston is made hollow, or'it has a perforation 
through it, the orifice of which is covered by a valve H 
opening upwards. I is a plug firmly fixed in the lower part 
pf the barrel, also perforated, and covered by a valve K 
opening upwards. 

3a I . When th&pump is first to be worked, and the water 
is below the plug i ; raise the end c of the handle, then the 
piston descending, compresses the air in Hi, which by its 
spring shuts fast the valve, k, and pushes up the valve h, 
and so enters into the barrel above the piston. Then put^^ 
ting the end c of the handle down againj raises .the piston 
or sucker, which lifts up with it the column of air above it, 
the external atmosphere by its pressure keeping the valve H 
shut: the ^r in the barrel being thus exhausted, or rare£ed, 
15 no longer a counterpoise to that which presses on the sor- 
fece of the water in the well i this is forced up the pipe, and 
through the vaive K, into the barrel of the pump. Then 
pushing the piston do^vn again into this water, i>o»y in the 
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^l^iTreli its weiglxt shuts the lower valve K, and its resistance 
forces up the valve of the piston, and enters the upper part 
of the barrel, above the pisjon. Then, the bucket being 
r^sed, lifts up with it the water which had passed above its 
valve, and it* runs out by the cock L; and taking off the 
weight below it, the pressure of the external atmosphere on 
the water in the well again forces it up through the pipe and 
^ower valve close to the pistop, ajl the way as it ascends, 
thus keeping the. barrel always full of water. And thus, by 
f epeating the strokes of the piston, a cpntinued discharge is 
^ade at the cock l. 
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382. Nearly on the same principles as the water-pump, 
IS the invention of the Air-pump, by which the air is drawn 
out of any vessel, like as water is drawn out by the former. 
A brass barrel is bored and polished truly cylindricaU and ex- 
actly fitted with a turned piston, so that no air can pass by 
the ?ides of it, and furnished with a proper valve opening 
upward. Then, by lifting up the piston, the air in the close 
vessel below it follows the piston, and fills the barrel ^ and 
being thus diffused through a larger space than before, when 
it occupied the vessel or receiver only, but not the barrel, 
it i§ made rarer than it was before, in proportion as the ca- 
pacity of the barrel and receiver together exceeds the re- 
f:eiv^r alone« Another stroke of the piston exhausts another 
barrel of this now rarer ^ir, which again rarifies it in the 
same proportion as before. And so on, for any number of 
strokes of ihe piston, still exhausting in the same geometri- 
ipal progression, of which the ratio is that which the capacity 
of the receiver and barrel together exceeds the receiver, till 
this is exhausted to any proposed degree, or^s far as the na- 
ture of the machine is capable of performing; which happens 
when the elasticity of the included air is so far diminished, 
by i:arefying, that it is too feeble to push up the valve of the 
piston, and escape, - 

383. Fronx the nature of this exhausting, in geometrical 
progression, we may easily find how much the air in the re- 
ceiver is rarefied by any number of strokes of the piston; or 
what numl;fer of such strokes is necessary, to exhaust the re- 
f eiver to any given degree. T*hus, if the capacity of the re- 
ceiver and barrel toge^r, b^ to that of the receiver alone, 
^' ■'■^'* • '.'■.'■■ as 
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as c tQ rj and I denote the natural density of the air at first; 
then 

c \ T \\ \ \ — ^ the density after 1 stroke of the jHStoni 

T r^ 
i \ T x\ — : -3-, the density after 2 strokes, 

C ; r :; — :—, the density after three strokes, 

&c, and ~, the density after n strokes. 

Sd, if the barrel be equal to 4 of the receiver ; then c w \\ 

% \^\ and "z: = 0.8" is =: d the density after ri turns. And- 

if » be 20, then 0'8*f = '0115 is the density of the included 
air after 20 strokes of the piston; which bein^ the 86,^ part; 
of 1, or the first density, it follows that the air is 86,^ times 
rarefied by the W strokes. 

384. Or, if it were required to find the number of strokes 
fiecessary to rarefy the air any number of times; because 

^ is := the proposed density d\ therefore, taking the loga* 

, • I* log. d 

rithms, n x log. — = log. d^ and n ;z .-^ — — j — , the num- 

ber of strokes required. So if r be -J- of c, and it be re- 
quired to rarefy the air 100 times : then d = -j^ or 'Ol j 

^ . * log. 100 , o . . 

and hence m = v _ • , ■ ; = 20| nearly. So that m 20| 

Strokes the air will be rarefied 100 times. 



Or THE DIVING BELL & CONDENSING MACHINE. 

385. On the same principles too depend the operations 
and eiFect of the Condensing Engine, by which air may be 
condensed to any degree, instead of rarefied as in the air-» 
pump. And, like as the air-p"ump rarefies the air, by ex- 
tractmg always oiie barrd of air after another ; so, by this 
other machine, the air is condensed, by throwing in oy add- 
ing always one barrel of air after another; which it is 
evident may be done by only turning the valves of the 
piston and barrel, that is, making them to .open the con- 
trary way, and working the piston Jn the same manner j 
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so (liat) as thef both open upwaril or outward in the air- 
pump, or rare^r, they will both open downward or inwud 
in the condenser. 

3S6. Andxon the same principles, namely, of the com>. 
pression and elasticity of the air, depends ihe use of the 
- Diving Bell, which is a large vessel, in which a person de- 
scends to the bottom of the sea, the open end oi the v&sA 
being downward -, only in this case the air is not condensed 
by forcing more of it into the s^me space, as in the condens- 
ing engine ; but by compressing the same quantity of air 
into a less space in the bell, by increasing always the force 
which compresses it. 

38T, If a vessel of any sort be inverted into water, and 
pushed or let down to any depth in it} then by the pressure 
of the watn- sor^e of it will ascend into the vessel, but not 
so high as the water without, and will compress the air into 
less space, according to the difference between the heights of 
the internal and external water ; and the density and elastic 
force of the air will be increased in the same proportion, as 
its space in the vessel is diminished. 

'So, if the tube ce be inverted, and pudled down into 
water, till the external water exceed the internal, by the 
height AB, and tlie air of the tube be reduced to the spac« 
CDi then thac air is pressed both by a co- 
lumn of water of the height AB,andby the ' ,\ ....-, 

whole atmosphere which presses on the , . ! 

upper surface of the water; consequently (. 

the space cD is to the whole space ce, as i ■ 

the weight of the atmosphere, is- to the ' i "'\ 

weights both of the atmosphere and the 
column of water AB. So that, if as be 
about 54 feet, which, is ecjual to the force ' * 

of the atmosphere, then cd ivill be equal | 

to JCE ; but if AB be double of- that, or 
68 feet, then cd wjU be -^Ce ; and so on. And hence, by 
knowing the depth AF, to which the vessel is sunk, we can 
easily find the point d, to which the water will rise within 
it at any time. For let the weight of the atmosphere at 
that lime be equal to that of 34 teet of water ;' also, let the 
depth AF be 20 feet, and the length of the tube ce 4 feet : 
then, putting the height of the internal water Dfi = x, 
it is 34 + AB : 34 : : CE i cd, 
that is 34 + AF — DE : 34 : : ce : cE — dE, 
or 54; - * : 34 : : 4 : 4 - * i 

hence, multiplying extremes and means, 216 - sSx + ** 

= 136, 
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= 1S6, and the root \s x = x/2 very nearly = 1*414 of a 
foot, or n inches nearly; being the height de to which the 
water will rise within the tube. 

388. But if the vessel be not equally 
wide throughout, but of any other 
shape, as of a bell-like form, such as 
is used in divijgj then the altitudes 
will not observe the proportion above, 
but the spaces or bulks only will re- 
spect that proportion, namely, 84 + 
AB : 34 : : capacity *ckl : capacity 
CHi,'if it be common or fresh water; 
and 33 + ab : 33 : : capacity CRL : 
capacity CHi, if ii be sea-water. From 
which proportion, the height de may 
be founds when the nature or shape of the vessel or bell ck^ 
h known. 
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389. THE Barometer is an instrument for measuring 
|he pressure of the atmosphere, and elasticity of the air, a^ 
any time. It is commonly made of a glass tube, of near 
3 feet long, close at one end, and filled with mercury* 
When the tube is full, by stopping the open end with the 
finger, then inverting the tube, and immersing that end witl^^ 
the finger into a bason of quicksilver, on removing the 
finger from the orifice, the fluid in the tube will descend 
into the bason, till what remains in the tube be of the same 
weight with a column of the atmosphere, which is com- 
monly between 28 and 3 1 inches of quicksilver ; and leav- 
ing an entire vacuum in the upper end of the tube above 
the mercury. For, as the upper end of the tube is quite 
void of air, there is no pressure downwards but from the 
column of quicksilver, and therefore that will be an exact 
balance to the counter pressure of the whole column of atr 
mosphere, acting on the orifice of the tube by the quick- 
silver in the bason. The upper 3 inches of the tube, namely, 
from 28 to 31 inches, have a scale attacked to them, divided 
into inches, tenths^ and hundredths, for measuring the 
length of the column at all tini^s, by observing which divi- 
sion of the scale the top of the quicksilver is opposite to ; as 
it ascends and descends within these limits, according to th^ 
State of the atmosphere. 

So 
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So that the weight of the qutclc- 
silver in the tube, above that in 
the bason, is at all times equal to 
the weight or pressure of tl)e co- 
lumn of atmosphere above it, and 
of the same base with the tube ; 
xad hence the weight of it may 
at all times be computed; being 
nearly at the rate of half a pound 
avoirdupois for every inch of 
quicksilver in the tubet on every 
square inch of base; or more 
exactly it is -^ of a pound on 
the square inchj for every inch in 
the aiti tude of the quicksilv er weighs 
just I'^lb, or nearly i 1 pound, in 
the mean temperature of S5° of 
heat. And consequently, when the 
barometer stands at SO inches, or 
2-t feet high, which is nearly the 
medium or standard height, the 
whole pressure of the atmosphere is equal to 14^ pound*, 
on every, square inch of the base : and so iq proportion fbc 
•ther heights. 
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Of the thermometer. 

390. THE Thermometer is an instrument for mea-' 
Euring th« temperature of the air, as to heat and cold. 

It IS found Of experience, that alt bodies expand by heat, 
and contract by cold : and hence the degrees of expansion 
become the measure of the degrees of heat. Fluids are 
more convenient for this purpose than solids : and quick- 
silver is now most commonly used for it. A very fine glass 
tube, having a pretty large hollow ball at the bottom, is 
filled about half way up with quicksilver : the whole being. ■ 
then heated very hot till the quicksilver rise quite to 
the top, the top is then hermetically sealed, so as perfectly 
to exclude aU communication with the outward air; Then^ 
in cooling, the quicksilver contracts, and consequently its 
surface descends in the tube, till it come to a certain point* 
correspondent to the temperature or heat Qf the air. And 
when t^e weather becomes warmer* the quicksilver expands. 
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and its surface rises in the tnbe; and 
again contracts and descends when the 
weather becomes cooler. So that^ by 
placing a scale of any diviskms against 
the side of the tube, it will show the 
degrees of beat by the expansion and 
contraction of the quicksilver in the 
tube; observing at what division of the 
scale the top ot the quicksilver stands. 
And the method of preparing t;he scale, 
as used in England, is thus:-^Bring the 
thermometei: intd the temperature of 

• freezing, by immersing the ball in watei^ 
. just freezing,or in ide just thawing, and 

mark tlie scale where the mercury then 
stands, for the point of freezing. Next, 
^ immerge it in boiling water \ a^ the 
quicksilver will rise to a certain height 
in the tube ; which mark also on the 
scale, for the boiling point, or the heat 
of boiling water. Then the distance be** 
tween these two points, is divided into 

* 1 80 equ^ divisions, or degrees ; and the 
like equal degrees are also cpntinued to 

any extent below the free:^ing point, and above the boiling 
point. The divisions are then numbered as follows, namely, 
at the freezing point is set the number 32, and consequently 
212 at the boiling point; and all the other numbers in their 
order. 

This division of the scale is commonly called Fahrenheit's. 
According to this (division, 55 is at the mean temperature of 
the air in this country; and it is in this temperature, and in 
an atmosphere which sustains a column of 30 inches of 
quicksilver in the barometer, that all measures and specific 
gravities are taken, unless wheri otherwise mentioned; and 
in this t^perature and pressure, the relative weights, or 
specific gravities of air, water, and quicksilver, are as 

1|^ for air, Tand these also are the weights of a cu- 

lOQC for water, < bic foot of each, in avoirdupois ounces, 
13600 for mercury; (in that state of the barometer and 
thermometer. For other states of the thermometer, each 
of these bodies expands or contracts according to the fol- 
lowing rate, with each degree of heat, viz. 
Air about - -^-^ part of its bulk, 
Water about -^-^^ part of its'bulk, 
- Mercury about; --^ part of its bulk. 

^ On 
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Oh the measurement of ALTITUDES w the 
BAROMETER and THERMOMETER. 

391. FROM the principles laid dowii in the schaliom to 
prop* 76j concerning the measuring of altitudes by the 
barometer, and the foregoing descriptions of the barometer 
and thermometer, we may now collect together the precepts 
for the practice of such measurements^ which are as follow : 

First. Observe the height of the barometer at the bottom 
ef any height, or depth, intended to be meatered ; with tht 
temperature of the quicksilver, by means of a thermometer 
attached to the barometer, and also the temperature of the 
air in the shade by a detached thermometer. 

Sicoffdly^ Let the same thing be done also at the top of the 
said height or depth, and at the same time,- or as near the 
same time as mzj be* And kt those altitudes of barometer 
be reduced to the same temperature, if it be* thought neces- 
sary, by correcting either the one or the other, that is, aug- 
ment the height of the mercury in the colder temperature^ 
or diminish that in the warmer, by its -^V? P^^ f^ every de- 
gree of difference of the two. 

Thirdly. Take the difference of the common logarithms 
of the two heights of the barometer, corrected as above i£ 
necessary, cutting off S figures next the right hand for 
decimals, when the log-tables go to 7 figures, or cut off only 
3 figures when the taUes go to 6 places,, and so on j or iti 
general remove the decimal point 4 places more towards the . 
right hand, those on the left hand being fathoms in whole' 
numbers. 

Fourthly. Correct the number last found for the difference 
of temperature of the air, as follows ; Take half the sum. of 
the two temperatures, for the mean one; and for every de- 
gree which this differs from the temperature 31^, take so 
many times' the ^^r P^^^ ^f ^^ fathoms above found, and 
add them if the mean temperature be above 3 1®, but subtract 
them if the mean temperature be below 31*^; and the sum or 
difference will be the true altitude in fathoms: or, being 
multiplied by 6, it will be the altitude in feet. 

392. Example:!^ Let the state of the barometers and 
thermometers be as foHows; to find the: altitude, viz, 

Thermom. 



Barom. 

Lower29*68 
Upper25-28 



attach. 



detach. 

57 ' 
42 



Ans. the alt. is 
719j^&thom$. 

393. Exam. 
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393. Exam. 2. To find the altitQde» when the state €>/ 
the barometers and thermometers is as follows, viz* 

•n Thermom. 

^*~°'- . ittach. I detack. 
Lower29*45 38 31 

Upper26*82 | 41 | 35 



Ans( the alt. is 

409^ fathom^ 
or 2458 feet.. 



On tkb resistance op FLUIDS, with their 
FORCES AND ACTIONS on BODIES- 



PROPOSITION LXXVII» 

394.' If any JScdy Move throUgh a Fluid at Rest, or tie Fluid 
Move' against the Body at Rest; the Force or Resistance of the 
Fluid, against the Body^ iviU be as the Square of the Velocity 
and the Density of the Fluid. That is, K oc dv^. 

For, the force or resistance is as the quantity of matter 
or particles struck, and the velocity with which they are 
struck. But the quantity or number of particles struck in 
any time^ are as the velocity and the density of the fluid. 
Therefore the resistance, or force of the fluid, is as the den-;^ 
sity and square of the velocity. 

S95. Corel. I. The resistance to any plane, is also ihore^ 
OT less, as the plane. is greater or less; and therefore the 
resistance on any plane, is as the area of the plane a, the 
density of the medium, and the square of the velocity* 
That is, R oc adv\ 

396. Corol, 2. If the motion be not perpendicular, but 
oblique to the plane, or to the face of the tx>dy; then the 
resistance, in the direction of motion, will be diminished in 
the triplicate ratio of radius to the sine of the angle of in- 
clination of the plane to the directioQ of the motion, or as' 
the cube of radius to the cube of the sine of that angle. So 
that R oc adv^s^y putting I zz radius, and s is sine of th^ 
angle of inclination cab. 

For, if AB be the plane, Ac the 
direction of motion, and bc perpen-^ 
dicular to ac; then no more particles' 
meet the plane than what meet the 
perpendicular bo, and therefore their' 
number is diminished as ae to BC or. 
as I to /. But the force of each par-* 

tide^ 
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ticlej striking the plane Obliquely in the direction 64^ if 
also diminished as AB to fic, or as L to j; therefore the 
resistance, which is perpendicular to the face of the plane 
by art. 52, is as P to A But again, this re^stance in the 
direction perpendicular to the face of the plane, is to that 
in the direction AG, by art. 51, as AB to BC, or as 1 to /. 
Consequently, on all these accounts, the resistance to the 
plane when moving perpendicular to its face, is to that 
when moving obliquely, as 1' to j^, or 1 to s\ That is, 
the resistance in the direction of the motion, is diminished 
as 1 to s^, or in the triplicate ratio of radius to the sine of 
Inclination* 



PROPOSITION LXXVXII. 

397* The Real Resistance to a Plam^ bj a JPlmd agtifig in 
Direction perpendicular to its Face^ is equal to the Weight of a 
Column ^ the Fluid, whose Base is the Plane, and Altitude 
equal to that which is due to the Velocity of the Motion , or 
through which a Heavy Body must fall to acquire that Vc* 
locity. 

ft 

Thb resistance to the plane moving through a fluid, is 
the same as the force of the fluid in motion with the same 
velocity, on the plane at rest. But the force of the fluid in 
motion, is equal to the weight or pressure which generate 
that motion ; and this is equal to the weight or pressure of 
a column of the fluid, whose base is the area of the plane» 
and its altitude that which is due to the velocity. 

398. CoroLl. If a denote the area of the plane, v the 

velocity, n the density or specific gravity of the fluid, and 

]g = 16-^ feet, or 193 inches. Then> the altitude due to 

V* - ' V* anv*" 

the velocity v beinc: --", therefore ^ x » X — = -~ — will 

be the whole resistance, or motive force R. 

399. CoroL 2. If the direction of motion be not perpen- 
dicular to the face of the plane, but oblique to it, in any 
angle, whos^ sine is j. Then the resistance to the plane will 

be 



■k^a 



40p. CoroL 3. Alsoj if w denote the wtight of the body, 
whose plane face a is resisted by the absolute foi'ce r; then 

the retarding force A or — will be -7-7- . 

° '' w Agw 

' 4^01. CoroL 4. And if the body be a cylinder, whose face 
Vol. IL S - or 
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or end is m, and radius r, moving in the direction of its axis^ 
because dien / :& 1, and a 3>^/>r% irtiere/ = S'141€; then 

^j— will be the reusting force », and ^r the retarding- 

forceyi 

402. CoroL 5, This is the value of the resistance when 
the end of the cylinder is a plane perpendicular to its axis, 
or to the direction of motion. But were its face an elliptic 
section, or a conical surface, or any other figyre everywhere 
equally inclined to the axis, or direction of motion, the sine 
or inclination being i : then, the number of particles of the 
fluid striking the face being still the same, but the force of 
each, opposed to the direction of motion, diminished in the 
duplicate ratio of radius to the sine of inclination, the resist- 

i^g force p. would be ^ 

PROPOSITION LXXiaC. 

403. J%f Resistance to a Sphere moving thr»ugb a jF/ftiV, is tut 
Half the Resistance to. its Great Circle^ or to the End of 
m Cylindft of the same Diameter^ moving with an £qual 
Fehcity* 

Let afeb be half the sphere, moving 
in the directioix CSG. Describe the para- 
boloid AifKB on the saiiie base. Let any 
particle of the meditnti meet the semicir- 
cle in F, to which draw the tangent fc, 
the radius FC,and the ordinate fih. Then 
the force of any particle on the surface at 
t, is to its force on the base at h, as the 
square of the sine of the angle G, or its 
e,qual the '^ngle fch, to the square of radius, that is, as* 
HF* to CF*. Therefore the force of all the particles, or the 
whole fluid, on the whole surface, is td its force on the 
circle of the base, as all the hf* to as many times cf\ 
But cf'^ is 2= €A* = AC .. CB, and hf* ;= ah . hb by the 
nature of the circle :^ also, ah . HB : ac • CB : : hi : CE by 
the nature of the parabola ; consequently the force on the 
spherical surface, is to the force on its circular base, as- 
all the Hi's to as Inany C£*s, that is, as the content of the 
paraboloid to, the content of its circumscribed cylinder, 
namely, as 1 to 2. 

404, CoroL Hence, the resistance to the sphere is E =s5 

^-—*^, being the half of that of z cylinder of the same 

/ diameter*^ 
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<itameter. For example, a 9Ib iron ball, whose diameter Is 
4 inches,' when moving through the air with a velocity of 
1600 feet per second, would meet a resistance which is equal 
to a weight of I32ylb, over and abo^ the pressure of the 
atmosphere, for want of the counterpoise behind the balL 



PRACTICAL Exercises in mensuration. 

Qu£ST. I. WHAT difference is there between a floor 
28 feet long by 20 broad, and two others> each of half the 
dimensions; and what do all three come to at 45s. per 
square, or 100 square feet ? 

Ans. dif. 260 sq. feet. Amount 18 guineas* 

Quest. 2. An elm plank is 14 feet 3 inches long, and I 
would have just a square yard slit off it ; at what distance 
from the edge must the line be struck ? Ans. 7J4 inches. 

QuEi>T. 3. A cieling contains 114 yards 6 feet of plaster- 
ing, ^Hid the room 28 feet broad ; what is the length of it ? 

Ans^ 36^ feet. 

Quest. 4. A common joist is 7 inches deep, and 2f 
thick ^ but wanting a scantling just as big again, tliat shall 
be 3 inches thick i what will the other dimension be ? . . 

Ans. 1 ly inches. 

QussT. 5. A wooden cistern cost me 3x. 2J, painting 
within, at 6d. per yard.) the length of it was 102 inches^ 
ahd the depth 21 inches ; what was the width ? 

Ans. 2 7|. inches. 

Quest. 6. If my court-yard be 47 feet 9 inches square, 
and I have laid a foot-path with Piirbeck stone, of 4 feet 
Wide, along one side of it ; what will paving the rest with 
flints come to^ at 6d. per square yard? Ans. 5/. \6s» 0^-J. 

Quest. 7. A ladder, 26|. feet long, may be so planted, 
that it shall reach a window 22 feet from the ground on 
one side of the street; and, by 6nly turning it over, without 
moving the foot out of its place, it will dp the same by a 
window 14 feet high on the other side ; what is the breadth 
<>f the street ? Ans. 37 feet 9| inches. 

Quest, 8. The paving of a triangular court, at 18d. 
per foot, came to 100/. j tile longest ot the three sides was 
oi feet J required the suni of the other two equal sides ? 

Ans. 106-85 feet* 

S 2 Quest. 9. 
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Quest. 9. There are two cotumns in the ruins of Perse* 
' polis left standing upright : the one is 64 feet above the 
plaint and the other 50 : in a straight line between these 
stands an ancient small statue* the head of which is 97 feet 
from the summit of the higher, and 86 feet from the top of 
the lower column, the base of which measures just 7& feet 
to the centre of the figure's base. Required the distance be- 
tween the tops of the two columns ? Ans. 157 feet nearly* 

QuBST. 10, . The perambulator, or surveying wheely. is 
so contrived, as to* turn just twice in the length of 1 pole, or 
I6i feet ; required the diameter ? Ans. 2*626 feet. 

Quest. 11. In turning a, one-horse chaise withki a ring 
of a certain diameter, it was observed that the outer wheel 
, made two turns, while the inner made but one : the wheels 
were both 4 feet high ; and supposing them £xed at the 
distance of 5 feet asunder on the azletree, what was the 
circumference of the track described by the outer wheel ? 

Ans. 62*83 feet* 

Quest. 12. What is the side of that equilateral triangle, 
whose area cost as much paving at 8d. a foot, as the palli- 
sading the three sides did at a guinea a yard ? 

Ans. 72*746 feet; 

Quest. 13. In the trapezium abcd, are given, ab = 13, 
BC = 3I|, CD = 24i and da = IS, also b a right angle; 
required the area .? Ans« 410*122. 

Quest. 14. A roof which is 24 feet 8 inches by 14 feet 
6 inches, is to be covered with lead at 8lb. per square foot : 
what will it come to at I8s per cwt. ? Ans. 22/. 19j. lO^^ 

Quest. 15. Having a rectangular marble slab, 58 inches 
by 27, 1 would have a square foot cut off parallel to the 
shorter edge j I would then have the like quantity divided 
from the remainder parallel to the longer side; and this 
alternately repeated, till there shall not be the quantity of 
a foot left : what will be the dimensions of the remaining 
piece ? Ans. 20*7 inches by 6*086. 

Quest. 16. Given two sides of an obtuse-angled triangle, 
which are 20 and 40 poles ; required the third side, that 
the triangle may contain just an acre of land ? 

Ans. 58*876 or 23*099. 

Quest. 17. The end wall of a house is 24 feet 6 inches 
in breadth, and 40 feet to the eaves ; y of which is 2 bricks 
thick, I more is li brick thick, and the rest 1 brick thick. 
Now the triangular gable rises 38 courses of i>ricks, 4? of 
which usually make a foot in depth, and this is but i^i inches, 

or 
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or half a brick thick : what will this piece of work come to 
at 5/. lOx. per statute rod ? Ans. 20/. 1 Ix, l^d. 

Quest. IS. How many bricks will it take to build a wall, 
10 feet high, and 500 feet long, of a brick and half thick j 
reckoning the brick 10 inches long, and 4 courses to the foot 
in height I • Ans. 72000. 

Quest. 1 9. How many bricks will build a square pyra- 
mid of 100 feet on each side at the base, and also 100 feet 
perpendicular height : the dimensions of a brick being sup* 
posed 10 inches long, 5 inches broad, and 3 inches thick? 

Ans. 3840000. 

Quest. 20. I^ from a right-angled triangle, whose base 
is 12, and perpendicular 16 feet, a line be drawn parallel to 
the perpendicular, cutting off a triangle whose area is 24 
square feet ; required the sides of this triangle ? 

Ans. 6, 8, and 10. 

Quest. 21. The ellipse in Grosvenor-square measures 
£40 links across the longest way, and 6 12 the shortest,within 
the rails : now the walls being 14 inches thick, what ground 
d6 they enclose, and what do they stand upon ? 

A J enclose 4 ac, r. 6 p. 
^^^* ^standon neOisq.feet. 

Quest. 22. If a round pillar, 7 inches over, have 4 feet 
of stone in it : of what diani^er is the column, of equal 
length, that contains 10 times as much ? 

Ans. 22-136 inches. 

Qu^ist. 23. A circular fish-pond is to be made in a gar- 
den, that shall take up just half an acre ; what must be the 
length o£ the chord that strike^ the circle ? Ans. 27:|^ yards. 

Quest. 24. When a joof is of a true pitchj or making a 
right angle at the ridge> tlie rafters are nearly J of the 
breadth of the building': now supposing the eaves-boards to 
project 10 inches on a side, what will the new ripping a 
house cost, that measures 32 feet 9 inches long, by 22 feet 
9 inches broad on the j&at, at 1 5s, per square ? 

Ans. 8/. 1 5 J. 9id. 

Quest. 25. A cable, which is 3 feet long, and 9 inches in 
compass, weighs 221b; what will a fathom of that cable 
weigh, which measures a^foot about? Ans, 78|.lb. 

Quest. 26. My plumber has put 28lb. per square foot 

into a cistern, 74 inches and twice the thickness of the lead 

long, 26 inches bvoad, and 40 deep : He has also put three 

stays across it within, of the same strength, and 16 inches 

. deep, 
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deepi and reckons 22/. per cwt- for work an4 materials* J, 
being a mason, have paved him a workshop^ 22 feet 10 inche^^ 
broad, with Purbeck stone, at Id. per foot ; and on the 
balance I find there is 3/. 6J. due to him ; what was the 
length' of the workshop, supposing sheet lead of ^ of an 
inch thick ta weigh 5*8^91b the i^uare foot ? 
^ Ans. 32 feet, 0|- inch* 

Quest, 27. The distance of the centres of two circles^ 
whose diameters are each SO, being given, equal to 30 ; what 
is the area of the space enclosed by their circumferences ? 
» Ans. 559*119. 

Quest. 98. If 20 feet of iron railing weigh half a ton, 
when the bars are an inch and quarter square ; what will 
SO feet come to at S^d. per lb, the bars being {■ of an inch 
square ? Ans. 20L Os. 2d. 

Quest. 29. The area of an equilateral triangle, whose 
base falls on the diameter, and its vertex in the middle of 
the arc of a semicircle, is equal to 100: what is the diameter 
of the semicircle? Am. 26-32148. 

Quest; 3.0. It is required to find the thickness of the 
lead in a pipe, of an inch and quarter bore, which weighs 
54lb. per yard in length', the cubic foot of lead weighing 
1 i 32.^ ounces ? Ans. '20737 inches. 

Quest. 3 1 . Supposing the expense of paving a semicir« 

ciilar plot, at 2j. 4^. per foot, come to 10/.; what is the 

diameter of it ? Ans. 14'77S7 feet. 

f - ■ ■- '. 

Quest. 32. What is the length of a chord which cuts off 
•|- of the area from a circle whose diameter is 289 ? 

Ans. 278*6716. 

Quest. 33. My plumber has set me up a cistern, and, his 
shop-book being burnt, he has no means of bringing in the 
charge, and I do not choose to takeit'down to have it weigh- 
ed ; but by measure he finds it contains 64-,2y square feet, 
and that it is precisely \ of an inch in thickness. Lead was 
then wrought at 21/. per fother of 19|^ cwt. It is required 
from these items to make out the bill, allowing 6f oz. for 
the weight of a cubic inch of lead ? - Ans. 4/. 1 1/. 2d. 

* Ql^EsT. 34. What will the diameter of a globe be, when 
the solidity and superficial content are expressed by the same 
number ? . Ans. 6. 

^^ Quest. 35. A sack, that would hold 3 bushels df corn, 
is 22^ inches broad when empty; what will another sack 
' - : ♦ . . -Contain, 
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contain, whicli,- being of the 9Stitt€ length, has fwice it9 
fareatlthi or circumference ? Ans. 1 2 6iishel$. 

Quest. 3^. A carpenter is to put an oaken curb to a 
round welU at Sd, per foot square : the breadth of the curb 
IS to be 7^ inches, and the diameter within 3 ^ feet ; what 
will be the expense ? Ans. 5s. 2\d. 

Quest. 37. A gentleman has a garden 100 feet longhand 
SO ieet broad ; and a gravel walk is to be made of ah equal 
width half round it : what must the breadth of the walk bo, 
to take up just half the ground ? . Ans. 25*968 feet. 

Quest. 38. The top of a may-pole, being broken oiFby a 
blast of wind, sttuck the ground at 10 feet cfist^ce from the 
foot of the pole; what was the height of the whole may^ 
pole, supposing the length of the broken piece to be 26 feet ? 

Ads. 50 feet, 

Quebt. 39. Seven men bought a crinding stone, of 60 
inches diameter, each paying y part of the expense \ what 
part of the diameter must each grind down for hi$ share ? 

Ans. the 1st 4-4508, 2d 4-8400, 3d 5-3535, 4th 6*0765, 
5th 7-2070, ^h 9-3935, 7th 22*6778 inches, 

Quest. 40. A maltster has a kiln, that is 16 feet 6 inches 
square : but he wants to pull it down, and build a new one^ 
that may dry three times as much at ottc^ as the old one ; 
what must be the length of its side ? Ans. 28 feet 7 inches. 

Quest. 41* How many S-inch cubes may be cut out of 
a 12-inch cube i Ans. 64, 

Quest. 42. How long must th« tether of a horse be, tha$ 
will allow him to graze, quite around, just an acre of ground ) 

Ans. 39| yards. 

Quest. 43. What will the painting of a conical spir^^ come 
to, at Hd, per yard; supposing the height to be 1 18 feet, and 
the circumference of the base 64 feet r An«. 14/. 0/. 8|^. 

Quest. 44. The diameter of a standard com bushel is 
ISi inches, and its depth 8 inches; thfn what must th« 
diameter of that budicl be, whose depth » '?+ inches? ? 

Ans. 191067 inches. 

Quest. 45. Suppose the ball on th^ top of St. Paul's 
church is 6 feet in diameter ; what d}d the gilding of it cost 
at 3i per square inch ? , Ans. ^37/, 10/. Id. 

Quest. 46. What will a frustum of a marble cone come 
to, at 12j. per solid foot ; the diameter of the greater end 
being 4 feet, that of the less egd i-|^, and the length of the 
slant side 8 feet ? ' " Ans/ SO/, u. \cxy. 

Quei^t. 47. 
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Quest. 4?» To divide a cone into three equal parts bf 
sections parallel to the base, and to find the altitudes of the 
three parts^ the height of the whole cone being 20 inches ? 

Anst the upper part 13-867. 
the middle part 3'6%5. 
the lower part 2-528. 

Quest. 48, A gentleman has a bowling green, 300 feet 
long, and 200 feet broad, which he would raise 1 foot higher, 
by means of the earth to be dug out of a ditch that goes 
rbund it: to what depth must the ditch be dug, supposing its 
breadth to be every where 8 feet i Ans. 7|4 feet. 

Quest* 49. How high above the earth must a person be 
raised, that he may see ^ of its surface ? 

Ans. to the height of the earth's diameter. 

Quest. 50. A cubic foot of brass is to be drawn into 
wire, of ^ of an inch in diameter; what will the length of 
the wire be, allowing no loss in the metal ? 

Ans. 97784-797 yards, or 55 miles 984-797 yards. 

Quest. 5l. Of what diameter must the bore of a cannon ■ 
be, which is cast for a ball of 24lb. weight, so that the dia- 
meter of the bore may be -j^ of an inch more than that of 
the ball ? Ans. 5 '647 inches. 

Quest. 52, Supposing the diameter of an iron 91b. ball 
to be 4 inches, as it is very nearly; it is required to find the 
diameters of the several balls weighing 1,2, 3, 4, 6, 12, 18, 
24, 82, S$, apd 421b, and the caliber of their guns, allowing 
^ of the caliber, or ^ of the ball's diameter, for windage, 

Answer 



Wt,of 


Diameter 


Caliber of 


ball. 


of ball. 


gun. 


1 


1-9230 


1-9622 


2 


2-4228 


2-4723 


3 


2*7734 


2-8301 


4 


3-0526 


3-1149 


6 


3-4943 


S'5656 


9 


4-0000 


4*0816 


12 - 


4-4026 


4-4924 


18 


6-0397 ' 


5-1425 


24 


5-5469 


5-6601 


32 


6-i051 


6-2297 


36 


6-3496 


6-4792 


42 


6-6844 


6-8208 



Quest, $^ 
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Quest. 53. Supposing the windage of all mortars lo be 
^^ of the caliber, and the diameter of the hoUow part of the 
shell to be ^ of the caliber of the mortar : it is required to 
determine the diameter and weight of the shell, and the 
quantity or weight of powder requisite to fill it, for each oF 
the several sorts of mortars^ namely, the 13, 10, B, 5'9« 
and 4*6 inch mortar. Aq^wer 



ICalib.of 


Diameter 


mort. 


of shell. 


4-6 


4-523 


5-8 


5-703 


8 , 


7-867 


10 


9-833 


13 

• 


1m2-783 



Wt. of shell 
empty. 



8-320 

16-677 

43-764 

85-476 

187-791 



Wt-of 
powder. 



I 



0-583 
1-168 
S-065 
5*986 
13-151 



Wt. of shell 
^filled. 

8-903 

17-845 

46-829 

91*462 

200*942 






Quest. 54. If a heavy sphere, whose diameter is 4.inche5, 
be let fall into a conical glass, full of water, whose diameter 
is 5, and altitude 6 inches ; it is required to determine how 
much water will run over ? 

Ans. 26-272 cubic inches, or nearly |^ of a pint, 

QujEST, 55. The dimensions of the sphere and cone being 
the same as in the last question, and the cone only 4 full of 
water; required what part of the axis of the sphere is, im- 
mersed in the water ? Ans. '5416 parts of an inch* 

Quest. 56. The cone* being still the same, and 4 full of 
water 5 required the diameter of a sphere which shall be 
just all covered by the water ? Ans. 2*445996 inches* 

Quest. 57. If a person, with an air balloon, ascend ver* 
tically from London, to such a height that he can just see 
Oxford appear in the horizon ; it is required to determine 
his height above the earth, supposing its circumf<?rence to be 
25000 miles, and the distance between London and Oxford 
49-5933 miles ? Ans. ^^3'^ of a mile, or 547 yards 1 foot% 

Quest. 58. In a garrison there are three remarkable ob- 
jects A, B, c, the distances of which from one to another are 
known to be, ab 213, ac 424, and BC 262 yards ; I am de- 
sirous of knowing my position and distance at a place or sta- 
tion s, from which I observed the angle asb 13° 30', and the 
iSingle csB 29° 50', both by geometry and trigonometry. 

Answer, 

AS 605-7122; ^ c 

Bs 429-68145 

cs 524-2365. 




Quest. 59. 



ff6S SPECIFIC GRAVITY. 

Quest. 50. Required the same as in the last qnestion, 
when the point b is on the other side of AC> supposing ab 9, 
Jit 12, and BC 6 furlongs $ also the angle asb 33* 4/5', and 
the angle Bsc 22^ 9tf. 

Answer, JB 

At 10*64, Bt 15-64, ca 14-01. 




Quest. 60. It is required^o determine the magnitude of 
a cube of gold, of the standard fineness, which shall be equal 
to a sum of 480 million of pounds sterling; supposing a 
guinea to weigh 5dwts 9^ grains. Ans. 18*691 feet. 

Quest. 61. The ditch of a fortification is 1000 feet 
long^ 9 feet deep> 20 feet broad at bottom, and 22 at top ; 
how much water will fill the ditch ? 

Ans. 1 1 58 1 27 gallons nearly. 

Quest. 62. If the diameter of the earth be 7930 miles, 
and that of the moon 2160 miles: required the ratio of their 
surfaces, and also of their solidities : supposing them both to 
be globular, as they are very nearly? 

Ans. the surfaces are as 13 J to 1 nearly; 
and the solidities as 49^ to 1 nearly. 



PRACTICAL EXERCISES concerning SPECIFIC 

GRAVITY. 

' The ^ecific Gravities of Bodies are their relative weights 
contained under the same given magnitude 5 as a Cubic foot 
«r a cubic inch, &c. '* "* 

— - • . • • 

The specific gravities of several sorts of matter, are ex- 
pressed by the numbers annexed to their names in tlie Table 
of Specific Gravities, at page 231 j from which the numberi 
are to be taken, when wanted. " ^ 

Note. The several sorts of wood are supposed to be drv 
Alsp,^ as X cubic foot of water weighs just iooo ouuce^ 
avoirdupois, the numbers in the table express, not only the 
specific gravities of the several bodies, but also the weight 
of a cubic foot of each in avoirdupois ounces j and hence, 
^y proportion, the weight of any other quantity, or th^f 

' ' " ' quantity 
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quantity of any other weight, may be known, as in the fol- 
lowing problems* 

PROBLEM I. 

To find tbi Magnitude rfanj Body^from its Wn^^ 

As the tabular specific gravity of the body. 
Is to its weight in avoirdupois ounces^ 
So is one cubie foot 9 pr 1 728 cubic inches^ 
To its content in feet, or inches, respectively* 

EXAMPLES. 

Exam, l- Reqmred the content of an irregular block of 
common stone, which weighs Icwt. or 1 12lb. 

Ans. 1228^ cubic indices. 

Exam. 2. How many cubic inches of gunpowder are there 
m lib weight ? Ans. t^ cuUc inches neaurly. 

Exam. 3. How many cubic feet are there in a toa 
weight of dry oak ? Ans. S8.44i cubic fiMC« 

problem II. 

To find the Weight (fa Body from its Magnitude^ 

As one cubic foot, or 1 728 cubic inches^ 
Is to the conteoi: of the body. 
So is its tabular specific gravity^ 
To the weight or the body* 

BXAMPLSS* 

Exam. 1. Required the weight of a block of marble^, 
whose length is 63 feet, and breadth and thickness each 
12 feet; being the dimensions trf one of the stones in the 
walls of Balbeck ? 

Ans. 683^ ten, which is nearly equal to the burdea 
of an East-India ship. 

Exam. 2. What is the weight of I pint, ale measure^, 
of gunpowder? Ans. 19^ 02. nearly. 

Exam. 3. What is the weight of a block of dry oak, 
which measures 10 fqet in lengthy ^ feet broad j and 2j> 
feet deep? Ans. .43S^i^lb. 



PROBLEM 
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PROBLEM III. 

To find the Specific Gravity of a Body. 

Case l. When the body is heavier thsua water, weigh it 
l^oth in water and out of water, and take the difference, ^ 
which will he the weight lost in water. Then sav, 

As the weight lost in water. 

Is to the whole weight, 

So is the specific gravity of water, 

To the specific gravity of the body. 

EXAMPLE. . 

A piece of stone weighed lOlb, but in water only 6^lb, 
^ required its specific gravity ? Ans. 2609. 

' Case 2. When the body is lighter than water, so that it 
will not quite sink, zfRx to it a piece of another body, heavier 
tban water, so that the mass compounded of the two msty^ 
sink together. Weigh the denser body and the compound 
iriass separately, both in water and out of it j then find how 
much each loses in water, by subtracting its weight in water 
from its weight in air j and subtract the less of these re« 
mainders from the greater. Then say. 

As the last remainder, ^ 

Is to the weight of the light body in air, 
So is the specific gravity of water. 
To the specific gravity of the bodp 

EXAMPLE. 

Suppose a piece of elm weighs 151b in air; and that :i 
piece of copper which weighs 18lb in air, and 16lb in water, 
IS affixed to it, and that the compound weighs 61b in water ; - 

required the specific gravity of the elm ? Ans. 600, 

• 

PROBLEM IV. 

To find the Qtimiiiiiej of Two Ingredients in a Given Compound. 

Take the three differences of every pair of the three 
specific gravities, namely, the specific gravities of the com- 
pound and each ingredient; and multiply the difference of 
every two specific gravities by the third. Then say, as the 
, greatest product, is to the whole weight of- the compound, 
so is each of the otlier products, to the two weights of the 
ingredients. 

jxample. 



% 
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\ 

BXAMPLE* 

A composition of 1121b being made of tin and copper, 
whose specific gravity is found to be 8784; required the^ 
quantity of each ingredient, the specific gravity of tin being 
7320, and of copper 9000 i 

Ans. there is lOOlb of copper? • ^i. 

and consequently 121b o^tinj *^ ^^ composition. 



Of the weight and DIMENSIONS w BALLS iHn 

SHELLS. 

THE weight and dimensions of Balls and Shells miriit he 
found from the problems last given, concerning specific gra^ 
vity. But they may be found still easier by means of the 
experimented weight of a ball of a given size, from the 
known proportion of similar figures, namely, as the cubes 
of their diameters* 



PROBLEM t. 
To find the WAght of an Iron 6atl^from its Diameter » 

An iron ball of 4 inches diameter weighs 9lb> and the 
weights being as the cubes of the diameters, it will be, as 64 
(which is the cube of 4) is to 9 its weight, so is the cube of 
the diameter of any other ball, to its weight. Or, take -^ of 
the cube of the diameter, for the weight. Or, take -l^ of 
the cube of the diameter, and -J- of that again^ and add the 
two together, for the weight. 

EXAMPLES. 

Exam. 1. The diameter of an iron shot being 6*7 inches, 
required its weight ? Ans. 42'294lb, 

Exam. 2. What is the weight of an iron ball, whose dia« 
meter is 5*54 inches ? Ans. 241b nearly. 

PROBLEM II. 

To find the Weight of a Leaden Ball. 

A leaden ball of 1 inch diameter weighs ^ of a lb ; there- 
fore as the cube of 1 is to 7^, or as 14 is to 3, so is the cube 

' • • of 
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sMAMMJm 



of the diameter of a leaden ball^ to its weight* Or^ take -J^ 
of the cube of the diameter^ for the weighty nearly. 

ttAMPLftS. 

ExlM. 1. Required the weight of a leaden baH of 6*6 
indies diameter ? Ans. 61 *6061b. 

Exam. 2. What is the weight of a leaden baU of 5*30 
tilches diameter ? Ans. 32lb nearly. 

PROBLEM in. 

To find ihi Diameter of an Iron Ball, 

Multiply the weight by 7^, and the cube root of the 
product will be the diameter. 

EXAMPLES. 

Exam. l. Required the diameter of a 421b iron ball ? 

Ans. 6*685 inches» 
Exam. 2. What is the diameter of a 241b iron ball ? 

Ans. 5*54 inches* 

PROBLEM IT. 

To find the Diameter (fa Leaden BalU 

Multiply the weight by 14, and divide the product 
by 3 ; then the cube root of the quotient will be the di« 
ameter. 

EXAMPLES. 

Exam. 1. Required the diameter of a 64lb leaden ball ^ 

Ans. 6*684 inches. 
. Exam. 2. What is the diameter of an 8lb leaden ball ? 

Ans; 3*343 inches^; 

PROBLEM V; 

To find the Weight of ah Iron ShelL 

l*Ak£ ^ of the difference of the cubes of th^ external 
ind internal diameter, foB the weight of the shell. 

That is, from the cube of the external diameter, take thd 
6ube of the internal diameter, multiply thef temsiinder by 9, 
afid diVlte the iffoduct by 64. 



POWDER AKi> SHSLLS, &c. «7r 

EXAMPLES. 

llxAM. 1 . The outside diameter o£an iron shell being 12*8j 
and the inside diameter 9*1 inches; required its weight ? 

Ans. 188*941 lb. 

Exam. 2. What is the weight of an iron shell, whose ex« 
ternal and internal diameters are 9*8 and 7 inches ? 

Ans. B^lh. 

PROBLEM VI. 

To find how much Pokier nvillfiU a Shell* 

DiviDt the cube of the internal diameter^ in inches, bj 
47*S> for the lbs of powder. 

BXAMPLS9. 

Exam. 1. How much, powder will fill the shell whose in<« 
ternal diameter is 9*1 inches ?' Ans. Id^lb nearly* 

Exam. 2. How much powder will £11 a shell whose in« 
ternal diameter is 7 inches ? Ans« €lb« 

PROBLEM VII. 

To find how much Powder mllfiB a Rectangular Boic, 

Find the content of the box in inches, by multiplying the 
length, breadth, and depth all together. Then divide by 30 
for the pounds of powder.. 

EXAMPLES. 

Exam. l. Required the quantity of powder that will dll 
a box, the length being 15 inches, the breadth 12, and the 
depth ID inches ? Ans* 60lb< 

Exam. 2. How much powder will fill a cubical box iB^ose 
side is 12 inches ? Ans. 57-flb. 

PROBLEM Ylljr. 

To find how much Powdef wlHfitt a Cylinder* 

MuLt^Ly the square of the diameter by the length, then' 
divide by 38*2 for the pounds of powder* 

EXAMPLES. 

Exam. 1. How much powder will the cylinder >]^oldr 
whose diameter tt 10 inches^ and length 20 inches ? 

Atts. 52j4b nearly. 

EXAPI. ^ 
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EzAM. 2. How^ much powder can be contained iit t&C 
cylinder whose diameter is 4 inchesi and length 1 2 inches ? 



Ans. 5j4t^« 



PROBLEM i±« 

Toftidthe Size ef a Shell to contain a given Weight of Powder^ 

Multiply the pounds of powder by 57*3, and the cube 
root of the product will be the diameter in inches^. 



EXAMPLES. 



Exam. 1. What is the diameter of a shell that will hold 
iS^lb of powder ? Ans. 9*1 inches. 

Exam. 2. What is the diameter of a shell to contain 61b 
of powder i Ans. 7 inches* 

PROBLEM X. 

To -find the Size of a Cubical Box^ to contain a given Weight of 

Powder* 

MuLTiPLT the weight in pounds by 30, and the cube root 
<^f the product will be the side of the box in inches. 

EXAMPLES. 

Exam. 1. Rec^uired the side of ^ cubical box, to hold 50lh 
of gunpowder i ^ Ans. 1 1*44* inches. 

Exam. 2. Required the side of a cubical box, to hold 
4001b of gunpowder ? Ans. 22*89 inches, 

PROBLEM XI. 

Tojind what Length of a Cylinder will he filled by a given 

Weight of Gunpowder. 

MuLT'iPLY the weight in pounds by 38*2, and divide the 
product by the square of the diameter in inches, for the 
lengths 

)IXAMPLBS. 

^ Exam. 1 . What length of a 36-pounder gun, of 6|- inchegi 
diameter, will be filled with l2lb:of, gunpowder ? 

Ans. lO'SH inches.. 

Exam. 2. What length of ^ cylinder, of 8 inches diameter^ 
may be filled with 201b of powder ? Ans. 1 lf4 inches. 

Of 
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Of the piling of BALLS and SHELLS. 



Iron Balls and Shells are commonly piled by horizontal 
courses, either in a pyfamidical or in a wedge-like form; the 
base being either an equilateral triangle, or a square, or a 
rectangle. In the triangle and square, the pile finishes in a 
single ball; but in the rectangle, it finishes in a single row 
of balls, like an edge. 

In triangular and square piles, the number of horizontal 
rows, or courses, is always equal to the number of balls in 
one side of the bottom row. And in rectangular piles, the 
iiumber of rows is equal to the number of balls in the breadth 
of the bottom row. Also, the number in the top row, or 
««dge, is one more than the difference between the lefigtb 
<and breadth of the bottom row. 

PHOBLEM %• 

To find the Numker rf Balls in a Triangular File. \ 

MULTIPLY continually together the number of balls In 

K)ne side of the bottom row, and that number increased by .1* 

-also the same number increased by 2; then ^. of the last prd- 

tduct will be the answer. 

. «.« + l.« + 2. - ., ^ 

That is, - 1 is the number or sum, wHert 

. - '■ ' '-r 

^ is the number in the bottom row. 

EXAMPLES. 

Exam. 1. Required the number of balls in a triangular 
pile, each side of the base containing 30 balls ? Ans. 4960. 

Exam. 3. How many baUs are in the triangular pile, each 
!«ide of the base .containing 20 i . Ans. 1540. 

PROBLEM H. 

To find the Number of Balls in a Square Pile. 

Multiply continually together the number in one side 
(ef the bottom course, that number increased by 1| and double 
the same number increased by I ; then |.of the last product 
iKrill be the answer. 

That IS, X • IS the number. 

o 

Vol. IL T sxamples. 
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EXAMPLSS* 

Exam, l • How many balls are in a square pile of 30 rows 2 

Ans. 94?55. 

£zAM* 2. How many balls are in a square pile of 20 rows ? 

Ans. 2870. 

FfLOBLBM in. -^ 
To j^ fid the Number of Balls in a Rectangular Pile. 

I 

4 

From 3 times the number in the length of the base row^ 

subtract one less than the breadth of the same, multiply th^ 

femainder by the same breadth,, and the product by one more 

than the same; and divide by 6 for the answer, 

■ , . h.b+l .SA-^-fl . \ . ^ ,. 

That IS, — • IS the number; where / is 

o 

the length, and ^ the breadth of the lowest course* 

Note, In all the piles the breadth of the bottom is eqtial to 
the number of courses. And in the oblong or rectangular 
pile, the top row is one "more than the difference between 
the length apd breacjth of tb^ bottom, 

EXAMPLES, 

- • Exam. 1. Required, the number of balls in a rectangular 

file, the length and breadth of the base row being 46 and 
5i ' Ans. 4960, 

Exam. 2* How many shot are in a rectangular complete 
pjle, the length of th^ bottom course being 59, and its breadth 
«0? ' • - / Ans. 11060. 

PROBLElH IV. 

To find the Number of Balls in an Incomplete Pile. 

\ 

fROM the number in the whole pile, considered as com- 
plete, subtract the number in the upper pile which is want-i 
tng at the top, both computed by the rule for their proper 
form; and the remainder will be thenumber in the firust^m, 
or incdmplete pil^. 

examples,. ' ' 

Exam. 1. To find the number of shot in the incomplete 
triangular pile, one side of the botton^ course being 40, and 
tjie top coivsc ?0 ? . Ans. 10150, 

'*■•-' ■' . '■' 'Exam. 2. 
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ExiM. 2. How many shot are in the incomplete triangul^ 
pile, the side of the has^ being 24, and of the top 8 ? 

Ans.2516. 

Exam. 3. How many balls are in the incomplete squarip 
pile, the side, pf the base being 24, and of the top 8 i 

Ans. 4760. 

Exam. 4. How many shot are in the incomplete rectan- 

fular pile, of 12 courses, the length and breadth of the base 
ejng 40 and 20? Ans. 6146. 



Of distances by the VELOCITY of SOUND, 

By various experiments it has been found, that sound flies, 
through the air, uniformly at the rate of about 1142 fjcet in 
1 second of time, or a mile in 4|- or ^^ seconds. ' And there- 
fore, by proportion, any distance ipay be found corresponding 
to any given time; namely, multiplying thie givjen ti^e, in 
seconds, by 114^^ for the corresponding distance in feet^ 
pr taking -^ of the given time for the distance in miles. Or 
dividing any given distance by these numbers, to ^ud th« 
corresponding time.. 

NoU» Tb? time for the passage of sound in the interval 
J)etween seeing tlie flash of a gun, or lightning, and hearing 
the report, may be observed by a watch, or a small pendulum. 
Or, it may be observed by the beats of the pulse in the wrist^ 
counting, on an average, about 70 to a minute for persons in 
moderate health, or 5|- pulsations to a mile ; and more or 
}ess recording to circunistances^ 

EXAMPLES. 

Exam, l^ After observing a flash of lightning, it was 1? 
seconds before the thunder was heard j required the distance 
of the cloud from whence it came ? Ans. 2^ mileSf 

Exam. 2. How long, after firing the Tower guns^ may 
the report be heard at Shooter's- Hill, supposing the distance 
to be 8 miles in a straight line ? ' Ans. 37j^ seconds. 

Exam. 3. After observing the firing of a larg^ cannon at 
^ distance, it was 7 se(fond§ b^for^P th^ report was heard ; 
W'hat was its distance ? Ans, li mile. 

Exam. 4. Perceiving a man at a distance hewing down a 
tree with an axe, I remarked that 6 of my pulsations passed 
lli^tweea seeing l)im strike and hearing the report of the 

/ T? Wow J 
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blow ; what was the distance between us, allowing 70 pulses 
to a minute ? Ans. 1 mile and 198 yards. 

Exam. 5. How far oflFwas the cloud from which thunder 
Issued, whose report was S pulsations after the flash of light- 
ning ; counting 75 to a minute ? Ans. 1523 yards. 

^ Exam. e. If I see the flash of a cannon, fired by a ship in 
distress at sea, and hear the report 33 seconds after, how 
far isshe oflT? Ans. 7^ miles* 



PRACTICAL EXERCISES in MECHANICS, STATICS, 
HYDROSTATICS, SOUND, MOTION, GRAVITY, 
PROJECTILES, AND OTHER BRANCHES of NA^ 
TURAL PHILOSOPHY. 

Question 1. Riqjji&ed the weight of a cast, von ball of 
S inches diameter, supposing the weight of a cubic inch of 
the metal to be 0*258lb avoirdupois ? Ans. 3*64739lb. 

Quest. 2. To determine the weight of a hollow spherical 
iron shell, 5 inches in diameter, the thickness of the metal 
being one inch ? Ans. 1 3'2S871b. 

Quest. 3. Being one day ordered to observe how far a 
battery of cannon was from me, I counted, by my wateh^ 
17 seconds between the time of seeing the flash and hearing 
the report; what then was the distance ? Ans. S|. miles. 

Quest. 4. It is proposed to determine the proportional 
quantities of matter in the earth and moon ; the density of 
the former being to that of the latter, as 10 to 7, and their 
diameters a3 7930 to 2160. Ans. as 7 1 to 1 nearly. 

Quest. 6. What difference Is there, in point of weight, 
betweeh a block of marble, containing 1 cubic foot and a 
half, and another of brass of the same dimensions ? 

Ans. 4961b 14oz, 

Quest. 6, In the walls of Balbeck in Turkey, the ancient 
Heliopolis, there are three stones laid end to end, now in 
sight, that measure in length 61 yards; one of which in par- 
ticular is 21 yards or 63 feet long, 12 feet thick, and 12 feet 
broad : now if this block be marble, what power would ba» 
lance it, so as to prepare it for moving ? 

Ans, 683tV tons^ the burdeni>f an East-India slup. 

Quest. 7. The battering-ram of Vespasian weighed, sup-^ 
pose 10,X)00 pounds 5 and was moved^ let us admit, with 

such 
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luch a velocity^ by strength of hand^as to pass through 
2Q feet in one second of time ; and this was found sufficient 
to demolish the walls cii Jerusalem. The question is, with 
what velocity a 32lb ball must move, to do the same execu- 
tion ? Ans* 6250 feet. 

Quest. 8. There are two bodies, of which the one con- 
tains 25 times the matter of the other, or is 25 times 
heavier ; hut the less moves with 1000 times the velocity of 
the greater: in what proportion then are the mdmenta, or 
forces, with which they moved ? 

Ans. the less moves with a force 40 times greater. 

QuBST. 9. A body, weighing 201b, is impelled by ^uch a 
force, as to send it through 100 feet in a second \ with what 
velocity then would a body of 8lb weight move, if it were 
impelled by the same force ? Ans. 250 feet per second. 

Quest. !©• There are two bodies, the one of which 

weighs lOOlb, the other 60 j but the less body is impelled 

by' a force 8 times greater than the other ; the proportion of 

the velocities, with which these bodies move, is required ? 

Ans. the velocity of the greater to that of the less, as 3 to 40. 

Quest. U. There are two bodies, the greater contains 
8 times the quantity of matter in the less, and is moved with 
a force 48 times greater : the ratio of the velocities of these 
two bodies is required ? 

Ans. the greater is to the less, as 6 to 1. 

Quest. 12. There are two bodies, one of;!wrhich moves 
40 times swifter than the other ; but the siwifter body has 
moved only one minute, whereas the other has been in mo- 
tion 2 hours : the ratio of the spaces described by these two 
bodies is required } 

Aus. the swifter is to the slower, as 1 to 3. 

Quest. 13, Supposing one body to move 30 times swifter 
than another, as also the swifter to move 12 minutes, the 
other only 1 : what difference will there be between the 
spaces described by them, supposing the last has moved 5 
feet? Ans. 1795 feet. 

Quest. 14. There are two bodies, the one of which has. 
passed over 50 miles, the other only 5 ; and the first had 
moved with 5 times the celerity of the second; what is the 
ratio of the times they have been in describing those spaces? 

Ans. as 2 to. I. 

Quest. 15. If a lever, 40 effective inches long, will, by 
a certain power thrown successively on it, in 13 hours, 
raise a weight 104 feet \ in what tiitie will two other levers, 

each 
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^ach. 18 effective inches long, raise an equal weight ^ 
feet ? Ans. 10 hours 8^ minute?; 

^ITEsf, I^. What weight wilt a man be able to raise, whd 
presses with the force of a hundred and ^ half, on the end 
of an equipoised handspike, 100 inches long, meeting witU 
1L convenient prop exactly 7^ inches from the lowdi- end of 
the machine ?, Ans. 20721b; 

Quest. 17. A weight of l^lb, laid on the shoulder of a 
man, is no greater burden to him than its absolute wieight, 
or 24 ounces : what difference will he feel, between the said 
weight applied near his elbow, at 12 irtches from the shoul- 
dei",' and in the pahn. of his hand, 28 inches from the same ; 
and how much more must his muscles then draw, to support 
it at right angles, that is, leaving his arm stretched right out ? 

Alls. 241b avoirdupois. 

Quest. 18. What weight hung 6n at 70 inches from the 
centre of motion of a steel-yard, will balance a small gun of 
bi cwt, freely suspended at 2 iriche's distance from the said 
centre on the contrary side? Ans. SOflb: 

Quest. 19. It is proposed to divide the beam of a steel- 
yard, or to find the points of division where the weights of 
1, 2,. 3, 4, &c, lb, on the one side, will just balance a constant 
weight of 951b at the distance of 2 inches on the other side 
of the fulcrum ; the weight of the beam being lOlb, and its 
whole length 36 inches ? 

Ans. 30, 15, 10, 7i, 6, 5, 4*, %3J., 3, 2pV, 2^, &c. 

Quest. 20. Two men carrying a burden of 2001b ^veight 
between them, hung on. a pole, the ends of which rest on 
their shoulders; how much of this load is borne by each 
ji^an, the weight hanging 6 inches from the middle, and 
the whole length of the pole being 4 feet ? 

Ans. 1251b and t5lb. 

Quest. 21. If, in a pair or scales, a body Weigh 90lb in 

one scale, and only 401b in the other ; required its true 

weight, and the proportion of the lengths of the two arms of 

the balance beam, on each side of the point of suspension ? 

Ans. the weight 60lb, axrd the proportion 3 to 2. 

Quest. 22. ^o find the weight of a beam of timber, o^ 
other body, by m^ans of a man s qwn weight, or any other 
weight. For. instance, 2. piece of tapering timber, 24 feet 
long, being laid over a prop, or the edge of another l^eam, 
is found to balance itself when the prop is 1 3 feet from the 
less end 5 but removing the prop a foot nearer to the said 
*nd, it takes a man's weight of 2101b, standing on the less 

end^ 
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chdj to hold it in equilibrium* ' Required the weight i)f tbe 
itree? Ans. 25201b. 

Quest. 23. If ab be a bane or waiking-stick> 40 inches 
long, suspetided by a string so fastened to the middle point 
D : now a body being hung on at e, 6 inches distance from 
D, is balanced by a weight of 2lb, hung on at the larger en4 
A; but removing the body to f, one inch nearer to d, the 
islb weight on the other side is moved to G, within 8 inches 
of D, before the cane will rest in equilibrio. Required the 
weight of the body ? - Ans. 24lb. 

Quest. 24. if ab, Bfc be two mclineci planei^, of the 
lengths of 30 and 40 inches, and moveable abbUt the joint 
at b: what Will be the r^ltio of two Weights P, Q, in equi- 
librio on the planes, in all positions of them : and whait will 
be the altitude bd of the angle b above the horizontal plane 
AC, when this is 50 inches long ? 

V Ans. BD = 24; and p to Q as AB to ic, or as 3 to. 4. 

Quest. 25. A lever, of 6 feet long, is fixed at right angles 
in a screw, whose threads are one inch asunder^ so that the 
lever turns just once round in raising or depressing the scre^ 
one inch. If then this lever be urged by a weight or fbrae 
of 50lb, with what force will the screw press i 

Ans.22619ilb. 

Quest. 26. If a man can draw a weight of 1501hi;p the 
side of a perpendicular wall, of 20 feet high ; what w;eigl^t 
will he be able to raise along a smooth plank of 30 feet long^ 
laid aslope from the top of the wall ? Ans. 2251b. 

Quest. 27. If a force of 15olb be applied on, the head q£ 
a rectangular wedge,* its thickness being 2 inches, and the 
length of its side 12 inches j what weight will it raise or bs^- 
lance perpendicular to its side i J^AS. 9001b. 

Quest. 28. If a round pillar of 30 feet diameter, be 
raised on a plane, inclined to the horizon in an angle of 75?, 
"or the shaft inclining 15 degrees out of the perpendicular; 
what length will it bear before it overset ? 

Ans. 30 (2 + v'S) or 1 11-9615 fe^ti 

Quest. ^9. If the greatest angle at whioh a bank of na- 
tural fearth will stat;id, be 45° 5 it is proposed, to determjujie 
what thickness an upright wall of stone must be.rsjade 
throughout, just to support a bank of 1 2 feet high j the spe- 
cific gravity of the stone being to that of earth, as 5 to 4. 

Ans. V ^^^ or 4-29325 feet. 

. Quest. SO. If the stone wall, be made lite a wedge, or 
Jiavmg its upright section a triangle, tapering to a point at 

topi 
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•top', but Its siAe next the bank of earth perpendicular to tfie 
horizon; what is its thickness at the bottom, so as to sup- 
port the same bank ? Ans. 1 2 -/ 4, or 5*36656 feet. 

Quest. 31. But if the earth will only stand at an angle of 
80 degrees to the horizontal line; it is required to determine 
the thickness of wall in both the preceding cases ? 

Ans. the breadth of the rectangle 12 V' 4, or 5'S6656, 
but the base of the triangular bank iS-v/^VjOr 6*53667.- 

QuBST.32. To iSndthe thickness of an upright rectan* 
gular wally necessary to support a body of water ; the water 
being 10 feet deep, and the wall 12 feet high ; also the speci- 
fic gravity of the wall to that of the water, as 1 1 to 7. 

Ans. 4-204374 feet. 

Quest. $9. To determine the thickness of the wall at the 
bottom, when the section of it is triangular, and the altitudes- 
as before. Ans. 5*1492866 feet. 

- Quest. 34. Supposing the distanee of the earth from the 
flun to be 95 millions of miles ; I would know at what distance 
from him another body must be placed, so as to receive light 
and heat quadruple to that of the earth. 

Ans. at half the distance, or 47^ millions. 

Quest. 35. If the mean distance of the sun from us be 
106 of his diameters ; how much hotter is it at the surface 
of the sun, than under our equator ? 

* Ans. 11236 times hotter. 

Quest. 36. The distance between the earth and the sun 
being accounted 95 millions of miles, and between 'Jupiter and 
the sun 495 millions ; the degree of light and heat received 
by Jupiter^ compared with that of the ^arth, is required ? 

Ans. ^^^, or nearly ^ of the earth's light and heat^ 

Quest. 37. A certain body on the surface of the earth 
weighs a cwt, or 1 1 2lb ; the question is whither this body 
must be carried, that it may weigh only lOlb ? 

Ans. either at 3 '3 466 semi-diameters, or -/^ of a semi- 
diameter, from the centre. 

- Quest. 88. If a body weigh 1 pound, or 1 6 ounces, oa 
•the surface of the earth ; what will its weight be at 50 miles 
above it, taking the earth'is diameter at 7930 miles ? 

Ans. 15oz. 94<lr. nearly. 

, Quest. 39. Whereabouts, in the line between the earth 
and mo6n, is their common centre of gravity; supposing the 
carth^s diameter to be 7930 miles, and the moon's 2160; also 

the 
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"^ the density of the former to that of the latter, as 99 to 6 S, or 
as 10 to 7 nearly^ and their meaq distance 30 of the earth^s 
diameters ? 

Ans. at ^4t parts of a diameter from the earth's centre, 
or V^ parts of a diameter, or 648 miles below the 
surface. 

ft 

Quest. 40. Whereabouts, betw^een the earth and moon,. 
. are their attractions equal to each other? Or where must 
another body be placed, so as to remain suspended in equi* 
iibrioi not being more attracted to the one than to the other, 
or having no tendency to fall either way? Their dimensions 
being as in the last question. 

Ans. From the earth^s centre 26,^ 1 of the earth's 
From the moon's centre 3^ / diameters* 

Quest. 41. Suppose a stone dropt into an abyss, should 
be stopped at the end of the 11th second after its de- 
livery; what space would ic have gone through ? 

Ans. 1946^ k^t. 

Quest. 45. What is the difference between the depths of 
two wells, into each of which should a stone be dropped at 
the same instant, the one will strike the bottom at 6 seconds, 
the other at lO ? ^ Ans. 1029^ feet. 

QuE^T. 43. If a stone be 19-f seconds'in descending from 
the top of a precipice to the bottom, what is its height ? 

Ans. 6 1 1 5-}.^ feet. 

Quest. 44, In what time will a musket ball, dropped 
from the top of Salisbury steeple, said to be 400 feet high, 
reach the bottom ? Ans. 5 seconds nearly. 

Quest, 45. If a heavy Body be observed to fall through 
100 feet in the last second -of time, from what height did it 
. fall, and how long was it in motion ? 

Ans. time 3-Jf| sec. and height 209^^ J feet. 

Quest. 46. A stone being let faU into a well, it was ob- 
served that, after being dropped, it was 10 seconds before 
the sound of the fall at the bottom reached the ear. What 
is the depth of the well ? Ans. 1270 feet nearly. 

■ 

Quest. 47. It is proposed to determine the length of a 

.pendalum vibrating seconds, in the latitude of London, 

where a heavy body falls through 16-^ feet in the first second 

of time? Ans. 39*11 inches. 

By experiment this length is found to be 39-|. inches. 

Quest. 48. 
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Quest. 4-8. What is the length of .a pendulum vibratW 
in 2 seconds ; also in half a second, and in a quarter second? 

Ans. the 2 second pendulum 156^ 
the -J- second pendulum 9|4 
the \ second pendulum ^-rrs inches. 

Quest. 49. What difference will there be in the number 
of vibrations, made by a petldulum df 6 inches lotig, and 
another of 12 inches long, in an hour's time ? Ans. ''l^^^i. 

Quest. 50. Observed that while a stone was descending, 
to measure the depth of a well, a string and plummet, that 
itovct the point of suspension, or the place where it was held^ 
to the centre of oscillation, measured just 18 inches, had 
made 8 vibrations, when the sound from the bottom re- 
tumed. What was the depth of the well ? 

Ans. 41 $-61 feet. 

Quest. 51. If a ball vibrate in the arch of a circle j 1 de- 
grees on each side of the perpendicular; or a ball roll down 
the lowest 10 degrees of the arch; required the velocity at 
the lowest point ? the radius of the circle," or length of the 
pendulum, ^eing 20 feet. Ans, 4*4213 feet per second. 

Quest. 52. If a ball descend dowii a smooth inclined 
plane, whose length is 100 feet, and altitude' 10 feet ; how 
long will it be in descending, and what will be the last ve- 
locity? 

Ans* the veloc. 25*364 feet per sec. and time 7'8352 sec- 

QuEST. is. If a cahrton ball, of lib weight, be fired 
against a pendulous block of wood, and, striking the centre of 
oscillation, cause it to Vibrate an arc whose chord is 30 inches; 
the radius of that arc, or distance from the axis to the lowest 
point of the pendulum, being 118 inches, and the pendulum 
vibrating in small arcs 40 oscillations per minute. Required 
the velocity: of the ball, and the velocity of the centre of 
oscillation of the pendulum, at the lowest point of the ate ; 
the whole weight of the pendulum being 5G0lb ? 

Ans. veloc. ball 1956*6054 feert per see. 
and veloc. cent. osciL S*9054 feet per sec'. 

Quest. 54. How deep will a cube of oak sink in common 
winter; each side of the cube being 1 foot } 

Ans. llT^ihch^l. 

Quest, SS. How deep will a globe of oak sink in water.; 
the diameter being 1 foot ? Ans* 9-9867 inches* 

QuEst'J 
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Quest. 56. If a cube of wood, floating ki common water* 

have three inches of it dry above the wsLt^r, and- 4-^1^ 

inches dry when in sea-water ; it is proposed to determine 

the magnitude of the cube, and what sort of wood it is made 

of .^ " Ans. the wood is oak, and each side 40 inches. 

Quest. 57. Aji irregular piece of lead ore weighs^ in air 
12 ounces, but in water only 7; and another fragment 
weighs in air 141- ounces, but in water only 9 ; required their 
comparative densities, or specific gravities ? 

Ans. as 145 to 132. 

' Quest. 58. An irregular fragment of gflass^ in the scale, 
weighs 171 grains, and another of magnet 102 grains; bat 
in water the first fetches up no more than 1 20 grains, and 
the pther 79 : what then will their specific gravities turn oitt 
to be ? Ans. glass to magnet as S9S3 to 5202 

or nearly as 10 to 13. 

Quest. 59. Hiero, king of Sicily, ordered his jeweller to 
make him a crown, containing 63 ounces of gold. The 
workmen thought that substituting part silver was only a 
proper* perquisite; which taking air, Archimedes was ap- 
pointed to examine it ; who, on putting it into a vessel of 
watei:, found it raised the fluid 8*^245 cubic inches: and 
having discovered that the inch of gold more critically 
weighed 10*36 ounces, and that of silver but 53 5 ounces, he 
found by calculation what part of the king's gold had been 
changed. And you are desired to repeat the process. 

Ans. 28*S ounces. 

Quest. 60. Supposing the cubic inch of common glass 
weigh r4921 ounces ttoji the same of sea- water '69542, and 
of brandy '5368 ; thfen a seaman having a gallon of this 
liquor in a glass bottle, which weighs 3'S4lb out, of water, 
and, to conceal it, from the officers of the customs, throws 
it ovferboard. It is proposed to determine, if it will sink, 
bow much force will just buoy it up ? 

Ans. 14*1496 ounces. 

Quest. 6 1 . Another person has half an anker of brandy, 
of the same specific gravity as in.the last question ^ the wood 
of the cask suppose measures ^ o(^ cubic foot ^ it is proposed 
to assign what quantity of lead is just requisite to keep the 
cask and liquor under water i . Ans. 89*743 ounces. 

Quest. 62. Suppose, by measurement, it be found that a 
man-of-war, \V^ith its ordiiance,' rigging, and appointment!^, 

sinks 
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nnks so deep as to displace 50000 cubic feet of fresh 
watery what is the whole weight of the vessel ? 

Ans. 1395^ tons. 

Quest. 63. It is required to determine what would be the 
height of the atmospherei if it were every where of the 
same density as at the surface of the earth, when the quick- 
silver in the barometer stands at SO inches ; and also, what 
^uld be the height of a water barometer at the same time ? 
Ans. height of the air 291 66|. feet, or 5*5240 miles, 
height of water S5 feet. 

Quest. 64. With what -velocity would each of those 
three fluids, viz. quicksilver, water, and air, issue through 
a small orifice in the bottom of vessels, of the respective 
.heights of 30 inches, 35 feet, and 5*5240 miles, estimating 
the pressure by the whole altitudes, and the air rushing 
into a vacuum ? 

' Ans. the veloc of quicksilver 12*681 feet, 
the veloc. of water - 47*447 
the veloc. of air - - 1369.8 

Quest, 65. A very large vessel of 10 feet high (no mat- 
ter what shape) being kept constantly full of water, by a 
large supplying cock at the top ; if 9 small circular holes, 
each y of an inch diameter, be opened in its perpendicular 
»de at every foot of the depth : it is required to determine 
the several distances to which they will spout on the hori^ 
zontal plane of the base, and the quantity of water discharged 
by all of them in 10 minutes ? 

Ans. the distances are 
^36 or 6*00000 
^/64 - 8*00000 
V84 - 916515 
v^96 - 9-79796 
. v/100- 10-00000 
V9e - 9*797961 
v^84 - 9*16515 
v^64 - 8*00000 
^36 .. 6-00000 
and the quantity discharged in 10 min, 123.8849 gallons. 

Note. In this solution, the velocity of the water is sup- 
posed to be equal to that which is acquired by a heavy body 
m falling through the whole height of the water above the 
orifice, and that it is the same in every part of the boles. 

Quest. 
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Quest. 66. If the inner axis of a hollow globe of cop- 
per^ exhausted of air, be 100 feet; what thiouiess must it 
oe of, that it may just float in the air ? 

Ans. •026SB of an inch thick. 

Quest. 67. If a spherical balloon of copper»of ^^of an 
inch thick, have Its cavity of 100 feet Biameter, and be filled 
with inflammable air, of -jV of the gravity of common alr^ 
what weight will just balance it, and prevent it from rising 
up into the atmosphere ? Ans. 212731b. 

Quest. 66. If a glass tube, 36 inches long, close at top, 
be sunk perpendicularly into water, till its lower or open 
end be 30 inches below the surface of the water ; how lugh 
will the water rise within the tube, the quicksilver in the 
common barometer at the same time standing at 29^ inches ? 

iVns. 2*26545 inches. 

Quest. 69. If a diving bell, of the form of a parabolic 
conoid, be let down into the sea to the several depths of 
Sy 10, 15, and 20 fathoms; it is required to assign the 
respective heights to which the water will rise within it : 
its axis and the diameter of its base being each 8 feet, 
and the quicksilver in the barometer standing at SO'd 
inches ? 

Ans. at 5 fathoms deep the water rise? 2*03546 feet« 
at 10 - - . .3*063fi3 

at 15 - - - 3-70267 

at 20 - « *. i}'U65$ 
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The doctrine of FLUXIONS. 



DEFINITIONS AND PRINCIPLES, 



/Irt. 1. In the Doctrine of Fluxions, magnitudes or quan» 
titles of all kinds are considered, not as made up of a number 
pf small parts, but as generated by continued motion, by 
means of which th^y increase or decrease. As, a line by 
the motion of a point ; a surface by the motion of a line } 
and a solid by the motion of a surface. So likewise, time 
may be considered as represented by a line, increasing uni- 
formly by the motion of a point. And quantities of all 
kinds whatever, whicTi ^e capable of increase and decrease, 
may in like manner be represented by geometrical magtii- 
tudesj conceived to be generated by motion. 

2. Any quantity thus generated, and variable, is called a 
fluent, or a Flowing Quantity. And the rate or proportion 
according to which any flowing quantity increasesj^ at any 
position or instant, is the Fluxion of the said quantity, at that 
position or instant : and it is proportional to the magnitude 
by which the flowing quantity would.be uniformly increased 
in a given time, with the generating celerity uniformly coi;» 
tinned during that time. 

3. The small quantities that are actually generated, pro*- 
duced, or described, in any small ^ven time, and by any 
continued motion, either uniform or variable, are called In» 
crement^. 

4. Hence, if the motion of increase be uniform^ by which 
increments are generated, the increments will in that case be 
proportional, or equal, to the measures of the fluxions : but 
if the motion of increase be accelerated, the ihcrement sq 
generated, in a given finite time, will exceed the fluxion ; 
»nd if it1>e a decreasing motion, the increment, so generated, 
will be less than the fluxion, JBut if the time be indefinitely 
small, so that the motion be considered as uniform for that 
instant ; then these nascent increments will always be pro? 
portional, or equal, to the fluxions, and may be substituted 
instead of them, in any calculation, , 

5, To 
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5. To illustrate these definitions : Sup» 
pose a point m be conceived to move from 
khQ position A, and to generate a line aP} 
foy a motion any how regulated; and 
suppose the celerity of the point /w, at 

any position p, to^ be such, as would, if from thence it 
should become or continue uniform, be sufficient to cause 
the point to describe, or pass uniformly over, the distance 
p/, in the given time allowed for the fluxion : then will the 
said line vp represent the fluxion of the fluent, or fl(Xwing 
line, AP, at that position* 

6. Again, suppose the right 
Jiine tnn to move, from the posi- 
tion AB, continually parallel tf> 
itself/ with any continued motion, 
so as to generate the fluent or 
flowing rectangle abqp, wliile the 

point m describes the line ap : also, let the distance pp be 
taken, as before, to express the fluxion of the line or base 
AP; and complete the rectangle TQjjp. Then, like as p^ 
is the fluxion of the line ap, so is vq the fluxion of the flow- 
ing parallelogram aq; both these fluxions, or increments, 
being uniformly described in the same time. 

7. In like manner, if the solid 
AERP be conceived to be gene- 
rated by the plane pq^, moving 
Ifrom the position a be, always 
parallel to itself, along the line 
AD ; and if P/> denote the fluxion 
of the line ap r Then, like as the 
rectangle VQjjp, or pq^ x p/, de- 
notes the fluxion of the flowing rectangle abqp, so also shall 
the 6u:^ion of the variable solid, or prism aberqp, be de^ 
noted by the prism PQRr^^, or the plane PR x p/. And, in 
^)oth these last two cases, it appears that the fluxion of the 
generated rectangle, or prism, is equal to the product of the 
generating line^ or plane^ drawn into the fluxion of the lin^ 
along which it moves. 

8. Hitherto the generating line, or plane, has been con- 
sidered as of a constant and invariable magnitude ; ip which 
case the fluent, or quantity generated, is a rectangle, or a 
prism, the former being described by the motion of a lin^, 
and the latter by the motion of a plane. So, in like manner 
jirp ofh^r figures, whether plane or solid, conceived to be de- 
scribed 
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scriBed by the motion of a Variable Magnitude^ whether it 
be a line or a plane. Thus, let a variable line pc^b^ carried 
by a parallel motion along ap ; or while a point p is carried 
aIong» and describes the line ap, suppose another point 
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^ to be carried by a motion perpendicular to the former^ 
and to describe the line pqj let pq be another position 
of PQ, indefinitely near to the former; and draw (^ pa- 
rallel to AP. Now in this case there are several fluents, 
or flowing quantities, with their respective fluxions: name- 
ly, the line or fluent ap, the fluxion of which is Fp or qr ; 
the line or fluent P<j, the fluxion of which is ryj the curve 
or oblique line aq^ described by the oblique motion of the 
point Q, the fluxion of which is q^ ; and lastly, the sur- 
face APQ, described by ihe variable line pq, the fluxion of 
which is the rectangle P^f^j or p<^x p/>. In the same manner 
may any solid be conceived to be described, by the motion of 
a variable plane parallel to itself, substituting the variable 
plane for the variable line y in which case the fluxion of the 
solid, at any position^ is represented by the variable plane, at 
that position, drawn into the fluxion of the line along whiicli 
it is carried. 

9. Hence then it follows in general, that the fluxion of 
any figure, whether plane or solid, at any position, is equa} 
to the section of it, at that position, drawn into the fluxion 
of the axis, or line along which the variable section is sup* 
posed to be perpendicularly carried ; that is, the fluxion of 
the figure aqp, is equal to the plane pq^x p/, when that 
figure is a solid, or to the ordinate p<^ x p^, when the figurt 
is a surface. 

10. It also follows from the same premises, that in any 
curve, or oblique line aq, whose absciss is ap, and ordinate 
is PQ, the fluxions of these three form a small right-angled 
plane triaTigle Q^qr ; for Qr = vp is the fluxion of the absciss 
ap, qr the fluxion of the ordinate pq, and Qg the fluxion of 
the curve or right line aq^ And consequently that, in any 
curve, the square of the fluxion of the curve, is equal to the 
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sum af the squares of the fluxions of the absciss and ordinate, 
when these two are at right angles to each other. 

11. From the premises it also appears, that contempora- 
neous fluents, or quantities that How or increase together, 
which are always in a constant ratio to each other, have their 
fluxions also in the same constant ratio, at every position. 
For, let AP and BQ^be two contempo- 
raneous fluent?) described in the same _ 
time by the motion of the points p and ^ i> * " ' '^ 
Q, the contemporaneous positions be- 
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"^g P> Q> and /, q \ and let ap be to ^ q 

BQ, or Ap to Bq^ constantly in the ra* ^ 

tio of 1 to n. 

Then - - - - - is«XAP = Bgr, 

and n X Ap :it^qy 
therefore, by subtraction; n x vp -=: qjj\ 
that is, the fluxion - vp : fluxion Q^ : : 1 : «, 
the same as the fluent ap : fluent hoj. : 1 : /i, 
or, the fluxions and fluents are in the same constant ratio. 

But if the ratio o£the fluents be variable, so wiH that of 
the fluxions be also, though not in the same variable ratio 
with the former, at every position, 

JJOTATION, &C. 

V 

12. To apply the foregoing principles to the determination 
of the fluxions, of algebraic quantities,' by hieans of which 
those of all other kinds are assigned, it will be necessary first 
to premise the notation commonly lised in this sciepce, with 
some observation^. As, first* that the final letters of the 
alphabet z, y^ Xy «, &c, are used to denote variable or flow- 
ing quantities \ and the initial letters 0, ^, r, dy &ci to denote 
constant or invariable ones : Thus, the variable base AP of 
the flowing rectangular figure abqp, in art. 6, may be repre- 
sented by 9c\ and the invariable altitude pq, by a : also, the 
variable base or absciss ap, of the figures in art. 8, may be 
represented by ;e, the variable ordinate PQ,byj>; and the 
variable curve or line AQi by %. 

Secondly, that the fluxion of a quantity denpted by a 
single letter, is represented by the same letter with a point 
over it : Thus, the fluxion of x is expressed by jp, the fluxion 
oiy by i; and the fluxion of 2 by k. As to the fluxions of 
constant or invariable quantities, as of a^ b, r, &c, they are 
equal to notlung, because they do not flow or change their 
magnitude. 

Vol. 11. U Thirdly, 
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Thirdly, that the increments of variable or flowing qnanv 
titles, are also denoted by the same letters with a small ' over 
them : Thus, the increments of Xy y, &, are Jr> j\ vi. 

13. From these notations, and the foregoing principless, 
the quantities, and their fluxions, there consideredji will b« 
denoted as below. Thu$, in all the foregoing figures>put 
the variable or flowing line • « Ap == at, 
in art. 6, the constant line: - -^ PQ^ = ^> 
in art. 8, the variable ordinate * P(^ t= y. 



also, the variable line or curve - i^(^=: z:: 



.V, 



y 



Then shall the several fluxions be thus represented, Ha^efy^ 
X z=^ yp the fluxion of the line ap, 
ax = PQ9^the fluxion of ab(^ in art. 6^ 
yx = PQ^ the fluxion of Apc^^in art. 8, 
« = Q^ = y^(x* +y*) the fluxion of aq.) amd 
ax =2 vr the fluxion of the solid in art. .7, n « denotn^ 

the constant generating plane "B^y alsoj, 
nx = BQ^in the figure ,to art. 1 1, and ; 
iri* =: Q^ the fluxion of the same. 

14. The principles and notation being; now taid- dbwn, we- 
may proceed to the practice and rules of this doctrine ; which 
consists of two principal parts, called the Direct and Inverse 
Method of Fluxions ; namely, the direct method, which 
consists in finding the fluxion of any proposed fluent or 
flowing quantity; and the inverse method*, which consists in 
finding the fluent of any proposcjd fluxion. As to the former 
of these two problems, it can always be determined, and that 
in finite algebraic terms ; but the latter, or finding of fluents, 
can only be efl?ected in some certain cases, fexcept by means 
of infinite series. — First then, of 



The direct METHOD OF FLUXIONS. 

Tofiftd the Fluxidn tf the Product or Rectangle vf two FaruJi/g 

Quantities^ 

15. Let ARQJ, == *y, be the flow- 
ing .or variable rectangle, generated 
by two lines Pi^and hq^ moving al- 
waysperpendicular to each otbef ,fr.om 
the positions AR and ap ; denoting 
the one by Ji:^ and the other by ^5 sup- 
posing X zndy to be so related, that 

the curve line AQ^may always pass through the intersection 
q^of those lines, or the opposite angle of the rectangle. 

Now, 
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Now, the rectaigle consists of the two trilinealp spaces 

AP(^ ARQ, of which, the 

fluxion of the former is pq^ X P/, or yx, 

that of the latter is - r(^ x rt, or xy, by art. 8 > 

therefore the sum of the two xy + xy, is* the fluxion of the 

whole rectangle xy or AR<)f • 

The $ame Othemvisif^ 

i 

14* Xiet tke Sides of the rettahgle ^ and y^ by flowing, 
become x -{- ps and v + y : then* the product of these two, 
dr *[y + «^ + yx+xy will be the new or contemporaneous 
value of the flowing rectangle PR or *y J subtract the one 
value from the other, and the remainder, x) + yf/ -{• x'^^ 
will be the increment generated in the same time as ^ or^; 
of which the last term xy is nothing, or indefinitely small^ 
in respect of the other two terms, because :(:' and^ are in- 
definitely small in respect of x and^; which term being 
therefore omitted, there remains xy + yx^ for the value of 
the increment; and hence, by substituting x audi for x and 
Si to which they are proportional, there arises xy + yx for 
the true value of the fluxion Qixy\ the same as before* 

17. Hence may be easily derived the fluxion erf" the 
powers and products of any number of flowing or variable 
quantities whatever \ as of xyzy or uscyz^ or vuxyz^ &c. And 
first, for the fluxion of xyA : put p = ^ty^ and the whole 
given fluent xyz zz q^or q =» icyz = /z* Then, taking the 

fluxions of 9 ==c pA, by the last article^ they are q sz pz + 

pK^ but p =* xy, and so ^ = *iy + «i by the same article^ 

substituting therefore these values of p and p instead of 

them, in the value of q, this becomes q = xyz + xyz + xyi, 
the fluxion ol xyz required ; which is therefore equal to the 
sum of the products, arising from the fluxion of each letter, 
or quantity, multiplied by the product of the other two. 

Again, to determine the fluxion of uxyz, the continud 
product of four variable quantities; put this product, namely 
uxyz, or qu =s r, where q^xyzTa above. Then, taking the 

fluxions by the last article^ r ^ qu + qu -, which, by sub* 

stituting for q and q their values as above, becomes - - - 

• • ■ 

r = uxyz + uxyz 4- uxyz + uxyk, the fluxion of u'xytt as 
required : consisting of the fluxion of each quantity, drawn 
into the products of the other three. 

U2 in 
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In tbte Tcrv same manner it is found* that the fluxion of 

vuxyz-is vuxyz + vuxyz + vuxyz -|- vuxyz + vuxyx\ and 
so on, for any number of quantities whatever ; in which it 
is always found, t;hat there are as many terms as there are 
variable quantities in the proposed fluent ; and that these 
terms consist of the fluxion of each variable quantity, mul- 
tiplied by the product of all the rest of the quantities. 

18. Hence is easily derived the fluxion of any power of 
a variable quantity, as of x*, or x^, or x^^ &c. For, in the 
product or rectangle *ry, if jf «= y^ then \s xy "zz xx or x*, 
and also its fluxion i-j^ + ^i = •vx + xx ox ^xx^ the fluxion 
of ^*. 

Again, if all the three x^y^zhe equal ; then is the, product 
of the three ^^z = ;c' ; and consequently its fluxion xyz-^" 
xyz'\-xy%xxxx+xxX'\'XXx or ^x^x^ the fluxioQ of x'. 

In the same manner, it will appear that 

the fluxion of x^ is = 4ar'x, and 

the fluxion of x^ is =: Sx^x attd, in general, ^ 

the fluxion of jr" is = naf^''*x ; 
where n is any positive whole number whatever. 
That is, the fluxion of any positive integral power, is equal 
to the fluxion of the root (x\ multiplied by the exponent 
of the power .(/i), and by the power of the same root whose 
index is less by 1, (x"~*). 

And thus, the fluxion of a -^ ex being cx^ 
that of {a + cxY is 2cx x {a + ex) or ^aex + 2e^xx\ 
that of {a +ex^y is 4fexx x (a + ex^) or ^aexx + ^^x^x, 
that of {x"- + /)* is (^xx + ^\y) x (** + >'), 
that of (X +ry*)3is(3;^ + ^exy) x (x + r/)*. 

19." From the conclusions in the same article, we may^ 
also derive the fluxion of any fraction, or the quotient of one 
variable quantity divided by another, as of 

dC , X 

— • For, put the quotient or fraction - = yj then, multiply- 
ing by the denominator, x zz qy^ and, taking the fluxions, 
. X zzqy + q'yy or qy = x ^ qj-, and, by division, 

• ^ 9y • ■ . , X 

7 = — — — = (by substituting the value of y, or ), 

X ^ xy '" xy - ^ . - ^ . . 

— — a" = :: — > the nuxion or — ^ as required. 



That 
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That is, the fluxion of any fractipn, is equal to the fluxion 
of the numerator drawn into the denominator, minus the 
fluxion of the denominator drawn into the numerator, ^nd, 
the remainder divided by the square of the denominator. 

So that the fluxion of — is a x -^—z — or . 

y y / 

20. Hence too is easily derived the fluxion of any negative 
integer power of a variable quantity, as of Af~°,-or — , which 

X 

is the same thing. For here the numerator of the fraction 

is I, whose fluxion is nothing; and therefore, by the last 

article, the fluxion of such a fraction, or^ negative power, 

is barely equal to minus the fluxion of the denominator, 

divided by the square of the said denominator. That is, the 

MS - r ^ . n>r^x nx 

fluxion of vr^y <>' ^ is - — — or - ~ or - nx-^-'x ; 

dr the fluxion of any negative integer power of a variable 
quantity, as jr""", is equal to the fluxion of the root, multiplied 
by the exponent of the power, and by the next power less 
by 1 ; the same rule as for positive powers. 

The same thing is otherwise obtained thus: Put the 
proposed fraction, or quotient — = ^ ; then is qx^ ^ 1 ; - 

and, taking the fluxions, we have 

qx^'\rqnx^-'^x=zO\ hence 5'^"= ^qtuf^^^x-^ divide by ^% then 

qnx r . . I 1 . -- nx 

J' = - — - = (by substituting — for q)y -^rr or = 

•* .X 'XT 

— //Af"~"~*i"} the same as before. 

" Hence the fluxion of ;tf~' or — is -* x''^x. or • 

X ' AT*' 

1 2x 
that of - a:~* or ^- is — Sx^^x or , 

X^ • V;e3> 

that of - A?~2 or — is — S;r~^i or -^ 

that of - ax J or — is - Atax"^ i qt -^— 

x^ ;r5 

that of (^y+^)-' or —7--. is - (a+x)''''x or - 



that of <; (a + 3x») » or~-j^^-^ is _ \2cxi x (a + 3^)"', 



\2cxx 
or — 



21 Much 
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21. Much in the same mamifr is obtained the fluxion of 
any fractional power of a fluent quantity, as pf T% or^x^ 



.m 



For, put the proposed quantity jr° = ^; th^n, raising each 
side to the n power, gives x°* = ^ ; 
taking the fluxions, gives ma^'^x = w"""*j; then 



rnx'^-'x mjT™-'^ « ill 



dividing by /i/^S gives at = ..^ = = tt-^ " ;r, 

Which is still the same rule, as before, for finding the fluxion 
of any power of a fluent quantity, and which therefore is ge- 
neral, whether the exponent be positive or negative, inte^*al 

or fractional. And hence the fluxion of ax* is lax^x ; 

th^tofax^islax^-^^xz^lax^^ jr=: — j = -r-7-; and that of 

2x^ 2VX 



22. Having now found out the fluxions of all the ordi- 
nary forms of algebraical quantities; it remains to deter- 
mine those of logarithmic expressions ; and also of expo- 
nential ones, that is, such powers as have their exponent^ 
variable or flowing quantities. And first| forthe fluxion of 
Napier's, or the hyperbolic logarithm; 

23. Now, to determine this from 
the nature of the hyperbolic spaces. 
Let A be th^ principal vertex of an 
hyperbola, having its asymptotes CD, 
CP, with the ordinates da, ba, pq, 
&c, parallel to them. Then, from 
the nature of the hyperbola and of 
logarithms, it is known, that any space ABPQ^is the log/ of 
the ratio of cb to cp, to the modulus abcd. Now, put 
1 = CB or BA the side of the square or rhombus db; 
m = the modulus, or cb x ba ; or area of db, or sine of 
the angle c to the radius 1 ; also the absciss cp = ^, an4 
the ordinate P(^= y. Then, by the nature of the hyperbola, 
C? X PQ^ is always equal to db, that is, xy :=z tn\ hence 

y =r — , and the fluxion of the s^ace, xy i^ — = VQqp 

X X 

the fluxion of the log. of Xi to ihe modulus m. And, in 

jhe hyperbolic logarithms, the modulus m being 1, there- 

* fore. 
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•% 

fore ^— is the flux&on of the hyp. log. of x ; which is there- 

fore equal to the fluxion of the quantity, divided by the 
quantity itself. 

Hence the fluxion of the hyp. log. 

■X 



of 1 + j: is 
of I — ar is 



1 + x" 

— X 



1 - x^ 
of ;r + 2 IS — - — , 

^a + X . x{a — x) +Jc(a ^- x) ^ -^ x ' 2ax 
of IS 7 rr X — ; — = . ^ij 

_ ^ . noJif^^x nx 
of ax^ is — = — ;:- — — . 

$4. By means of the fluxions of logarithms, are usually 
^determined those of exponoitiai quantities, that is, quan- 
tities which haiw their exponent a flowing or variable letter. 
These exponentials are of two kinds, namely, when the root 
^18 a constant quantity, as ^^, and when the root is variable as 
well as the exponent, as f^ 

25. In the flrst case, put the exponential, whose fluxion 
is to be found, equal to a single variable quantity ;s, namely, 
jss^; then take the logarithm of each, so shall log. js =rjr x 

log* e\ take the fluxions of these, so shall — = jt x log. /, 

by the last article ; hence « = awr x log. € =: ^ x x log. e^ 
which is the fluxitm of the proposed quantity ^ orz\ and 
which therefore is equal to the said given quantity drawn into 
the fluxion of the exponent, and into the log, of the root. 

Hence also, the fluxion of (a + cY^ is (.« + cf^ x nx x 
Jog. (^ + <:)• 

26. In like maimer^ in the second case,/piit the given 
quantity /;=:«; then the logarithms give log. aarjr x log.^, 

and the fluxions give — = jk* x log. j^ + j: x — j hence - 

zxy 
« = «* X log. j^ + — = (by substituting / for x) fx x 

log. / + xf^^y^ which is the fluxion of the proposed quan- 
tity/; and which therefore consist of two terms, of which 

the 
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the one is the fluxion of the given quantity considering the 
exponent as constant, and the other the fluxion of the same 
quantity considering the root as constants 



TV I =g 



Of SECOND, THIRD, 8;c, FLUXIONS. 

Having explained the manner of considering and deter-> 
mining the first fluxions of flowing or variable quantities j it 
remains now to consider 'those of the higher orders, as 
second, third, fourth, &c, fluxions. 

27. If the rate or celerity with which any flowing quan« 
tity changes its magnitude, be constant, or the same at every 

E^sition ; then is the fluxion of it also constantly the same, 
ut if the variation of magnitude be continually changing, 
either increasing or decreasing ; then will there be a certain 
degree of fluxion peculiar to every point or position ; and 
the rate of variation or change in the fluxion, is called the 
Fluxion of the Fluxion, or the Second Fluxion of the given 
fluent quantity. . In like manner, the variation or fluxion of 
this second fluxion, is called the Third Fluxion of the first 
proposed fluent ^U2(ntity; and so on. 

These orders of fluxions are denoted by the same fluent 
letter with the corresponding number of points over it : 
namely, two points for the second fluxion,' three points for 
the third fluxiojr, four points for the fourth fluxion, and so 
on. So, the different orders of the fluxion of jr, are i-, Jr* 

X, if, &C5 where each is the fluxion of the one next before it. 

28. This description of the higher orders of fluxions 
may be illustrated by the figures exhibited in art. 8, p^ge^288 ;' 
where, if x denote the absciss ap, and y the ordinate pQj 
^d if the ordinate PQ^ or jf flow along f the absciss af or x, 
with a uniform motion ; then the fluxion of x, namely, 
X = pp or QT, is a constant quantity, or Jlr = 0, in all the 
figures. Also, m fig. 1, in which AQ^is a right line,^ = rq^ 
or the fluxion of pq, is a constant quantity, or y = j for, 
the angle a, = the angle a, being constant, qr is to rq, or 
.^ to /, in a constant ratio. But in the 2d fig. rq, or the 
^uxion of FQy continually increases mo'-e and more j and 

in 
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I 
in fig. 3 it continually decreases more and more, and there- 
fore in both these cases y has a second fluxion, being positive 
in fig. ^, but negative in fig. 3. And so on, for the other 
orders of fluxions. > ^ 

Thus if, for instance, the natqre of the curve be such, 
that x^ is every where equal to a^y\ then, taking the fluxions, 
it is a'y = 3:r*i; and, considering x <ilways as a constant 
quantity, and taking always the fluxions, the equations of 
the several ordeW of fluxions will be as below, viz. 

the 1st fluxions a^y =a 3.rV. 

the 2d fluxions d'y = 6jri% 

the 3d fluxions (^y = 6i', 

the 4th fluxions a^y = 0, 

and all the higher fluxions ^so = 0, or nothing. 

Also, the higher orders of fluxions are found in the same 
manner as the lower ones. Thus^ 
the first fluxion of y is • - ^ - - 3/^j 
its 2d flux, or the flux, of 3jf^, con-^ 

sidered as the rectangle of 3j;% S 3/;^ + Syy : 
' and ^, is -------- J 

and the flux, of this again, or the 3d 1 „ , •• , « . •• . ^., 

flux, of/, is . ... . .. /3j-j,+ 18vr> + 6j». 

29. In the foregoing articles, it has been supposed th^ 
the fluents in.crea;5e, pr that their fluxions are positive \ but 
it often happens tha^ some fluents decrease, and that there* 
fore their .fluxions ar^ negative : and whenever this is the 
case, the sign of the fluxion must be changed, or made con- 
trary to that of the fluent. So, of the rectangle xy^ when 
both X and ^increase together, the fluxion is xy + xy\ but 
if one of them, as y^ decrease, while the other, Xj increases; 
then, the fluxion of y being — >, the fluxion of xy 
will in that case be xy — xy. This may 
be illustrated by the annexed rectangle, 
AP(iR = xyt supposed to be generated 
by the motion of the line PQ^from ii to»- 
wards c, and by the motion of the line 
RQ. from B towards a : For, by the mo- 
tion 6f PQ, from A towards c, the rect- 
angle is increased, and its fluxion is -f- 
Sfy\ 6ut, by the motion of Rq, from b to* 
wards a, the rectangle is decreased, and 
the fluxion of the decrease is xy\ there- 
fore. 
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foref taking the fluxion of the deaease from that of the In* 
crease^ the fluxion of the rectangle x^^ when x increases and 
jr decreases^ is iy — xj. 

30. We may now collect all the rules together, which 
have been demonstrated in the foregoing articles, for finding 
the fluxions of all sorts of quantities. And hence^ 

1st, For the fiuxion of Any Power of a flowing quantity. 
«— Multiply all together the exponent of the power, the 
fluxion of the root, and the power next less by 1 of the 
same root. 

2d, For tbefli4xi9n of the RectangU of two quantities, ^-^vX-' 
tiply each quantity by the fluxion of the other, and connect- 
the two products together by their proper signs. 

3d, For the fluxion of the Continual Product cf any number (f 
flowing quantities^'^Miiltipiy the fluxion of each quantity by 
the product of all the other quantities, and connect all the 
products together by their pr(^r signs. 

4th, Fortheflumon of a FrsOion.-^From the fluxion of the 
numerator drawn into the. denominator, subtract the fluxion 
of the denominator drawn into the numerator, and divide 
the result by the square of the denominator. 

5th, Or^ the 24^ ^Jf mnd 4fth cases may be all included under 
«»/, and performed thus.^'^Tdike the fiuxion of the given ex- 
pression as often as there are variable quantities in it, sup* 
posing first only one of them variable, and the rest constant i 
then another variable, and the rest constant ; and so on^ 
till they have all in their turns been singly supposed variable; 
^d connect all these fluxions together with their own signs 

6th, For tbe Fluxion (f a Logarithm. — Divide the fluxion 
of the quantity by the quantity itself, and multiply the result 
by the modulus of the system of logarithms. 

Noter^ The modulus of the hyperbolic logarithihs is I, ' 
and the modulus of the common logs, is - 0-434294'48. 

7th, For the fluxion of an Exponential quantity^ having the 
Root CofUfftfw/.-^Multiply all together, the given quantity the 
fluxion'of its exponent, and the hyp. log. of the root. 

Sth, For the fluxion of an Exponential quantify having the 
Root Variable. — To the fluxion of the given quantity, found! 
by the 1st rule, as if the root only were variat)le, add the 
fiuxion of the same quantity found by the 7th rule, as if the 
exponent only were variable; and the sum will be the 
fluxion for both of them variable. 

Note. When the given quantity consists of several terms, 
find the fluxion of each term separately, and connect them 
all together with their proper signs. 

31. PRACTICAL 
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31. PRACTICAL EXAMPLES TO EXBRCISE THE VOUCOIKG 

RULES. 

1. The fluxion of ax^ is 
^. The fluxion of bxyz is 

3. The fluxion of ex x [ax — cy) is .; 

4. The fluxion of jr«y is 
B. The fluxion of jr"y«' is 

6. The fluxion of (r +i/) X (x* -j^) is 

7. The fluxion of taxi^ is 

8. The fluxion of 2x^ is 

9. The fluxion of Sx^^ is 

10. The fluxion of \x'^y\ is 

.f 
>!• The fluxion of ax^y — x^y^ is 

»2. Th^ fluxion of ^x'^ - J^*J^ + ^hyz is 
1 3* The fluxion of l^x or x" is 



in 



H. The fluxion of !^x~ or xf" is 

11" 

JIn Th^ fluxion of ;—^ or -^ or x~ « is 

^ X" 

X 

16. The fluxion of v'a: or x;^ is 

z 

17. The fluxion of J/-^ or a:^ is 

18. The fluxion oi^x'*- or x"'" is 
\Q. The fluxion of Vx' or x^ is 

20. The fluxion of ^x^ or x ♦ is 

21. The fluxion of J/.r* or x^ is 

22. The fluxion of V(a* + x"^) or (a* + x'Y is 

23. The fluxion of V(a* — **) or (a* - x*) ^ is 

r 

2*. ThjB fluxion of V(2rx — xx) or (2rx — xxY is 

1 ""-^ 

2h. The fluxion of ■ , ' , -r or fa* — x*) * is 

^f{ce^-x') ^ 

26. The fluxion of {ax — xx)^ is 

27. The 
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27. The fluxion of 2arv'a* ± ^13 - 

28. The fluxion of (a* - ^)^ is 

29. The fluxion of s^xi or {x%Y is 

80. The fluxion of h/xti — awr or {xz — 22) i is 

SK The fluxion of 7- or — i;r * is 

aw X 

32. The fluxion of -4^ is 

a ^ X 

33. The fluxion of —is 

34. The fluxion of^is 

35. The fluxion of — is 

XX 

36. The fluxion of is 

a ^ X 

37. The fluxion of -^- 15 

38. The fluxion of -r is 

2* 

2 

39. The fluxion of— is 

40. The fluxion of-^is 

2 

3 

41. The fluxion of ,,: rr is 

42. The fluxion of the hyp. log. of ax is 

43. The fluxion of the hyp. log. of 1 + :r is 

44. The fluxion of the hyp. log. of 1 - x is 

45. The fluxion of the hyp. log. of x*- is 

46. The fluxion of the hyp. log. of v^;s is 

47. The fluxion of the hyp. log. of ;r°» is 



48. The 
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48. The fluxion of the hyp. log, of ^ is 

49. The fluxion of the hyp. log. of is 

1 — |X . 

50. The fluxion of the hyp. log. of —--r- — is 

51. The fluxion of r* is 

52. The fluxion of 10^ is 

53. The fluxion of {a + cY is 

54. The fluxion of 100^^ is 
h^* The fluxion oi x^\a ' 

56. The flurion of y^"^ is 

57. The ^uxion of x^ is 

58. The fluxion of (tj^)" is 

59. The fluxion of o^^- is 
€0. The fluxion of ;ri* is 

61. The second fluxion of xy is 

62. The second fluxion of xi/^ when x is constant^ is 

63. The second fluxion of ^ is 

64. The third fluxion of a:**, when i is constant, is ^ 
65* The third fluxion of xy is 



The inverse METHOD, or the FINDING o? 

FLUENTS. 

J2. It has been observed, that a Fluent, or Flowing Quan- 
tity, is the variable quantity which is considered as increasing 
or decreasing. Or, the fluent of a given fluxion, is such a 
quantity, that its fluxion, found according to the foregoing 
rules, shall be the same as the fluxion given or proposed. 

33. It may further be observed, that Contemporary Fluents, 
or Contemporary Fluxions, are such as flow together, or for 
the same time.— When contemporary fluents are always 
equal, or in any const^it ratio ; then also are their fluxions 
respectively either equal, or in that same constant ratio* 
That is, if T == J/, then is x :r:j ; or i£ x :t/ ::n : 1, then 
U A :y :;ni 1 ; or if xzz «y, then is i = /jy. 

34. It 
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34. It is easy to find the fluxions to sdl the given forms of 
fluents ; button the contrary, it is difficult to find the fluents^ 
of many given fluxions ^ and indeed there are numberless 
cases in which this cannot at all be dontf excepting by the 
quadrature and rectification of curve lines^ (h* by logarithmsy 
.or by infinite series. Por, it is only in certain parttculai: forms 
and cases that the fluents of given fluxions can be found ^ 
there being no method of performing this universally, a prion, 
by a direct investigation, like finding the fluxion olf a given 
fluent quantity. We can only therefore lay down a few 
rules for such forms of fluxions as we know, from the direct 
method, belong to such and such kinds of flowing quantities : 
and these rules, it is evident, must chiefly consist in per- 
forming such operations as are the reverse of those by which 
the fluxions are found of given fluent quantities. The prin- 
cipal cases of which are as follow. 

35. To find the Fluent of a Simple Fluxion ; or of that in which 
there is no variable quantity, and enly onefiuxional quantity. 

This is done by barely substituting the variable or flowing 
quantity instead of its fluxion \ being the result or reverse 
of the notation only.-*-Thus, 

The fluent of ax is ax. 

The fluent of dj + 2> is ay + 2y. 

The fluent of ^/'^+^'^ \& -v/a*"T7^ 

36.^ When any Power of a fiowitig quantity is Multiplied by the 

Fluxion of the Root : 

Then, having substituted, as before, the flowing quantity, 
for its fluxion, divide the result by the new index of the 
power. Or, which is the same thing, take out, or divide by, 
the fluxion of the root ; add 1 to the index of the power ; 
and divide by the index so increased. Which is the re* 
verse of the 1st rule for finding flexions. 

So, if the fluxion proposed be * * Zx^x. 
Leave out, or divide by, x, then it is - Zx^ \ 
add 1 to the index, and it is * - » 3x^ ^ 
divide by the index 6, and it is - - \afi or J^^ 
which is the fluent of the proposed fluxion Zx^x* 

In like manner. 

The fluent of 2axx is a-r^. 
The fluent of 3^-i is x^ 

The 
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The fluent of 4x^i is I A 

The fluent of 2y^y is fy^. 

The fluent of az^x is •^^. 

The fluent of x^x + 3yb is fr* + |y|. 
The fluent of >»'"'i is -J^. 
The fluent of m/^'j is 

The flu«it of ~, or «-»« it 

The fluent of -r- is 

The fluent of (a + x)*x is 
The fluent of (ii* +y)y'i ig 
The fluent of (^ + »»)*«*« is 
The fluent of (^j" + ^)"^.r^'i^ b " 
The fluent of (^ +J^)V « 

The fluent of -rr-r; — r. is 

The fluent.of — 77 r is 

V{a-x) 

31. ?r]J«« /A^ Root under a Vinculufn is a Compound Quantity; 
and the Indest of tie part or factor Without the VincututHj in^ 
, creased by Ifis some Multiple (fthat Under the Vinculum : 

Put a single variable letter for the compound root j and 
substitute its powers and fluxion instead of those of the same 
value, in the given quantity; so will it be reduced to a sim- 
pler form^to which the preceding rule can then be applied. 

Thus, if the given fluxion be F =: (<«* + .r*)^;v';c, where 
3^. the index of the quantity without the vinculum, increased 
by I, making 4, which is just the double of 2, the exponent 
of J?* within the vinculum : therefore, putting z = a* -(- x^^ 
thence or* =r « — a"^, the fluxion of which is 9,xx s= «§ hence 

then x^x s= ^x^k = 4» (% — <j*), and the given fluxion f, or 
(^i*+ x^yx^xj is = \%^k (z — tf*) or = \%^k — \a^%^ic \ and* 

S. 5 5 

hencetfae fluent p is = -^^ — t^*z7 =: 3a;^ (^« — A^*)* 
Or> by substituting the value of z instead of it, the same 

fluent is3(a* + **)"^ X {-h^''-i^a%^r^{a^^x'')>^{x^'-\a% 

in 
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In like manner for the following example?. 
To find the fluent of V'a + rx x x^x. 
To find the fluent of {a + cx)^x*x. 
To find the fluent of (a + r^:*)* X dJt^x. 



czx 



To find the fluent of — =z=^ or {a + z^cz^e. 

To find the fluent of — — ^rr or (fl + «")-Trz'''-' i- 



To find the fluent of 5 — or {a" + z^) tt^^ 

z 



To find the fluent of — or {a - x^)^x' x. ^ 

X^ 



^S^ When there are several Terms y invoMng Two or more Va- 
riahle Quantities ^ having the Fluxion of each Multiplied by the 
other Quantity cr Quantities : 

Take the fluent of each term, as if there were only one 
triable quantity in it, namely, that whose fluxion is con- 
tained in it, supposing all the others to be constant in that 
term } then, if the fluents of all the terms, so found, be the 
very same quantity in all of them, that quantity" will be the 
fluent of the whole. Which is the reverse of the Sth rule 
for finding fluxions : Thus, if the given fluxion hexy + xy^ 
then the fluent of xj/ is xj/, supposing y constant : and the 
fluent o^xy is also xy^ supposing x constant : therefore xy is 
the required fluent of the given fluxion xy + xy. 

In like manner. 
The fluent of xyz + xyz + xyz is xyz. 
The fluent of 2xyx + x^y is ry. 

The fluent of ix-'^xy'- + 2x^yy is 



«^ *, r^ — ^Xy ■«• xy , 

The fluent of - — r — or -r — - is 



t „ I . 



The fluent of ^^^y"^ - *^'^ *"^ '2axx ax^y 



is 



y ^y 2yVy 

39. fVhen 



/ 

S9. When the given Fluxional Ekpresshn is in this Form ^ ^ 

namely y a Fraction^ including Two Quantities, Being the Pfuxion 
of the former of them drawn into the tatter f minus the Fluxion 
of the latter drawn into the former, and divided by the Square 
of the latter: 

Then, the fluent is tie fraction — , ox the fermer quantity 
dividj^d by the latter. That is. 

The fluent of "^ ^ — is — . And, in like nianner. 

The fluent of - — ^~r — « —^. 

Though, indeed, the examples of this case may be per- 
£»rmed by the foregoing one. Thus, the given fluxion « - 

xjf - xy X xy x . ^ r i.- i. 

-^^--r — reduces to — ^ — ;, or = xyiT* 5 of whicn» 

i , X . . 

the fluent of — b — supposing y constant ^ and 

X 

the fluent of ^ xyif^ is also xjf^ or — , wheki x is constant ;' 
therefore, by that case, — is the fluent of the whole — -; — .• 

40. Wten the Flu^iion of a Quantity is Divided by the Quantity 

itself: 

Then the fllient is equal to the hyperbolic logarithm of 
that quantity 5. or, which is the same thing, the fluent is; 
equal to 2*30258509 multiplied by the common logarithm of 
the same q^iantity. 

So, the fluent of — or xr^Xy is the Hyp. log. of x. 

2x 

The fluent of — is 2 x hyp. log. of x, of ^ hyp. log. x^. 

X 

^x 

The fluent of—, is a x hyp; log.>, or = hyp. log. of s^.^ 

X 

' The fluent of — ; — , is^ 

a -T X 

The fluent of . . -, » » 

<» + ** >. • 

VoL.iri X ^\. Matty 
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41. Manjfuents may be found by the Direct Method thui * 
, Take the fluxion again of the given fluxion^ or the second 
fluxion of the fluent sought ; into which substitute — for x, 

J* .. 

— for >', &c ; that is, make r, *, ir, as ako* y^JiS^ &c, to 

be in continual proportion, or so that x \ x \\ x \ Xy and • 
y ' y •• y •Jt &c ; then divide the square of the givent 
fluxional expression by the second fluxion, just found, and 
the quotient will be the fluent required in many cases. 

Or the same rule may be otherwise delivered thus : 

In the given fluxion f, write x for x^y forj, &c, and call 

the re&ult G, taking also the fluxioi^ of this quantity, G ; then 

make G : f : : G : f ; so shall the fourth proportional f be 
the fluent sought in many cases. 

It may be proved if this be the true fluent, by taking the- 
fluxion of it again, which, if it agree with the proposed 
fluxion, will show that the fluent is right ; otherwise, it is 
wrong. 

EXAMPLES. 

Exam. 1 . Let it be required to find the fluent of «jp'*~V. 

• ^ . 

Here f = nx'^^x. Write x for *•, then nx'^^x or nx^ = S ; ^ 

the fluxion of this is G = t^x^^^x ; therefore g : f : : G : t, 
becomes n^x^^x : nx^^x : : «jr" : jr" = f, the fluent sought. 

Exam. 2. To find the fluent of xy + xy. 

Here f = iy + ^i ^ then, writing 'x for jc, and y for i, 

it is xy + xy or 2xy zz g ; hence g = 2xy + 2xy ; then s. 

G : F : : G : f^ becomes 2xy + 2xy : xy-\-xy : : 2xy :xy zz t, ^ 

the fluent sought. 

42. To find Fluents by means of a Table of Forms of Fluxions and 

Fluents, 

In the following Table are contained the most usual forms 

effluxions that occur^ in the practical solution of problems, 

with their corresponding fluents set opposite to them ; by 

means of which, namely, by comparing any proposed fluxion 

with the corresponding form in the table, the fluent of it will 

be found. 

Forms. 
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.» 



Forms, 



Flupfions* 



II 



III 



x'^x 



{a ± x^'Y^x^^x 



^iTin-l^ 



(a ± jrT + 



IV 






VI 



{a ± x'^Y'-^x. 



^mn^l 



Fluents. 



x" 1 „ 
— or —a?" 
n n 



±;;i(-±^> 



m 



{myx'\-nxy) x ;r"""y~*, 
MX , ny. ^ ^ 

^^(7 + 7)^^ ' 



mx^'^xfz' + nx'^y'^yz' + rxyx'-^x, 

or {mxyz+ nxyz + rxyk) x"^ ^f^^z^'^y 

rnx ny , rx, ^ „ ^ 
or p- + — + — y^/af^, 



a:™v"a 



n-,r 



vir 



— or ^"^i 



VIII 



IX 



XI 



XII 



x'^'x 



a -\' X 



x-x 



a^x"" 



log. of X 



■r^ 111 



w 








iw«^ '^ (fl ± a:')" 


- 1 (fl ± a*)" 




• 


r°*/ 





. 



+ — log. of flf ± ^" 



1 jr" 

-— log of —\ — I 
na ^ a±x° 



I 

X i. 



X* 



y log. of— -— 



X 



,Tn— ' i 



a-\X^ 



x^'^x 



V ± /, + ^" 



X 



— r X arc to tan.4/ — > or 

— 7- X arc to cosine — -. — : 
n»^a a'\-x 



Q 



— Iog.of^x^+v/±a+x'' 



■I ■■ n» I I ij^i^^^Mt*^— >■ mil J>«»— ii*>UM»»^ 



X2 



••a««Mi4*.riki 



•AiW 



Jborms 
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Fr 



m: 



XIII 



Fluxims. 



XIV 






v/il — Jf 



—I • 

X ^X 



Fluents. 



2 . •** 

— X arc to sin. V — ^ or 

n a 

I 2x" " 

— X arc to vcr$. — 
n a 



v/^±*" 



XV 



XVI 



XVII 



XVIII 



X-'x 


v/-fl + ^° 




x^dx — x^ 



n^ a 



log of 



±\/tf±x":F\/* 



^/i±j:- + Vtf 



^nXjJ. 



y/ log>> + ^/'i 



2 . /"^ 

— r X arc to secant v^ — > or 

1 , 2« — jr" 

— -- X arc to cosift. — '- — =— 



— circ. see. to diam. d & vers-r 
2 ** 



ft log. c 



i^lU 



iVb/<?. The logarithms, in the above forms, are tke hyper- 
bolic ones, which are found by multiplying the common 
loearithms by 2*302585092994. And the arcs, whose sine, 
or tangent, &c, are mentioned, have the radius 1, and are 
those in the common tables of sines, tangents and secants. 
Also, the numbers iw, «, &c, are to be some real quantities, 
as the forms fail when m = 0, or « = 0, &c. 

jfj^ Use of the foregoing Tabie of Forms of Fluxions and Fluents > 

43. In using the foregoing table, it is- to be observed, that 
the first column serves only to show the number of the form; 
in the second column are the several forms of fluxions, which, 
are of different kinds or classes; and in the third or last 
column, are the corresponding fluents. 

The method of using the table, is this. Having any 
fluxion given, to find its fluent : First, Compare the given 
fluxion with the several forms of fluxions in the second co- 
lumn of the table, till one of the forms be found that a^ees 
with it ; which is done by comparing the terms of the given 
fluxion with the like parts of the tabular fluxion, namely^ 
the radical quantity of the one, with that of the other; and 

tke 
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the exponents of the variable quantities of each, both within 
and without the vinculum ; all which, being found to agree 
or correspond, will give the particular values of the general 
quantities in the tabular form; then substitute, these par« 
ticular values in the general or tabular form of the fluent^ 
and the result; will be the particular fluent of the given 
fluxion ; after it is multiplied by any co-efficient the pro- 
posed fluxion may have. 

.' EXAMPLES. 

£xAM. 1. Tb find the fluent of the fluxion Sx^x. 
This is found to agree with the first form. And, by com- 
paring the fluxions, it appears that ^ == r, and » ^ 1 =s ^, 
or » = J- ; which being substituted in the tabular fluent, or 

i-x^ gives, after multiplying by 3 the co-efficient, 3 x •f*'^> 

8 

or lo:*"^, for the fluent sought. 

Exam. ^.To find the fluent of 5^';r^/ jTZp, or Sx^x^c^-x^)^* 

This fluxion^ it appears, belongs to the 2d tabular form : 
for a = c^, and — x" = — x', and « = 8 under the vinculum, 
also w— l=^orm3=|, and, the exponent *~^ of ^"~' 
without the vinculum, by using 3 for «, is /« — 1 =2, which 
agrees with x^ in the given fluxion : so that all the parts of 
the form are found to correspond. Then, substituting these 
values into the general fluent, — a,n (^ — •**")"» 

it becomes - j- x J- (^^ - x'^)^ = -^ Y (^ - •^^)*- 

x^x 
Exam. 3. To find the fluent of t^, — r. 

I + X* 

This is found to agree with the 8th form j where - - - 
± jr° = -J- ^Mn the denominator, or « = 3 ; and th^ nume- 
rator x""* then becomes x\ which agrees with the numerator 
in the given fluxion; also a = I. Hence then, by substi- 
tuting in the general or tabular fluent, t log. of a + or", it 
becomes' -f log. 1 + x'. 

Exam. 4. To find the fluent of ax^x. 

Exam. 5. To find the fluent of 2 (10 + x^^^xx. 

ox 

Exam. 6. To find the fluent of 



Zx^x 
Exam. 7. To find the fluem of r-. 

{a^xY 



Exam. 8« 
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Exam. 8. To find the fluent of — i. 

1 -4- Sjt 
ExiM. 9. To find the fluent of -^- — x. 

Exam. id. To find the ^uent of { Y —) jt'/. 

X y 

• « 

Exam. 11. To find the fluent of (~+ ^)xv^. 

Sx 3 

Exam. 12. To find the fluent of — or — ;r"';r. 



Exam. 13. To find the fluent of 



ax a 
ax 

3 - 'Zx" 



Sx ^x~^x 

Exam. 14. To find the fluent of r or r. 

2x—x^ 2 X 

2x ^ r" 't^^ 

Exam. 15. To find the fluent of -^ — :— or - — '-- 

X — '6X^ 1 — :^> 

JLnkH. 16. To find the fluent of-——. 

1 — ^ ** 

4. 
Exam. 17. To find the fluent of ^^'. 

2xx 

1 + r*; 

av^x 

^xx 
Exam. 20. To find the fluent of 



Exam. 18. To find the fluent of 
Exam. 19. To find the fluent of 



Exam. 21. To find the fluent of 



Vx''- 4. 

^xx 

Vl - x^ 
ax 



Exam. 22. To find the fluent of 

Exam. 23. To find the fluent of 

v/4. - x"- 

2x~^x 
Exam. 24. To find the fluent of — . 

VI - jr* 

Exam. 25. To find the fluent of ' 

' ^ax'' + x\: 
2X^x 

Exam. 26. To find the fluent of 



Exam. 27, 



■ 
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ax 
IXAM. 27. T6 find the fluent of 



-v/xf — «-r* 



Exam. 28. To fin*tlie fluent of 2*^2x - x*. 

Exam. 29. To find the fluent of «V. 

Exam. SO. To find the fluent of 3^"^. 

Exam. ai. T© find the flu|nt of 3z?x log, z + Sxz'^'^kn 

Exam. 32. To find the fluent of ( 1 + x^) xx. 

Exam. 33. To find the fluent of (2 ^ ;if^) x^x. 
Exam. 34. To find the fluent of ^Wa* + x*/ ' 



To find Fluents by Infinite Series* 

44. When a given fluxion, whose fluent is required, is so 
complex, that it cannot be made to agree with any of the 
forms in the foregoing table of cases, nor made out from 
the general rules before given ; recourse mzj then be had 
to the method of infinite series ; which is thus performed : 

Expand the radicial or fraction, in the given fluxion, into 
an infinite series of simple terms, bj the methods given for 
' that purpose in books of algebra; viz. either by division or . 
extraction of roots, or by the binomial theorem, &c j and 
multiply every term by the fluxiohal letter, and by such 
simple variable factor as the given fluxional expression may 
contain. Then take the fluent of each term separately, by 
the foregoing rules, ^connecting them all together by their 
proper signs ; and the series will be the fluent sought, after 
it is multiplied by any constant factor or co-efficient which* 
may be contained in the given fluxional expression. 

45. It is to be noted however, that the quantities must 
be so arranged, as that the series produced may be a con* 
verging one, rather than diverging : and this is effected by 
placing the greater terms foremost in the given fluxion. 
When tl\ese are known or constaijt quantities, the iiifinite 
series will be an ascending one ; that is, the p>owers of the 
variable quantity will ascend or increase ; but if the variable 
quantity, be set foremost, the infinite series produced will be 
a descending one, or the powers of that quantity will de- 
crease .always more and more Jn the succeeding terms, or in- 
crease in the denominators of them, which is the same thing. 

For 
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For example, to find the fluent of -~: r^x. 

Herej by dividing the numerator by the denominator, the 
proposed fluxion becomes i - 2xx + %x*x - Sx^x + Sx^Jt - &c j 
then^the fluents of all the terms being taken, give - • • 
^ - X* + x' - fr^ + 4^5 ~ &c, for t he fluent sought. 
Again, to find the fli^nt of x^ 1 — x^. 

Here, by extracting the root, or expanding the radical 
quantity ^Z 1 — ^, the given fluxion becomes - . - , 

•*• - T^'* - i^^ - tV^^ - &c. Then the fluents of all 
the terms, being taken, give x - ^jr' - ^^^ - ^^x^ - &c, 
for the fluent sought. 

OTHER EXAMPLES. 

Exam. 1 . To find the fluent of '— both in an ascendv 

ing amd descending series. 

£xAM. 2. To find the fluent of - , in both sjeries. 
Exam. 3. To find the fluent of — 



S;r 



X 



(^ + xf 
Exam. 4. To find the fluent of ^ " ^ '^ ^^ • 

Exam. 5. Given k = - ^ ^ , to find 2. 



(f- ~\. X*" 

Exam. 6. Given k ;= — ^ — - x to find % 

a +jr 

Exam. 7. Given « = S^r /ii + or, to find z. 
Ex4M. 8, Given k = gjc-y^^* -f "ii^*, to find z. 
Exam. 9. Given k =: ^xy/a"- — jr% to find «. 

ExAM^ 10. .Given k = ' j. , . ,. . to find z v 

Exam. 1 \ . Given k = 2i3/^rr^3^ to find z. 
Exam. 12. Given « :?= -, -^ r, to find 5. 

Exam. 13. Given « = 2 x^x^ + x"" -j- x^, to find z. 
Exam. 14. Given'» = 5xy/ir ~ ^x, to find 2. 



r? 
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To Corre^ the Fluent of any GivHn Fluxion. 

46. The fluxion found from a given flueiit, is always 
perfect and complete ; but the fluent found from a given 
fluxion is not always so ; as it often wants a correction, to 
make it contemporaneous with that required by the problem 
under consideration, &c: for, the fluent of any given fluxion, 
as X may be either Xy which is found by the rule, or it may 
be or + CjOT X — r, that is X' plfts or minus some constant 
quantity c \ because both x and x^c have the same fluxion *•, 
and the finding of the constant quantity c, to be added or ^ 
subtracted with the fluent as found by fhe foregoing rules, 
is called correcting the fluent. 

Now this correction is to be determined from the nature 

of the problem in hand) by which we come to know the re* 

lation which the fluent quantities Jiave to each other at some 

.certain point or time. Reduce, therefore, the general fluen- 

tial equation, supposed to be found by the foregoing rules, 

to that point or time; then if the equation be true, it is 

correct f but if not, it wants a correction ; and the quantity - 

of the correction, is the difierence between the two general 

sides of the equation when reduced' to that particular point. 

Hence the general rule for the correction is this : 

Connect the constant, but indeterminate, quantity r, with 
one side of the fluential equation, as determined by the fore- 
going rules; chen, in this equation, substitute for the variable 
quantities, such values as they are known to have at any 
particular state, placej or time; and then, from that par- 
ticular state of the equation, find the value of r, the constant 
quantity of the correction, 

. EXAMPLES. 

47, Exam. 1. To find the correct fluent of « = ax^x. 

The general fluent is ^ = ax^^ or z n ax^ + ^, taking in . 
the correction c. n 

Now, if it be known that z and x begin together, or that 
r is = 0, when x = ; then writing for both x and z^ the 
general equation becomes = + r, or = r ; so that, the 
- value of r being 0, the correct fluents are % = ax^. 

But if 2 be = 0, when x is =. h, any known quantity ; 
then substituting for z> and b for Xy in the general equa- 
tion, it becomes = ab'^ + ^> and hence w'e find ^ = ^ ab^\ 
which being written for c in the general fluential equation, 
it becomes z = ax^ — ab^j for the correct fluents. 
* ' -Or, 
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Or, if It be known that z is =: some quantity </> when x 
is =: some other quantity as h\ then substituting d iQT z, and 
h for x<t in the general iluential equation % = ax^ + f, it 
becomes </ = a^* + r ; and hence is deduced the value of 
the correction, namely, c -^^ d -^ ah^ \ consequently, writing 
^his value for c in the general equation, it becomes - - - 
X == ax"^ •— </i* + ^> fo** the cprrect equation of the fluents 
in this case. 

48. And hence arises another easy and general way of 
correcting the fluents, which is this : In the general equation 
of the fluents, write the particular values of the quantitiea 
which they are known to have at any certain time or po- 
sition ; then subtract the sides of the resulting particular 
equation from~ the corresponding sides of the general one> 
and the remainders will give the correct equation of th« 
fluents sought. 

So, the general equation being z = ax^ \ 
write d for 2, and h for Xy then d = ah^ \ 
hence, by subtraction, - z — J = ax^ — ah^^ 
or a = ax^ — ah"^ + dy the correct fluents as before. 

Exam. 2. To find the correct fluents of » = ^X)e\ z being 
sa when .r is = a. 



Exam. 3. To find the correct fluents of « = 3;?V<» '\- xV 
z and X being = at the same time. 

£xAM. 4. To find the correct fluent of a = ; sup* 

a '\- X ^ 

posin^z and x to begin to flow together, or to be each 

= at the same time. 

2;c 
£xAM. 5. To find the correct fluents of a = -; — — , ; sup^ 

a* + JT* ^ 

posing 2 and x to begin together. 



Of maxima Ai^D MINIMA; or, The GREATEST and 
LEAST MAGNITUDE'oF VARIABLE or FLOWING 
QUANTITIES. 

49. Maximum, denotes the greatest state or quantity 
attainable in any given case, or the greatest valiie of a vari- 
able quantity: by which it stands opposed to Minimum, 
which is the least possible quantity in any case. 

Thus, 
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Tfhus, the expression or sum c^ + hx^ evidently increases 
is jr, or the term hx^ increases ; therefore the given expres- 
sion Vill be the greatest, or a maximum, when x is the 
greatest, or infinite : arid the same expression will be a mi- 
nimum, or the least, when x is the least, or nothing. 

^gain, in the algebraic expression a* — hx^ where a and h 
denote constant or invariable quantities, and x a flawing or 
variable one. Now, it is evident that the value of this re- 
mainder pr difference, a* — hXy will increase, as the term bx^ 
^ as Xy decreases j therefore the former will be the greatest, 
when the latter is the.smallest ; ^hat is c^ — hx is a maxi- 
mum, when X is. the least, or nothing at all \ and the'differ- 
pnce is the least/ when x is the greatest. 

50. Some variable quantities increase continually V «uid so 
have no maximum, but what is infinite. Others again de-. 
crease continually j and so have no minimum, but what is of 
no magnitude, or nothing. But, on the other hand, some 
variable quantities increase only to a certain finite magnitude, 
called their Maxiinum, or greatest state, and after that they 
decrease again. While others decrease to a certain finite 
magnitude, called their Minimum, or least state, and after- 
'wards increase again. And lastly, some quantities have 
several maxima and minima* 




Thus, for example, the ordinate bc of the parabola, or 
such-like curve, flowing along the axis ab from the vertex A, 
continually increases, and has no limit or maximum. And 
the ordinate gf of the curve J5fh, flowing from e towards 
j^, continuuliy decreases to nothing when it arrives at the 
point H. But in the circle ilm, the ordinate only increases 
to a certain magnitude, namely, the radius, when it arrives 
3t the middle as- at kl, which is its maximum; and after- 
that it decreases again to nothing, at the point M. And in 
the curve noq, the ordinate decreases only to the position 
OP, where it is least, or a minimum ; and after that it con- 
tinually increases towards q. But in the curve Rsu &c, the 
brdinates have several maxima, as st, wXj^ and several mi- 
^lima, as vu, yz, &cv 
-' ' ' ' 51. Now. 



$I« MAXIMA AND MINIMA. 

51 • No^, because the fluxion of a variable qaantity, im 
the rate of its increase or decrease i and because the max^ 
nuum or minimum of a quantity neither increases nor de- 
creasesi at those points or states ; therefore such maximuoir 
or minimum has no fluxion^ or the fluxion is then equal to 
nothing. From which we have the following rule. 



To find the Maximum or Minimum. 

52. From the nature of the question or problem, find an 
algebraical expression for the value, or general state, of the 
quantity whose maximum or minimum is required; then 
take the fluxion of that expression, and put it equal to no* 
thing ; from which equation, by dividing by, or leaving out> 
the fiuxional letter and other common quantities, and per- 
forming other proper reductions, as in common algebra, the 
value of the unknown quantity will be obtained^ determining* 
the point of the maximum or minimum* 

So, if it be required to find the maximum state of the 
compound expression IOOj:* — 5x* ±r, or the vahie of x 
when IOOjt — 5jr* ± r is a maximum* The fluxion of this 
expression is lOOx — 10jri=:0; which being made =0^ 
and divided by \0x^ the equation is 10. - jt = O; and hence 
X rsa 10» That is, the value of x is 10, when the expression 
IOOjt — 5x^ dt r is the greatest* As is easily tried : for if lO- 
be substituted for jr in that expression, it becomes ±^-f ^OOr 
but if, (or Xy there be substituted afiy other number, whether 
greater or less than 1 0, that expression will always be found 
%xr be less than ± r + 500, which is ther^ore its ^eatest 
possible value, or its maximum*' 

53. It is evident, tha^ if a maximum or minimum be vaj 
W2iY compounded with, or operated on, by a given constant 
quantity, the result will still be a maximum or minimum* 
That is, if a maximum or minimum be increased, or de- 
creased, or multiplied, or divided, by a given quantity, or 
any given power or root of it be taken ; the result will still 
be a maximum or mtnimiun. Thus, if j: be a maximum or 

X 

minimum, then alsp is x -^ a, or x — a, or ax, or — , or a^p 

• a 

or^x, still a maximum or minimum. Also, the logarithm - 
of the same will be a maximum or a minimum. And there- 
fore, if :my proposed maximum or minimum can be made 
simpler by performing any of these operations, it is better to 
do so, before the expression is put into fluxions. 

5'4f. When 



FLUXIONS. ill 

I 

k 

5*. When the expression for a maxlmilm or minimnm 
contains several variable letters or quantities ; take the fluxion 
of it as often as there are variable letters ; supposing first one 
of them only to flow, and the rest to be constant; then an- 
other only to flow, and the rest constant ; and so on for all 
of them : then putting each of these fluxions z=. O, there wHl 
be as many equations as unknown letters, from which these 
«nay be all determined. For the fluxion of the expression 
must be equal to nothing' in -each of these cases ; otherwise 
the expression might become greater or less, without alter- 
ing the values of the other letters, which are considered as 
constant* 

Soi if it he required • to find the values of »r and y when 
4x* — jry + 2y is a minimum. Then we have. 

First, - Sxx — xyssQ^ and 8 x* — ^ = 0, ory == 8.r. 

Secondly, ?^ — :ry =« (X, and 2 — jt = .0, or or == 2. "^ 

And hence yorBx zz 1€. 

SS» ToJM iuhether a proposed Quantity admits of a Maximum 

or a Minimum. 

Every alffebraic expresaon does not admit of a maximum 
or minimum, proptrly so* called ; for it may either increase 
continually to infinity, or decrease continually to nothing 3 
and in both these cases there is neither a proper maximum 
jior minimum ; for the true maximum is that finite value t» 
•which an expression, increases, and after which it decreases 
.again : and the minimum i* that finite value to which tte 
^expression decreases and after that it increases again. There- 
rfbre, when the expression admits of a maximum, its fluxion 
3s positive btfore the point, and negative after it ; but when 
Jt admits of a minimum, its fluxion is negative before, mnd 
positive after it. Hence then, taking the fluxion of the ea&- 
^ression a little before the fluxion is equal to nothing, and 
again a little after the same ; i^ tfhe former fluxion be posi- 
tive, and the latter negative, the middle state is a maximum; 
but if the former fluxion be negative, and the latter positive,,. 
^he ;ififiddle -state is minimum. 

So, if we would find the quantity dir — a:^ a maximum or 
minimum ; make its fluxion equal to nothing, that is, - - 
jpf — 2X*" = Q, or {a — %x)x — 0; dividing by jr, gives 
a, — %x = 0, or X ^~a at that state. Now, if in the fluxion 
{a — ^x)xy the value of x be taken rather less than its true 
ipalue« -§:«, that fluxion will evide;itly be positive ; but if x be 
tatken somewhat greater than 4^ the value of « '— 2.r, and 
consequently of the fluxion, is as evidently negative. Ther&- 
.iore, the fluxion of ax — x^' being positive before^ and ne- 



SIS MAXIMA iND MINIMA. 

gative after the state when its fluxion is = 0, it follows that 
at this state the expression is not a minimum, but a maximui^. 
Again, taking the expression x^ — «^'*, its fluxion. %z'^x ^ 
2axx ={'S^- 2a) XX =■ ; this divided by xx e^ives 3 jr — 2a = 0, 
and ^ = |tf, its true value when the fluxion -of or^ — ^i-r^ is 
equal to npthing. But now to know \v hether the given ex- 
pression be a maximum or a minimum at that time, take x a 
little less than ja in the value of the fluxion (3x — 2a) xx, 
and this will evidently be negative ; and again, taking x a 
little more than'l^j, the value of Sx — 2a, or of the fluxion, 
is as evidently positive. Therefore the fluxion q£ x^ — ax*- 
being negative before that fluxion is = 0, and positive after 
it, it follows that in this state the quantity jt' — ax^ admiii 
of a minimum, but not of a maximum. 

56. Some Examples for Practice. 

Exam. 1. To divide a line, or any other given quantity j, 
into two parts, so that their rectangle or product may be the 
greatest possible. 

Exam. 2. To divide the given quantity a into two part^ 
«uch, that the, product of the m powey of one, by the >» 
power of the other, may be a maximum. . • 

Exam. 3. To divide the given quantity a into three parts 
such, that the continual product of them all may be a 
maximum. - . 

Exam. 4.. To divide the given quantity a into three parts 
such, that the continual product of the 1st, the square of the 
2d, and the cube of the 3d, may be a maximum. 

Exam. 5. To determine a fraction such, that the differ-^ 
ence between its m power and n power shall be the greatest 
possible. ' ^ " ° 

Exam. 6. To divide the number 80 into two such parti*. 
X and y, that 2^^ + ^j + 3/ may be a minimum. 

Exam. 7. To find the greatest rectangle that can be in- 
scribed in a given right-angled triangle. 

Exam. 8. To find the greatest rectangle that can be in- 
scribed in the quadrant of a given circle. 

Exam. 9. To find the least right-angled triangle that^caa 
circumscribe the quadrant of a given circle. 

Exam. 10. To find the greatest rectangle inscribed in, and 
the least isosceles .triangle circumscribed about, a^ dven semir 
ellipse. 

Exam. II. 



TANGENTS- 
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Exam. 11. To determine the same for a given parabola* 

Exam, 12. To determine the same for a given hyperbola. 

Exam. 13^ To inscribe the greatest cylinder in a given 
cone ; or to cut the greatest cylinder out of a given cone. 

Exam, ) 4. To determine the dimensions of a rectangular 
cistern, capable of containing a given quantity a of water, so' 
as to be lined with lead at the least possible expense. 

Exam. 1 5. Required the dimensions of a cylindrical tan- 
kard, to hold one quart of ale measure, that can be made of 
the least possible quantity of silver, of a given thickness- 
Ex am. IS. To cut the greatest parabola from a given 



cone. 



Exam. 1*7. To cut the greatest ellipse from a given cone- 
Ejlam. 18* To find the value of x when x^ is a mininuin* 



The METHOD of TANGENTS; Of, To draw TAN- 

GENTS to CURVES- 



57. The Method of Tangents, is a method of determining 
the quantity of the tangent and subtangent of any algebraic 
curve ; the equation of the curve being given. Or, vsc€ versa, 
the nature of the curve, from the tangent given. 

If AE be any curve, and e be any 
point in it, to which it is required 
to draw a tangent te. Draw the 
ordinate ED : then if we can deter-, 
mine the subtangent td, limited be- 
tween the ordinate and tangent, in 
the axis produced, by joining the 
points T, E, the line te will be the 
tangent sought. 

56. Let dae be another ordinate, indefinitely near to de, 

meeting the curve, or tangent produced in e ; and let ^a 

be parallel to the axis ad. Then is the element-ary triangle 

r.ea similar to the triangle tde \ and 

therefore 




S20 TANGENTS. 

therefore - eai am :: ED : DT. 

But - ^- ea : aE : : flux. £D : flux. AIK 

Therefore - flux, er : flux, ad : : ise : in*. 

yx 
That is, - i : jff : : j> : ^ = DT ; 

which is therefore the general value of the subtangent 
sought ; where x is the absciss ad, and j/ the ordinate db*. , 
Hence we have this general rule. 

GENERAL RULE. 

59* By means of the given equation of the curve, whei> 

« 

put into fluxions, find the vsdue of ^ther x or^, or of -r-r 

which value substitute for it in the expression br =~- ^ 

and) when reduced to its simplest terms, it will be the value 
of the subtangent sought. 

EXAMPLES. 

Exam. 1 . Let the proposed curvi^ be that which is defined^ 
or expressed, by the equation ax^ + xy^ — y^ zz,0. 

Here the fluxion of the equation of the curve is 

2axx + fx + 2xyy — Sfy = ; then, by transposition^ 

2axx 4- /^. = ^y^y — 2xyy ; and hence, by division, 

jc 3/ — 2>?y , yx 3^ - 2^/ 

-r-= -^ ; — r> consequently ~ =. — • — f^. 

y 2j.v -f / - -J 2ax +/ 

which Is the value of the subtangent td sought. 

Exam. 2. To draw a tangent to a circle; the equation of 
which is ax ^ x^ ^y^\ where x is the absciss, y the ordi- 
nate, and a the diameter. 

Exam. 3. To draw a tangent to a parabola; its equation 
being ax =y^; where a denotes the parameter of the axis. 

Exam. 4. To draw a tangent to an ellipse; its equation 
.being r* (ax — a?^) = aY i where a and c are the two axes. 

Exam. 5. To draw a tangent to an hyperbola; its equa- 
tion being c^ {ax + a?*) == a'y^ ; where a and c are the two. 
axe^. 

Exam. 6^ To draw a tangent to the hyperbola referred to 
the asymptote as an axis ; its equation being xy = a^i where 
<i* denotes the rectangle of the absciss and ordinate answer- 
ing to the vertex of the curve. 

Ob? 




RECTIFJCATIONS. 3«l 

Of rectifications ; Or, To find thb LENGTHS 

• OF CURVE LINES. 

60. Rectification^ is the finding the length of a curve 
line, or finding a right line equal to a proposed curve. 

By art. JO it appears, that the 
elementary triangle ^ae, formed by . 
the incrementrofthe absciss, ordinate, 
and curve, is a right-angled triangle, of 
which the increment of the curve is 
the hypothenuse; and therefore the 
squslre of the latter Is equal to the sum 
or the squares of the two former ; that is, E^ = in* + tf A 
Or, substituting, for the increments, their proportional 

floxion^ it is KK = xje +yy, or « = ^i* +i*5 where ». de- 
notes any civve^Une ab, x its absciss ad, and j^ its ordinate DC. ^ 
Hence this rule. 

61. From the given equation of the curvd put iato 
Euxions, find the value of x^ or i*, which value substitute 

insitead of it in the equation x zz ^x*" +}**, then the fluents, 
being taken, will give the value of %, or the length of the 
oorve, in terns of the absciss or ordinate* 

EXAMPLES. 

Exam. 1. To find the length of the arc of a circle^ m 
terms both of the sine, versed sine, tangent, and secant. 

The equation of the circle may be expressed in terms of 
the radius, and either the sine, or the versed sine^ or tangent^ 
or secanti &c, of an arc. Let therefore the radius of the 
circle be ca or ce = r, the versed sine AD (of the arc ae) = *, 
the right sine db =:y, the tangent TE = /, and the secant 
CT SB / J then, by the nature of the circle^ there arise these 
^quations^ viz. 

y ^rx . X -^^^ ^ '-• 

Then, bf means of the fiuxioas of these equations, ^itfa 
the general fluxiona! equation i^rs ^ +i% ^^ obtained the 
following fluxional forms, for the fluxion of the curve ; the, 
fuent of any one b£ which will be the curve itself; viz. 

Voi.n. Y Hence 



f« FLUXJ0N5. 

Hence the value of the <:urve, from the fiuent of each el 
thesei gives the four following forms, in series^ viz. putting 
d =^2r the diameter, the curve h 

.'^ = ^^+Tsd + its? + ilii^TT^r + «^^) y^^'^ 

^ <^ + ii? +2:4:5;^ + iZ6;7?+ *'^ J^' 

•^ t ^ + 2.3/' + 2.4.5/^ + ^''^'^ 

Now, it is evident that the simplest of these series, is the 
third in order, or that which is expressed in terms of the 
ungent. That form will therefore be the fittest to cal- 
culate an example by in numbers. And for this purpose il 
will be convenient to assume some arc whose tangent, or at 
least the square of it, is known to be some small simple 
number. Now, the arc of 45 degrees, it is known, has id 
tangent equal to the radius ; and therefore, taking the radius 
r = i, and consequently the tangent of 45% or /, =: 1 also, 
in this case the arc of 45"^ to the radius 1, or the arc of the 
quadrant to the diameter 1, will be equal to the infinite se- 
ries 1 - f + i 7 f + i — &c. 

But as this series converges very slowly, it will be proper 
to* take some smaller arc, that the series may converge 
faster j such as the arc of 30 degrees, the tangent of which 
is = Vy, or its square /* = |. : which being substituted ill 
the series, the length of the arc of 30* comes out - - - 

<^ - B + SJ» 7 t15 + 9^* -- ^') ^^- "*""»**• """^ 
pute these terms in decimal numbers, after the first, the suc- 
ceeding terms will be found by dividing, always by d,. and 
these quotients again by the absolute numbers 3, 5,7, 9, &c; 
and lastly, adding every other term together, into two sums, 
the One the sum of the positive terms, and the other the sum 
of the negative ones ; then lastly, the one sum taken from 
the 0(her, leaves the length of the arc of pO degrees ; which 
beingHhe 12th part of the whole circumference when the 
radius is 1, or the 6th part when the diameter is J, conse* 
quently 6 times that arc will be the length of the whole cirr 
cumference to the diameter 1. Therefore, multiplying the 
first term a/\ by 6, the product is V'12 = JS*4641016i and 
hence the oporation will be conveniently made as follows : 

-fc Terms. 



QUXbRAtl)RES. 



3SS 



1 ) 8-4641016 



3 

7 

11 
13 
15 
17 
19 
21 
23 
25 
27 



1-15470O5 
3849002 
1283001 
427667 
142556 
47519 
15840 
5280 
1760 
587 
196 
65 
22 



+ Terms* 
3*4641016 

169800 

47519 

3655 

811 
28 

S 

-f S-5462332 
-0*4046406 



-Terms. 

03849008 

183286 

12960 

1056 

» 

93 

1 
-^ 0*404640^ 



So that at last 3*1415926 is the whole circum-* 

' ■ — *— f^reno«rtlo< the dia* 

meter 1. 

Exam. 2. To find die length ofia parabola. 

EkAM. 8. To find the length of the lemicubictti parabola^ 
whose equation is ax^ := y*. 

Exam. 4. To find the length of an elliptical dirve; 

Exam. 5. To find the length of an hyperbolic Qutrt. 



.♦ 



Or QU ADR ATXJRESl ; dR, FINDING TttE ARE AS or 

CURVES. 

62. The Quadrature of Curves, is the measuring their 
areas, or finding a square, or other right-^lined space, equal 
to z proposed cunriUneal one« 

By art. 9 it. appears, that any flowing 
quantity being drawn into the fluxion of 
the.line along which it flows, or in th^ 
direction of its motion, there is produced 
the fluxion of the quantity generated by 
the, flowing. That is, Drf x i^Eot yx is 
the fluxion of the area AD£. Hence this 
rule. 

Y2 jiuLl:. 




9M SURFACES. 



XVIM, 

. - ... 

63. From the grirtii ttpmiton of the curre^ find tht value 
either ctjc or ofy ; which value substitute sftftead of it in 
the expression yx ; then the fluent of that escpuressionj^ being 
taken, will be the area of the curve 90Ught. 

•fiXAMPLES. 

Exam. 1. To find thi& area of the coisomon parabola. 

The equation of the parabola beybg 4^ = j^^ ; wh«re a is 
the parameter) x the absciss ad, or pait of the axis^ and y 
the ordinate db. 

FrMa the equation of the curve is found y = x/ax. This 
substituted in the general floiioili of the area yx gives x^ax 

or a*x*x the fluxion of the parabolic area j and the fluent 

X J 

of thisy or |<i V =» fir ^ax := ^, u the. area, of the para- 
bola AOff. »i^5p^h is. therefore equal to f of its circum- 
scribing rectangle* 

Exam. 2. To ftfaaseldie drcle^«r find its area. 
The eg oatkHi of the circle bei»g f ^ a^^ x\ o^y^ 
y/ax — «rS where a is the diameieri bjT sutetitflt iftn, th» 

general fluxion of the area j^^» b^coosLei xy/ajt — jr^^ j»r die 
fluxion^ of the circular area. But a^ the fluent of this cannot 

be found in finite terms, the quantity Vax — x* ;s tbrown 
into a series, by extracting the xoot^ and then the fluxion of 
the area becomes 

x^axx^l--^^ ^ ^ - ^^^ ^^3 - 2.4.6.8^1* "" ^^^' 

and Aen the jflucnt of every term bemg t^en, it gives 

. fe \.x l.jr* t.^jfl lS.Baf^ ^ , 

^ the general expression of the semisegmeot as«. 

And when the point d arrives at the extremity of the dia^ 
meter, then the ^ce becomes a semicircle^ and x ^ a\ and' 
then the series above becomes barely 

for the area of the semicircle whose diameter is a. 

£xam»S. 



Exam. 3. To £nd cb« area ofjaixy fanAok^ wh^se equa- 
tion is ^^a;' =:j^°*.+". 

Exam. 4.- To find Hie area of an ellipse. 

Exam* ^. To find the area of ah hyperbola. 

Exam. 6. To find the area between tb« curve and asymp- 
tote of an hyperbola. 

Exam. 7. To find the like area in any othier hyperbola 
whose general equation is x"*j>" = tf™+*. 




To FIND THE SURFACES or SOLIDS; 

« 

64. In the solid formed by the rota-^ 
tion of any curve about its axxs> the 
surface may be considered as generated 
by the circumference of ah expattdipg 
circle, moving perpendicularly along 
the axis, 'but the expanding circum- 
ference moving along the arc or curve 
of the solid. Therefore, as the fluocion 

of any generated quantity, is produced oy drav^ng the ge« 
neHiting quantity into the fluxion of the line or direction in 
which it moves, the fluxion of the surface will be found by 
dt^awitig the circumference of the geneniling circle into the 
fluxidn of the cucve. That is^^tbe fluxion of the surface 

BAfi, is equal to AE drawn into thtf circumference ^c&^ 
whose radius is the ordinate Dfi. 

65. But, if e be =7 3*1416, the circumference of a cinfle 
whose diameter is 1, 4r = ad the absciss, ^ = PB the ordi- 
nate, and » :t: ae the curve ; then 2j = the diameter fis^ 

an d Qcy =g the '^k-cmnfef^ritre'-'g ctr^j 'a lso, ae ±=: 4 = 

\/**+i*- therefore S^rjii or 2cy^x*+yis the fluxion of 
the surface. And consequently if, from the given equation 
of the curve, the value of jt or^ be found, and substituted 

in this ex|^ession ^cfs/ x^ +>*, the fluent of the' expressiont 
being theti fstkM, will be the surface of the solid i^quirec^ 

EXAMPLES'. 

£x AM» 1 • To find the ^rface of a spher e^ or of any ^eg^ 
xi^tit. 

la 



SM CITBATURES. 

In tkis cftsey aie 19 a circular vc^ whose equatioa it 
f" zzax ^ x\ or J? = ^ax — jr*. 

The fluxion of this rives^ =: =i = — i\ 

hence J* = j-» ** == -j"r^ f^ 5 consecjuenti/ 

This value of «, the fluxion of a circular arc^ may be found 
more easily thus : In the fig. to art. 60| the two triangles 
9DC, ^Ai are equiangular, being each of them equiangular to 
the triangle BTC : conseq. ed : eg : : £ii ; £fi that is, - « 

1^ : fa : : ;r : « s= --, the same as beforet 

The value of x bein^ found, by substitution is obtained 
3^jB s acjc for the fluxion of the spherical surface, generated 
by the circular arc in revolving about the diameter ad« And 
the fluent of this gives w:x for the said $urfa^e of the spheri^ 
cal segment bae. 

But ac is equal to the whole circumference of the gene? 
rating circle ; and therefore it follows, that the surface of 
any spherical segment, is equal to the same circumference of 
the generating circle, drawn into x or aDj the height of the 
segment. 

Also when x or ad becomes equal to the whole diameter Mx 
the expression acx becomes ^ca or ra% or 4 times the area of 
the generating circle, for the surface of the whole sphere. 

And these agree with the rul^s before fpund in M^nsuf 4-^ 
tion of Solids. 

' Exam. 2. To find the surface of a spheroid. 

^XAM. 3. To find the surface of a paraboloid* 

Exam. 4. To find tlj^^vF^;*^ 9^^ *^ hj-P^^boloidi 



To FIND TJpE, CONTENTS of SOLIDS. 

^^^ Any solid which is formed by the revolution of a 
carve about its axis (see last fig.), may aUo be conceived to 
be generated by the motion of the pl^e' of an. expanding 
circle^ moving perpendicularly along ^he axjs. And there^ 

fore 
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fore the area of that cirde being drawn into the fluxion of 
the axis, will produce the fluxion of the solid. That is^ 

AD X area of the circle bcp, whose radius is D£^ Qr diameter 
B£j is the fluxion of the solid) by art« 9. 

67. Hence, if ad = Xf de = j^» c s 3*1416 j because Vy' 
Is e^al to the area of the circle £CV| therefore f^i is the 
fluxion of the solid. Consequently ifj from the given equa* 
tion of, the curve, the value of either^* or x be fouiul, and 
that value substituted for it in the expression ct/^xt the fluent 
of the resulting quantity^ being taken^ wiU be the sojidity of 
the figure proposed. 

EXAMPLES. 

EiCAM. 1^ To find the solidity of a sphere, or any segnxent. 

Th§ equation to the generating circle being^y^ zzax ^ m\ 
where ^1 denotes the diameter, by substitution, the general 
fluxion of the solid cfxy becomes caxx — cx^x^ the fluent of 
which gives Icax^ — ^rAf% or \c9^ {ia — '2jr), for the solid coiv- 
tent of the spherical segment bae, whose height ad is x. 

When the segment becomes equal to the whole sphere, 
then .r =: «, and the abo^e expression for the solidity, be- 
comes \ca^ for the solid content of the whole spher.e. 

And these deductions agree with the rules before givet^ 
and denionstrated in the M^i^uration of Solids. 

ExAiiC* 2. To find the solidity of a spheroid. 

Exam- 3. To find the solidity of a paraboloid. 

£XAM< 4^ To find the solidity of an hyperboloidv 



To find logarithms. 

66. It has been proved, art. 23, that the fluxion of the 
hyperbolic logarithm of a quantity, is equal to thp fluxion of 
the quantity divided by the same quantity. Therefore, when 
any quantity is proposed, to find its logarithm; take the 
fluxion of that quantity, and divide it by the same quantity \ 
then take the fluent of the quotient, either in a series or 
otherwise, and it will be the logarithm sought ; when cor-^ 
rected as usual, if need be j that is, the hyperbolic logarithm. 

69. But, for any other logarithm, multipW the hyperbolic 
logarithm, above found, by the modulus ot the system, for 
the logarithm sought. 



r' 



f 
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Note, The modulus of the hyperbolic logarithxnsy b I ; 
and the modulus of the common logarithms^is '43429448190 
&c ; and, in general, the modulus of any system, is equal to 
the logarithm of 10 in that system divided by the number 
2*802585O92994O&C9 which is the hyp. log. of 10. Also^ 
the hyp. log. of any Bunber, is in proportion to the com. log. 
of the same ntiaibery as uftity or 1 is to *43489&c> or asr the 
number 2*30258M^c, is to 1 1 and therefore) if the oommon 
log. of any number be multiplied by S*50256Jftc, it will 
give the hyp. log. of the same mmiber ; or if Ae lr;rp« log. 
be divided by 2-S02585&C, or multiplied by '4S429&C, it 
will give the common logarithm. 

Exam. 1. To find tlie log. of . 

a 

Denoting anv proposed number z, whose logarithm is 

required to be founds -by the compound expression - - . 

— — J the fluxion of the nuoJser «|^ is — ^ and tlie fluxion 

- , - i i X XX ^ x^x x^x . ^ 

of th« log. — = — : — as:«— — ---[•— ~— —. -1. &c. 

Then the fluent of these terms give the logarithm of 2 

-tf + jy X JT* X^ Jf* 

orlogarithmof~^:=---, + 5^-.-.&c. 

Wr.tmg-^for*,givttlog.--=,_-_^-5-^---&c. 

Div. these mimb. and > ' "7^ x 2x' 2x* ix* 
subtr. their logs, gives -> "*^' « - x ~ T **" S* "^"^ *^' 

Abo, because ~= \-^—, «r log. ^- = - log.^-} 

therefore log. of ^ is - J + g, - g + ^,&c, 

a X j^' ' x^ x^ 

and the log. of -; — - Is + -- + —* + —, + — far^ 
" fl — iT m 2a 3a* 4a* 

a"- x^^ a" ' 2a^ ' 3a* 

Now, for an example in numbers^ suppose it were required 
to compute the common logarithm of the number 2. This 
will be best done by. the series, 

log. of ■ =2»ixr — l-r-;-l + — ; &c. 

* a- X ^ o 3isi3 Ai^ ^ 7«^ . 

Making 



the prod, gives log. -r—% = -j + r«^+ r^+^C' 
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Maldng -^ = 2, gives a as Stj conseq. — =: -§, and --^ 

=: |., which is the constant factor for every sacceeding term; 
z\sOf2m zz2 X ^43429448190 = '868588964 ^ therefore the 
calculation will be conveniently n^ade, by first dividing this 
fiumber by S,^ then the quotients successively by 9, and 
lastly these quotients in order by the respective nund>ers 
1) S» 5, "If 9, &c» and after that^ adding all the terms togt- 
therj as follows : 



3 
9 
9 
9 
9 
9 

i\ 



) 
) 
) 

i 

) 



•868588964 

289529654 

^2 169962 

3574440 

391160 

44129 

4903 ! 
545 

61 



) 
) 
) 
) 
) 
) 
) 

15) 



1 
S 
5 

7 

9 

11 

13 



*289529654 

32169962 

3574440 

397160 

44129 

4903 

545 

61 



[ 



•2S9529654 

•1072:^321 

714S88 

56737 

4903 

446 

42 

4 



Sum of the terms gives log- 2 = -301029995 



Ex4M. 2. To' find the log* of — ^. 

Exam. 3, To find the log. of a — x. 
Exam. 4. To findrthe log. of 3. 
Exam. 5. To find the log. of 5. 
Exam. 6. To find the log. of U* 



To FIND THE POINTS OF INFLEXION, or of 
CONTRARY FLEXURE in CURVES. 

70. The Point of 
Inflexion in a curvey is 
that point of it which 
separates the concave 
from the convex part, 
lyingbetween the two ) 
or where ' the curve 
changes from concave to convex^ or from convex to concave^ 
^n Ae same side of the curve. Such as the point E in the 
annexed figures^ where the former of the two is concave 
i towards 




/ 



, 330 FLUXIONS. 

towards the axis ad, from A to e, but convex froth i to f 5 
and on tKe contrary, the latter figure is convex from A to £^ 
and concave from £ to ?• 

71. From the nature of curvature, as has been remarked 
before at art. 28, it is evident, that when a curve is concave 
towards an axis, then the fluxion of the ordinate decreases, 
or is in a decreasing ratio, with regard to the fluxion of the 
absciss ; but, on the contrary, that it increases, or is in an 
increasing ratio to the fluxion of the absciss, when the curve 
is convex towards the axis; and consequently those two 
fluxions are in a constant ratio at the point of inflexion. 
Inhere the curve is neither convex nor concave ; that is, x is 

loi in a constant ratio, or -r- or -r- is a constant quantity. 

But constant quantities have no fluxion, or t^eir fluxion is 
equal to nothing ; so that in this casei the fluxion of 

y X 

»-r or of -r- is equal to nothing. And hence we have this; 

general rule: 

72, Put the given equation of the curve into fluxions | 

y X 

ivf>m which find either -^ or -r-. Then take the fluxion of 

X y . 

this ratio, qx fraction, and put it equal to or nothing ; and 

Je j 
from this last equation find also the value of the same -r or -r- • 

Then put this latter value equal to the former, which will 
form an equation ; from which, and the first given equation 
-of the curve, x and y will be determined, being the absciss 
and ordinate answering to the point of inflexion in ihn^ 
curve, as required. 

EXAMPLES. 

Ex:am. 1. To find the point of inflexion in the xrurve 
whose equation is ax^ tz a^y + x'^y. 
' This equation in fluxions is 2axk = a^y + 2x^x + x'^y^ 

which gives -r = r rr^. Then the fluxion of this quantity 

^ y 2ax — 2xy ^^ ' 

made ?= 0^ giv^s 2xx (ax^xy) = {a" -f x^) x {ax -xj/- xy) i 

J , . . . . X a^ \ x"^ X ■ 
and this again gives --= -r 1 x ^, 

^ ** y a^ -^ X* a — y. 

Xiastly, this value of -r- beiiig put equal the former, glvei; 

y 
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«*-f-x* '^ 



^-i— • . > and hence 2a!'* « n' — jf, 

2;r a -^ y 



or Sx* = o% and jt = tf^/ j-, the absciss. 
Htnce also, from the original equatioOj 



ax* 



4-*_ 



V =: ■ =a^ = 441, the ordinate of the point of in* 

flexion sought. 

< EXAM^ 2. To find the poin t of inflexi on in a curve de- 
fined by the equation ay ss a^/ajf" 4- ^x. 

Exam. 3. To find the point of inflexion in a curve defined 
^ the equation ay* = tfV+jr'. 

Exam. 4. To find the point of inflexion 
In the Conchoid of Nicomedes, which is . 
generated or constructed in this manner : 
From a fixed point P, i^hich is called the 
pole of the conchoid, draw any number of 
right lines PA, pb, pc, PE, &c, cutting 
tke given line fd in the points f, 6, H, i, 
&c; then make the distances fa, ob, hc, ie, &c, equal 
to each other, and equal to a given line ; then the curve line 
ABCE Sec, will be the copehoid ; a curve 90 called by its in* 
iripntor Nicomedes, 




To FIND THE RADIUS OF CURVATURE of CURVES, 

73. The Curvature of a Circle is conctant, or the sanit 
in every point of it, and its radius is the radius of curvature- 
J&nt the case is different in other curves, every one of which 
has i^s curvature continually varying, either increasing or 
decreasing^ and every point having a degree of curvature 
peculiar to itself; and the i^^dius of a circle which has the 
«aiiie curvature with the curve at any given point, is the 
radius of curvature at that point ', which radius it is the bu- 
siness of this chapter to find. 
._ 74* Let AE^ be any curve, con- 
cave towards its a^s ad ; draw an 
ordinate de to the point E, where 
the curvature is to be found ; and 
suppose EC perpendicular to the 
^urve, and. equal to the radius of 
jcurvature sought, or equal to the 
Radius of a circle having the same 
curvature there, and with that ra- 
dius describe the said equally* 

curved 
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curved circle BE^ ; lastly, draw' ml parallel to aO| and^ de pft^ 
rallel and indefinitely near to j>Et thereby making bJ tfie 
fluxion or increment of the absciss ad, also iie the fluxion of 
the ordinate de, smd ze that of the curve ae. Thei> put 
X = AD, j^ = DE, z = AE, and r = CE the radius of curva- 
ture i then is £// = ;r, ^ ss y, and E^ = «• 

Nov> by sim. triangles, the three lines si) d!f, ^, 

orjfji, K, 
arc respectively as the three - - • gb, gc,ce; 

therefore - - - - - - - - - GC.;r = GE,j^ 

• • • • 

and the flux, of this eq. is gc.x + cc . ;^ i=:, ge. y + CE .i, 

or, because Gc = — bg, it is gc . * — bg .x =ge .y + ge .}, 

But since the two curves ae and Bs have the same cur- 
vature at the point ]^, thi^ir abscisses and ordinates have the 
.same fluxions at that point, that is, Edf or ;r is thtt fluxion 
both of AD and BG, and de orjf is the fluxion both, of DE 
and GE* In the equation above therefore substitute i for 

BG, andi for ge, and it becomes 

GCir — i;f = G7J + j}, 

or Gcx — GFj == x^ + j>* = a*. 

Now multiply the three terms of this equation respectively 

• ■ • 

by these three quantities, — > — > — , which are all equal> 

md it becomes - - ^ yx -^ xj sz — , or — ; * 

is 

and hence is found r = tt r«, for the general value of 

yx ~ xj ^ 

the radius of curvature, for all curves whatever, in terms of 

^e fluxions of the absciss and ordinate. 

75. Further/ as in any case either x or^ may be supposed 
to flow equably, that is, either i* or jr constant qu^ntities^ or 
« or jr equal to nothing, it follows that, by this supposition, 
either of the terms in the denominator^ of the value ^r^ 
may be made to vanish* Thus, when x is supposed const^t^ 
* being then = 0, the value of r is barely - * . - - 

' ... ; or r is == TT. when^ is constant. 
— xy yx , 

. * 

EXAMPLES. 

£xAM« 1. To find the radius of curvature to ant point 

of 



INVOLUTES AND EVOLUTES. 
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of a parabok) whose equation is ax = j/^f its vertex being a^ 
and axis ad. 

Now, the equation to the curve being ax^^^ the fluxion 
of it is a;c = 2yj ; and the fluxion of this again is air = 2}^, 
supposing i constant ; hence then r or 



i' 
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for the general value of the radius of curvature at any point 
£9 the ordinate to which ruts off* the absciss ad s x. 

Hence, when the at»ciss x is nothing, the last expression 
becomes barely 4^ = r, for the radius of curvature' at the 
vertex of the parabola ; that is, the diameter of the circle of 
cxirvature at the vertex of a parabola, is equal to a^ the pa- 
rameter of the axis. 

Exam* 2. To find the rad ius of c urvature of an ellipse, 
whose equation is ^y ^4* ,ax -- x*. 

_ (flV + 4 (g^ - c*) X {ax - x"-)^ 

2tfV 



Ans. r = 



Exam. 3. To find the radius o f curvatu re of an hyper- 
bola, whose equation is #*^* = c* . ax + x% 

Exam. 4. To find the radius^f curvature of the cycloid. 

^ Ans. r = 2j/aa — ax^ where x is the absciss, and 
a the diameter of the generating circle* 



Of involute and ^VOLUTE CURVES. 

76. An Evolute is any curve supposed to be evolved or 
opened, which having a thread wrapped close about it, fasteur 
ed at one end, and beginning to evolve or unwind the thread 
from the other end, keeping always tight stretched the part 
which is evolved or wound off: then this end of the thread 
will describe another curve, called the Involute. / Qr^ the 
same involute is described in the contrary way, by wrapping 
the thread about the curve of the evolute, keeping it at the. 

same time always stretched. 

77. Thus 
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77. Thus, if EFe^H be any curve, 
and AE be either a part of the curve, 
or a right line : then if a thread be 
£xed tc^ the curve at H> and be 
wound or plied close to the curve^ 
&c, from H to A, keeping the thread 
always stretched tight; the other 
end of the thread will describe » 
certain curve abcd, called an Invo-^ 
lute ; the first curve efgh being it^ 
evolute* Or, if the thread, fixed 
at H,be unwoiujd from the curve, beginning at A, and keep« 
ing it always tight, it will describe the same involute abcd. 




78. If AE, DF, C6, DH, &c, be any positions of the 
thread, in evolving or unwinding; it follows, that these 
parts of the thtead are always the radii of curvature, at the 
corresponding points, X, b, c, D ; and also equal to the cor- 
responding lengths A£, A£f, aefg, aefgh, of the evolute^ 
that is, 

AE =: AE is the radius of curvature to the point a, 

BF =s AF is the radius of curvature to the point b, 

CG = AG is the radius of curvature to the point c, 

VH = AH is the radius of curvature to the point d« 

79. It also follows, from the premises, that any radius of 
curvature, bf, is perpendicular to the involute at the point B, 
and is a tangent to the evolute curve at the point F. Also, 
that the evolute is the locus of the centre of curvature of the 
involute curve* 



80. Hence, and from art. 74, it 
will be easy to find one of these 
curves, when the other is given# 
To this purpoj5e,.put 

X =r AD,the absciss of the involute, 
y = DB, an ordinate to the same, 
as 3= AB, the involute curve, 
r = BC, the radius of curvature, 
V = KF,the absciss of the evolute BC, 
u = FC, the ordinate of the same, and 
4 =: AB; a certain given line. 
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Then, by the nature of the radius of curvature, it is 

r =: r- = BC = AE + EC; also, by sim. triangles, 

rx x^ 

»:*: :r:CB_ ^ ~ >* - ^>' 

..... _ _ rj i« 
Hence EF = GB — DB =r:: rr - ;? = v; 

I 

, and Fc = Ap — AE + cc = ^ — fl + .^ ^ ... = « j 

vrhich are the values of the abscise and ordinate of the 
evolute curve EC ; from which therefore these may be founds 
vrhen the involute is given. 

On the contrary, if v and u, or the evolute, be pven : 
then, putting the given curve ec = J, since CB = ae + EC, 
or r = fl( + /, this gives r the radius of xrurvature. Also, bf 
similar triangles, thwe arise these proportions, viz. 

• • rv fl- + -f • 

/ : V ; : r : -r = — r- v = gb, 

s s 

ru ^±J. 

and J : « ; : r : -r = ; w = Gc ; 

s 
s 

theref. ad = ae + fc - go = ^ + « - ■ . ■ - u == x, 

s 

, a + s ' 

and 0B = CB — GD =: GB — EF = -.-7— V — V =r J?; 

' s 

which are the absciss and ordinate of the involute curve, and 
which may therefore be found, when the evolute is given* 

Where it may be noted, that 5* r= v* + «% and «* = jp* +^. 
Also, either of the quantities .r, y, may be supposed to flow 
equably, in which case the respective second fluxion, x or j>, 
will be nothing, and the corresponding term in the denomi- 
nator yx — xy will vanish, leaving only the other term in it ; 
which will have the effect of rendering the whole operation 
simpler* 

81. txAMPLES. 

Exam. 1. To determine the nature oiF the curve by whose 
evolution the common parabola ab is described. 

Here 
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Here the equation of the given involiite A3j is ex ^ 7^ 
where c is the psu-ameter of the axis AX>. HenCe then 

y = v/^^j andi = iW—f alsoj? = -^ ^ "J *^7 making 

jr constant. Conseqnently the general values of v and ti, or 
of the absciss and ordinate, £F and fc^ above given> become* 
in that case, 

EF = V = — - j^ = y— J- ^ J/ = 4^^^ --f and 

FC = »=:x — ii-i :^ 3x + Ic ^ a. 

Btit the value of the quantity a or AE, 67 exam. 1 to 
art. 75, was found to be 4^ ; consequently the last quantity, 
FC or Uy is barely = 3r. 

Hence then, comparing the values of v and u, there is 
found 3v^c =:.4i/ v^r, or 27 cv^ =: ISw' ; which is the equa- 
tion between the absciss and ordin9te of the evolute curve 
nC) showing it to be the semicublcal parabola. 

Exam. 2. To xietermine the evolute of the comoion cy* 
doid. Ans. another cycloid, equal to the former. 
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' ' To Find the CENTRE of GRAVlty. 

82. By referring to prop. 42, &e, in Mechanics, it is seen 
what are the principles and nature of the Centre 6f Gravity 
in any figure, and how it is generally 
expressed, it there appears, that if 
p Aqjbe a line,or plane,drawn through 
any point, as su{^se tKe vertex of any 
body, or figure, abd, and if - - • 
s denote any section ef of the figure, 
J zz AG, its distance below pq> and 
t =s the whole body or ^j^ure abd ; 
then the distance AiC, ot. the centre of 

„ , , > sum of all the A: 
gravity below pq,is universally denoted by r ; 

whether abd be a line, or a plane surface, or a curve super- 
ficies. Of a solid. 

Put 
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• But the sum of all the dsy is the same as the fluent of dh^ 

(and h is the same as the fluent oih\ therefore the general 
expression for the distance of the centre of gra^ity^ is ac = 

fluent of xh fluent xh * ^^. _ j ^i^ • ui j* * 

= Z — k — J puttmg xrr.i die vanable distance 

fluent of ^ * 

AG. Which will divide into the following four caaes. 

83. Case 1. When ae is som e line, as a curve^uppofe. 

In this case ^ is = « or V^r* +^% the fluxion of the curve \ 

fluent of jri fluent of a:V^x* fi* 
and 3 = a : theref. Ac = -^ = 

z X 

is the distance of the centre of gravity in a cprve. 

84. Case 2. When the figure abd is a plane ; then 
h = yx\ therefore the general expresision becomes Ac. =3 

fluent xAyxx -,.. ^ ^, r.. 

-71 — • — r : for the distance of the centre of gravity m a 
.fluent oxyx •* ' 

plane. * 

85. Case 3. When the figure is the superficies oi a body 

generated by the rotation of a line aeb, about the axis Alt* 

Then, putting c^^ 3"14159 &c, 2ry will denote the circum- 

ference of the generating circle, and ^cyk the fluxion of the 

^ , "" > fluent of 2/yxa fluent of yxi . 

surface ; therefore ac =5 -^rr ftT '^ ="5 ; / ■ ■ : will 

fluent of 2r>« fluent or ;^. 

be the 4istance of the centre of gravity for a surface gene* 

-rated by the rotation of a curve line %• 

* ft 

86. Case 4. When the figure is a solid genet^ted by the 
rotation of a plane abh, about the axis ah. 

Then, putting r = 3*14159 &c, it is cf = the area of 

the circle whose radius is y^ and cfx =s 3, the fluxion of the 
solid ; therefore -----------«• 



AC 



fluent of xh fluent of cfxx fluent of fxx 
fluent of 3* fluent of ^r/* fluent of y*;r 

the distance of the centre of gravity below the vertex ia t 
solid. 

87. EXAMPLES. 

Exam. I. Let the figure propbsed be the isosceles triangle 

ABD. 

It is evident that t^e centre of gravity c^wiU he some* 
VcauII. Z wher^ 



r 
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where in the perpendicular ah. Now, if m 

denote ah, c =r bd> x = Ac, and jr = ef 

any line parallel to the base bd : then as 

ex 
a\€ \ I X ly ^ — ; therefore, by the ^d 
''a 

fluent yxx ^ fluent x^x ^ \x^ 

* "" fluent >i "" fluent aJ*;r ~" \x^ 
= |jr = ».AH, when x becomes = ah ; ciansequently ch = 

^AH. 

In Ijke manner, the centre of gravity of any other plane 
triangle, will be found to be at 4 of the altitude of the trian- 
gle ; the same as it was found in prop. 43, Mechanics. 

Exam 2. In a parabola 5 the distance from the vertex is 
{Xf or 4 of the axis. 

Exam. 3. In a circular arcj the distance from the centre. 

CT 

of the circle, is — ; where a denotes the arc, c its chord, and 

a 

r the radius. 

Exam. 4. In a circular sector; the distance from the centre 

of the circle, is — : where a^ f, r, are the same as in exam. 3. 

Exam. 5. In a circular segment ; the distance from the 
centre of the circle is -rr* » where c is the chords and a the 

area, of the segment. ' 

Exam. 6. In a cone, or anj other pyramid; the distance* 
from the vertex is \Xy or \ of the altitude. 

Exam. "7. In the semisphere, or semispherotd ; the distance 
from the centre is -ir, or 4 of the radius ; and the distance 
from the vertex 4 of the radius. 

ElUM. 8. In the parabolic conoid ; the distance from the 
base is \x^ or 4 of the axis. And the distance from the ver- 
tex I ojF the axis. 

Exam*. 9. In the segment of a sphere, or of a spheroid 5 

2<i — X 
the distance from the base is '7~;_-T -a^* where x is the height 

of the segment, and a the whole axis, or diameter of the 
sphere. 

Exam. 10. In the hyperbolic conoid; the distance from 

' ^a -^ X 

the base is t — r-r-"^ » where x is the height of the conoid, 

Kia -|- ^x ' . ^■ 

and a the whole axis or diameter. 

PRACTICAX. 
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PRACTICAL QUESTIONS. 

QJJiSSTlOl* 1. 

A LARCE vessel, of 10 feetj or any other given depth, and 
bf any shape, being kept constantly full of water, by means 
t)f a supplying coc.k, at the top ; it is proposed to assign th« 
place where a small hole must be made in the side of it, so 
that the water may spout through it to the greatest distance 
on the plane of the baser 

het AB denote the height or side of 
the vessel ^ d the required hole in the 
side, from which the water spouts, in 
the parabolic curve DC, to the greatest 
distance bg, on the horizontal plane. 

By the scholium to prop. 68, Hy- 
draulic sy^the dista nce eg is always equal 

to 2>v/At) . 9B, which is equal to 

■ » 

2V:v(a — jv) or 2a/ ax — ;r?, if ^ be put to denote the whole 
height AB of the ves sel, and jr = ad the depth of the hole. 

Hence Sv^ajf — jr*, or ax — j;% must be a maximum. In 
fluxions, ax — 2xx = 0, or o — 2j; == 0, and 2x ■= a, or 
X = ia» So that the hole D must be in the middle between 
the top and bottom ; the same as before found at the end of 
the scholium above quoted. 



if 




^ESTIpN II. 

If the same vessel, as in Quest. 1, stand on high, with 
its bottom a given height above a horizontal plane below 5 h 
IS proposed to determine where the smaU hole must be made^ 
so as to Spout farthest on the said plane. 

Let the annexed figurerepresent the . 
vessel as before^ and iG the greatest 
distance spouted by the fluid, dg, on 
the plane OG. ' 

Here, as before, bo = 2v<ad . d^ 

= 2 a/ x{c — ^) = 2^ ex — x\ by 
putting A^ = c, and AD = x» So that 

2 Vex — x^ or ex — x* must be a max- 
imum. And hence, like as in the former questioR, - « '. 
jT =: 4/= iA^. So that the hole b must be made in the 

Z2 middle 
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middle between the top of the vessel, and the given plane, 
that the water niay spout farthest. 

QUESTION III. 

But if the same vessel, as before, stand on the top of an 
inclined plane, making a given angle, as suppose of 30 de- 
grees, with the horizon ; it is proposed to determine the 
place of the small hole, so as the water may spout the far- 
thest on the said inclined plane. 

Here again (d being the place of the 
hole, and bg the given i nclined plane) , 

be = 2v/ad . vh = 2v/jr(a — x ± z)» 

putting z s= B^, and, as before, a = ab, 

and or = ad. . Then ^G must still be a 

maximum, as also b^, being in a given 

ratio to the maximum bg, on account 

of the given angle b. Therefore ax — 

X* ± xZf as well as z, is a maximum. Hence, by art. 54 of 

the Fluxions, ax — 2xx ± zx zzO, or a — 2jr .i z = ; 

conseq. ± « = 2x -- «; and hence ho = 2i^x{a -- x ±r^) 
becomes barely 2x, But. as the given angle cub is rr 30% 
the sine of which is ^ j therefore bg = 2b^ or 2z, and bc^ = 
bg* - B** = 3z' = 3 (2 j: - af, or be = ± {2x - a)x/S. 

Putting now these two values of ^G^qual to each other, 
"gives the equation 2xzz± (2a:— a) ^3, from which is found 

iax/S 8±v/3 , , r 

X = TTT'TrT ^ — I — ^* "^® value of ad required. 

Note. In the Select Exercises, page 269, this answer is 

brought out rr — a, by taking the velocity proportimial 

to the root of half the altitude only. 

QUESTION IV. 

It is required to determine the size of a- ball, which, being 
let fall into a conical glass full of water, shall expel the most 
water possible from the glass ; its depth being 6, and dia- 
meter 5 inches. 

Let ABC represent the cone of the 
glass, and dhe the ball, touching the 
sides in the points D and s, the centre of 
the ball being at some points f in the 
axis Gc of the coneb 
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Put AC = GB = 24. =1 H, 
CC = 6 = ^, 

AC = VagM- GC* = tfi = r, > 
AD = FE = FH = X the radius of the ball. 
T^e two triangles acg and dcf- are equiangular ; theref. 

ex 

AG-:, Ac : : DF : fc, that is, « : ^ : : ^ : — = fc j hence 

a 

cx ex 

gf =: gc — fc =^ , and gh = of + fh = *+ j;* • 

a a 

the height of the segment immersed in the water. Then (by 

rule 1 foi: the spherical segment, page 5 1), the content 

of the said immersed segment will be (6df — 2Gn) x gh* 

X -5236 = (2^ - 3 + — ) X (t + * - — )^x 1-0472, 
* a a 

which must be a maximum by the question ; the fluxion of 

this made = 0, and divided by 2x and the common factors, 

2ii + £. ,, c — a. ,2a + c ,^ c — a 

gives X (0 ^)— ( X'-lf)x x2=0; 

a a ^ o 

ahc 

this reduced gives x = ; ;^ ; — , ^ , = 2f f^, the ra- 

^ (^ — fl) X (f + 2^) ^*' 

dius of the ball. Consequently its diameter is 4j^ inches, 

as required. 



» 
/ 



PRACTICAL EXERCISES concerning FORCES; 

WITH THE RKLAPION BE-^WKEN TH£M AND THE 

TTME, VELOCITY, and SPACE describe-d. 

Before entering on the following problems, it will be 
convenient here, to lay down a synopsis of fhe theorelns 
which express the several relations between any forces, and 
their corresponding times, velocities, and spaces, described ; 
which are all comprehended in the following 1 - 'theoreais, 
as collected from the principles in the foregoing parts of this 
work. 

Letyi F, be any two constant accelerative forces, acting 
on any bod;', during the respective tines /, r, at the end of 
which are generated the velocities v, v, and described the 
spaces J", s. Then, because the spaces are as the times and 
velocities conjoiatly, and the velocities as the forces and 
times \ we shall have, 

I. In 
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I. In Constant Forces, 



i _ /v _ ^ ^ _^ 



2. 
5. 
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And if one of the forces, as F, be the force of gravity at 
the surface of the earth, and be called 1, and its time T 
be = 1" ; then it is known by experiment that the corre- 
sponding space s is z='16^ feet, and consequently its velo- 
city V = 2s 3c 32j, which call 2^, namely, g zz IG^Jy feet, 
or 193 inches. Then the above four theorems, in this case, 
become as here below : 



5. 



e. V =. -i = 2^ "V^ifs. 
^' * - T - 2X/- -V 

tl / v* • 



8- / 



2p gf 4gs 



And from these. are deduced the following four theorems, 
for variable forces, viz* 

11. In Variable Forces. 
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In these last four theorems, the forcey, though variable, 

• 

is supposed to be constant for the indefinitely small time i, 
and they are to be used in all cases of variable forces, as the 
HForsner ones in constant forces ; namely from the circum- 
-stantes of the problem under consideration, an expression is 
deduced for the value of the force^i* which being substituted 
in one of these theorems, that may he proper to the case in 
hand ; the equation thence resulting will determine the 
corresponding values of the other quantities, required in the 
problem, 

' When a motive force happens to be concerned in the 
question, it may be proper to observe, tjxat the motive force 
fw, of a body, is equal to^^^, the product of the accelefative 
ibrce, and the quantity of matter in it y ; and the relation 
between these three quantities being universally expressed 
by this equation m = qfy it follows that, by means of it, any 
one of the three may be expelled out of the calculation, or 
else brought into it. 

Also, the momentum, or quantity of motion in a moving 
body, is qv^ the product of the velocity and matter. 

It is also to be observed, that, the theorems equally hold 
good for the destruction of motion and velocity, by means of 
retarding forces, as for the generation of the same, by means 
t>f accelerating forces. 

And to the following problems, which are all' resolved by 
the application of these theorems, it has been thought proper 
to subjoin their solutions, for the better infonftation and 
convenience pf the studenj;, 

PROBLEM 1. 

Tv determine the thne and velocity of a hody descending, hy th^ 
force of gravity y down an inclined piane g the length of the 
plane being ^Ofeety and its height \foot. 

Here, by Mechanics, the force of gravitif being to the 
force down th^ plane, as the length of the f^lane is to its 
height, therefore as 20 : 1 : : 1 (the force of gravity) : -^-^ =:yi 
the force on the plane- 
Therefore, by theor. 6, vor \/4,gfs is ^^4 X 16-^ x ^^5. x 
.50 = -v/4 X 16^ = 2 X 4-j^ or 8:^ feet nearly, the last 
velocity per second. And, 

ii\a. m . , ^ ' , 20 400 2a 
/By theor. 7, / or V^F is \^ \^ i ' T = \/ -:r-r = 

=:: 4^ seconds, the time of descending. 

problem; 



'/ 
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PROBLEM II, 

J^ a cannon hM he fired ninth a vekcHy of 1000 feet per secoml, 
up a smooth inclined planer which rises I foot in^ 20: it is 
proposed to assign the length which it wiU ascend up the plane, 
before it steps and begins to return down again, and the time of 
its ascents 

Here/ = ttt ^s before. 

V* 1000* 60000000 

Then,by theor.5,x=5^= ^pj-^^ ;^ := — y— - 

«= ftl088044f ^^^^9 ^^ nearly. 59 miles» the distance moved* 

V . 1000 120000 

And, by theor. 7, ^ = 3^= 2x16^x^3= TiT = 
6«1" -J^ := 10' 21'' 4^, the time of ascent. 

' PROBLEM III. 

Xfa hall he projected up a smooth inclined plane, which rises I foot 
in 10, and ascend 100 feet before it stop : required the time of 
ascent y and the velocity of projection. 

First, by theor. 6, v = \/Agfs = v^4 x 16A X •g^ X 
XOO = 8^ v^ 10 = 2 5 •36408 feet per second, the velocity, 
, ' / . 100 10 , 

And,by theor. 7, t ^v'-y^ ^16;^^= 5;^ ^^° ^ 

'^* VlO = 7-88516 seconds, the time in motion. 



' PROBLEM IV. 

y^ a ball he observed to ascend up a smooth inclined plmie, 
100 feet in 10 seconds ^ before it stop, to return back again ^ 
required the velocity of projection, and the angle of the plants 
inclination^ 

2s 200 
First, by theor, 6, v =i — =-nr = 20 feet per second, 

the velocity. 

A J i_ 1. ^ r ^ 100 12 ^, 

And,bytheor.8,/=-=^.^__=-_. That 

is, the length of the plane is to its height, as 103 to 12. 

Therefore 193 ; 12 : : 100 : 6.-2176 the height of the 
plane, or the sine of elevation to radius 100, vrhich answers 
to 3** 34', the angle of el^ation of the plane. 

PROBLEM 
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PROBLEM V. 

By a mean of several experiments^ Ibavefoundy that a cast iron 
bally of ''I infhes diameter y fired per pendlularly into the fact 
or end of a block of elm woody or in the direction- of the fibres^ 
with a velocity of 1 500 feet per sec:ndy penetrated 1 ^ inches 
deep into its substance. It is proposed then to determine the 
time of tin penetration y and the resisting force of the woody as 
compared to the force of gravity y supposing thatjorce to be a con^-* 
stant quantity* ' 

^ ^ \ ^^ 2X15 1 ^ 

First, by theor. 7, / = ^ = ^^^ ^ ^^ = — part of a 

second, the time in penetrating. 

A J ^ , ^ ^ V* 1500* 81000000 

And, by theor. 8, /= -— = ^ - ; • ^-- = -r— 

* ^ *-^ 4|:/ 4 X 16tV X H 13 X 193 

cr 32284<. That is, the resisting force of the wood, is to 

the fcHxe of gravity, as 32284< to 1. 

fiut this number will be difierent, according to the dia* 

meter of the ball, and its density or specific gravity. For, 

since jTis as — by theor. 4, the density and size of the ball 

remaining the same ; if the density, or specific gravity, if, 
vary, and all the rest be constant, it is evident that/* will 

be as /I ; and therefore f as — when the size of the ball 

only is constant. But when only the diameter d varies, all 

the reftt being constant, the force of the blow will vary as J^p 

or as the magnitude of the ball ; and the resisting surface, or 

• . ' d} 

force of resistance, varies as (/* i therefore^ is as -r-, or as 4^ 

only when all the rest are constant. Consequently/* is as 

— when they are all variable. 

/ dn^s s dnv^T 

And so — = — r-f ^^^ ~" = — TT/^ where / denotes 
V DNvV s DNvy^ y 

the strength or firmness of the substance penetrated, and 

is here supposed to be the same, for all balls and velocities, 

in the same substance, which is either accurately or nearly 

so. See page 264, &c, of my Tracts. 

Hence, ts&ing the numbers in the problem, it is - « * 

^ dnv" A X 74 X 1500* 44 x "1500* 

the vaju0 of/ for elm wood. Where the specific gravity of 

the 
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the ball is taken 7-J-) which is a little less than that of solid 
cast iron, as it ought, on account of the air bubble which k 
found in all cast balls. 



PROBLEM VI. 

To find haw far a 24ilb ball of cast iron will penetrate into a 
block of sound elm, when fired with a velocity of I €.00 feet 
per second* 

HcRB, because the substance is the same as in the last 

problem^ both of the balls and wood, n = «, and f =f\ 

s Dv* Dv'j 5-55 X 1600* X 13 

therefore ■— = -r-., or s = — r- = ^^- ^ =s 

s dir ^v* 2 X 1500* 

41:^ inches nearly, the penetration required. 

PROBLEM VII. 

■ * *• ■ 

// was, found by Mr, Robins (vol. i. p. 273, of his woris), 
that an IS-pcmnder bally fired with a velocity of i 200 feet 
per second^ penetrated 34 inches into sound dry cak. It is re^ 
quired then to ascertain the comparative strength or firmness of 
vak and elm* 

The diameter of an 18lb ball is 5*04 inches = d. Then, 
by the numbers given in this problem for oak, and in prob. 5, 
for ehn, we have . 1 . . 

/ _- ^^^^ _ ^ ^ ^^QQ* X 84 100x17 1700 

-F "" DvV "~ 5-04 X 1200* X 13 "" 504x 16x 13^ 1048 
or = 4 nearly. 

From which it would seem, that elm timber resists more 
than oak, in the ratio of about 8 to 5; which is not probable, 
as joak is a much firmer and harder wood. But it is to be . 
suspected that the great penetration in Mr, R.*s experiment 
was owing to the splitting of bis timber in some degree. 



PROBLEM VIII. 

yf 2A^under ball being fired into a bank of firm earth, with a 
velocity of 1300 feet per second^ penetrated \S feet. It is 
required then to ascertain the comparative resistances of elm and 
earth. 

GoMPARlNCi the numbers here with those in prob, 5, it 

is 
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, / _ ^ _ 2 X 1500* X 15 X 12 _ 15* X g4 _ 

" 1 "" Dv'j "~ 5-55 X 1300* X 15 *■ 13^x0-37 ~ 
»j«^ = Y nearly == 6|. nearly. That i5, elm timber resists 
about 6y times more than earth. 



PKOBLBM IX. 

To determine how far a leaden kul/et, of i of an inch diameter ^ 
Hvill penetrate dry elm ; supposing it fired with a velocity fff 
\1Q0 feet per second^ and that the lead does not change its figure 
by the stroke against the wood. 

HfiRE D •« I, N = 1 1 j-, « = 7 j^ Then, by the numbers 
and theorem in prob. 5, itiss= - - - - - - - - 

DNvV _ j: x Uj. X 1700^ X . 13 _ W X 13 _ 63869 

dnv"^ "" 2 X 7 j. X 1500* "" 200 x 33 "" 6600 

= 9^ inches nearly, theilepth of penetration. 

But as Mr. Robins found this penetration, by experiment^ 
to be only 5 inches \ it follows, either that his timber must 
have resisted about twice as much ; or else, which is much 
more probable, that the defect in his penetration arose from 
the change of figure in the leaden ball he used) from th^'- 
blow against the wood, i 



PROBLEM X. 

A one pound hall,, projected with a velocity of 1 500 feet per second^ 
having been found to penetrate 1 3 inches deep into dry elm : 
It is required to ascertain the time of passing through every 
single inch of the 1 3, and the velocity lost at each of them ; 
supposing the resistance of the wood constant or uniform. 

The velocity v being 1509 feet, or 1500 x 12 = 18000 
inches, and velocities and times being as the roots of the 
spaces, in constant retarding forces, as well as in accelerating 

2s 26 13 1 

ones, and / being = ~ = J^-^f^oO =" 9000 == 692 ^^^ 
of a second, the whole tjpie of passing through the 13 inches j 

therefore as 

» ■ • ■• 

- -/IS 
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-v/lS: v^lS- v'l2::v: 

veloc. lost Time in the 

21 — 1 — t; = 58-9 lAt: ^ y-^ — / = -OOOOS 1st 

^^^ ^13 [inch. 

.^12--V/U • , , V^lS-V'll r.^^^^ . 

^- -r^ V = 61*4 ::t: ^ il — / = -00006 2d 

^1.3 V'lS 

^ll-V'lO ^, ^ o ^/ll-v^lO ^^^^ « , 

2L ^— V = 64-2 &c -1 2l — / = *00006 3d 

z. Z V = 675 -^ ^ — / = -OOOO? 4th 

v/lS \/13 

J^J^v = 71-4 -V:£zy±, ^ .00007 5th 

^13 v'lS 

^V,:^^ t, = 76-0 ^^7"^^ t = -00007 6th 

V 1* vis 

^"^"y"^ !> = 81-7 ^'^~fS = ^00008 7th 

\/13 vis • 

^ ,r^ v = 88-8 - .^^^ ^ = -00008 8th 

vlS^li^t. = 98-2 ^'^~y* / = 00009 9th 

^*-^» v= 111-4 -^r_£l, = -oooil 10th 



^13 v'l^ 

^^-^2 « = 182-2 ^^~y^ t = -00018 nth 



«MW 



V'13 V 13 

^2-y 1 ^ _ ^^^.3 jv^^^ -, .00017 12th 

y/l3 v^l3 

^\""y^ t; = 416-0 ^^"Z^ .. ^ = -00040 13th 

V^13 V 13 

Su m 15000 Sum ^ or - 00144 sec. 

Hence, as the motion lost at the beginning is very small j 
^d consequently the motion communicated to any body, as 
4U1 inchplanky in passing through it, is vary small also; we 
can conceive how such a plank may be shot through, when 
Standing upright> without oversetting it. 

PROBLEM 
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PROBLEM XI. 



The force of attraction^ above the earthy being inversely ms the 
square of the distance frofn the centre ; it is proposed to deter^ 
mine ihe time^ velocity^ and other circumstances, attending a 
heavy body falling from any given height ; the descent at the 
eartks surface being IS^feet, or 193 inches, in the first 
second of time. 

Put 

r = cs the radius of the earth, 

^j sac CA the dist. fallen from, 

j(f = CP any variable distancei 

V = the velocity at P| 

t = time of falling there, and 

g =1 IGyVj ^'^^ the veloc. or force at s, 

f = the force at the point p. 

Then we have the three following equations, viz, 

^* : r* : : 1 : /■ = — T the force at p, when the force of 

gravity is considered as 1 ; 
/t; = — X, because x decreases \ and 




vv 



. _ 2gr^x 



The flueats of the last equation give t;* = -^— . 



But 



when jc =s. a, the velocity v = ; therefore, by correction, 
Afjn^ 4rr* a — x ,Ak^^ a — x. 

X a * ax a , x 

a general expression for the velocity at any point p. 

a — r 



When X =s r, this gives v = y/{^gr X 



) for the 



greatest velocity, or the velocity when the body strikes the 
earth. 

When a is very great in respect of r, the last velocity be- 

r 

comes (1 — ^) X y/4fgr very nearly, or nearly \/4fgr only, 
Ja 

whkh is accurately the greatest velocity by falling from an 

infinite lieight. And this, when r =: 3965 miles, is 6'9506 

miles per second. Also, the velocity acquired in falHng from 

the 
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the distance of the sun, or 12000 diameters of the earthy 

is 6*9505 miles per second. And the velocity acquired in 

falling from the distance of the moonj or SO diameters, is 

€*8927 miles per second. 

• 
Again, to find the time ; since /v — — *, therefore 

$ =s — — zsv : — ; X ■ ■■■ " -^ f the correct fluent of 



which gives / = v^ -r—v x ( Vax — . jrx + arc to diameter « 
and vers, ii — x) ; or the time of falling to any point p «= 
— V' — X { AB + BP). And when x = r, this becomcf 

/ = iV— X —^ for the whole time of falling to the 

* ^ so ^ 

surface at s ; which is evidently infinite when a or AC is 

infinite, though the velocity is then only the finite quaiv* 

tity V^gr* 

When the height above the earth's surface is giTen = ^ , 

because r is then nearly =: a^ and ad nearly = OS, the time / 

for the distance ^ will be nearly - --------- 

1 1 

s/-rZj^ X ^^ =* ^r~" X v^4^i^ rr l", as it ought to be. 



If a 



body, at the distance of the moon at a, fall to the 

earth's surnice at s. Then r = 3965 miles, a =5 60r, and 

/ = 416806" = 4 da. 19 h. 46' 46", which is the time of 

falling from the moon to the earth. 

When the attracting body is considered as a point c ; the 

whole time of descendmg to C will be ------;< 

1 ,a •7854fl a ^Oa , *l%S4u a^ 

— V— X ABD« r: ■ s/— ^TT ^o = a/ — . 

2r g r ^ g 5lr r ^g 

Hence, the times employed by bodies, in fiilling from 

quiescence to the centre of attraction, are as the square roots 

of the cubes of the heights from which they respectively fall. 

PROBLEM :s:ii. 

The force of attractUn below the earth* s surface being directly as 
the distance from the centre : it it proposed to determine the 
tircumstances of velocity^ time^ and space fallen by a heavy 
iody from the surface^ through a perforation made straight to 
the centre cfthe earth : abstracting from the effect <f the earth's 
rotation^ and supposing it to be a homogeneous sphere of 3965' 
miles radius* 

Put 



/ 
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Put r = AC the radius of the earth, 

or = CP the dist. from the centre, 

V =■ the velocity at ;», 

/ 1= the time there, 

f i= 16to half the force at A, 

f zz the force at P. 

Then Ca : cp : : 1 : /"; and the three B 

. "^ . • 

equations are t;f^=^ Xy and w = — ^k/^> and /t; = — ;f . 

Hence / 3= — , and vv = ^— : the correct fluent of 

r ' r 

r^ — JT* ^z ^z 

which gives v =\/(2^ x ) =: pDv/-^ = pd v'— , the 

velocity at the point p ; where pd and CE are perpendicular 
to CA. So that the velocity at any point p, is as the perpen- 
dicular or sine pd at that point. 

When the body arrives at c, then v =v^2^r = V2g . ac 
= 25950 feet or 4*9 14-8 miles per second^ which is the 
greatest velocity, or that at the centre c. 

• • • ■ 

Again, (or the time ; / = = */ — x — === ; and the 

fluents give /= V-r- x arc to cosine — =^^ — ^ *rp 

2^ r Zgr 

AD. So that the time of descent to any point p, is as the 

corresponding arc ad. 

When P arrives at c, the above becomes /=---- 

1 AB r r 

J-rr- X quadrant ae = —J~ =» l-5708v'~ = 1267i. 
^ 2gr ^ AC^ % ^g 

seconds =* 21' 7"^, for the time of falling to the centre c. 

The time of falling to the centre is the same quantity 

r 
l'5708-v/~, from whatever point in the radius Ac the 

body begins to move. For, let ^ be any given distance from 
« at winch the motion commences: then by correction, 

v = v^ (-—.«*-" JT*), and hence / ==^^ X '^ "" ,^he 

• T X 

fluents of which give / = v'— x arc to cosine — ; which, 

2^ n ^ 

when JT = 0, gives t —^ -^ x quadrant = l-5708v^~, 

for the time of descent to the centre c, the same as before. 

As 
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As an equal force, acting in contrary directions, generates 
or destroys. an equal quantity of motion, in the san>e time ; 
it follows that, sdFter passing the centre, the body will just 
ascend to the opposite surface at b, in the same time in 
which it fell to the centre from a. Then from b it will 
return again in the same manner, through c to A ; and so 
oscillate continually between A anfi b, the velocity being 
always equal at egual distances from c on both sides ; and 
the whole time of a double oscillation, or of passing from A 
and arriving at A again, will be quadruple the time of passing 

over the radius Ac, or =» 2 x 3-141 6^/-— = ih. 24' 29". 



PBOBLEM xin« 

To find the Tttne of a Pendulum vibrating in the Arc of a 

Cycloid* 

Let 

s be the point of suspension ; 
SA, the length of pendulum \ 
CAB, the whole cycloidal arc ; 
AIKD, the generating circle, 

to which FKE, HiG are per* 

pendiculars. 
8C, SB two other equal se- 

micloids, on which the 

thread wrapping, the end 

k is made to describe the 

cycloid BAC. 



^\ 



i 


? 


/^ 




4^ 


FT it 



Now, by the nature of the cycloid, ad = ds ; and sa = 
2AD^= sc = S3 = 8A = AB. Also, if at any point o be 
drawn the tangent cp ; also Gc^parallel and PQ^perpendicular 
to AD. Then PG is parallel to the chord ai by the nature 
oifthe curve. And, by the nature of forces, the force of 
gravity : force in directicHi op : : op : g<^: : ai : ah : : ad : 
AI ; in like manner, the force of gravity : force in the curve 
at B : : ad : AK j that is, the accelerative force in the curve, 
is every where as the corresponding chord ai or ak of th^ 
circle, or as the arc AG or AS of the cycloid, since ag is 
always = 2ai, by the nature of the curve. So that^he pro- 
cess and conclusions, for the. velocity and time of describing 
any arc in this case, will be the very same as in the last 
problem, the nature df the forces being the same, vi2;. as the 
distance to be passed crtrer to the lowest point A. 

From 
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From which it follows, that the time of a semi-ribration, 
in all arcs, AG, ae, &c, is the same constant quantity 

' f AS / 

i-3708v/-- =: 1-5708 a/— = 1-5708/^-; and the time 
% 2^ 2g 

of a whole viftrationfromB to C,or from c to B,is S^l^IGv'— • 

where / r: as == ab is the length of the pendulum, ^= 16-rT 
feet or J93 inches, and 3-1416 the circumference of a circle 
whose diameter is 1.. 

Since the time of a body's falling by gravity through V, 
or half the length of the pendulum, by the nature of descents, 

is v^— , which being in proportion to 3'1416v^ --, as 1 is to 

o o 

3*1 116 ; therefore the diameter of a circle is to its circum- 
ference, as the time of falling through half the . length of a. 
pendulum, is to the time of one vibration. 

If the time of the whole vibration be I second, this equa- 
ti,on arises, viz. r=3-1416y^; hence/ = 3:^,=;^, 

and^= 31416* x -J/ = 4-9348/: So that if one of these; 
g or /, be given by experiment, these equations will give 
the other. When g, for instance, is supposed to be given 

=s 16-^ feet, or 193 inches; then is / = T7^~r = 39-11, 
^^ ' • 4*93+8 ' 

the length of a pendulgjn to vibrate seconds. Or if /=:394, 
the length of the seconds pendulum for the latitude of Lon<- 
doh, by experiment; then is ^ = 4*9348/ = 193 07 inches 
= l^-ji^yfeet, or nearly f6^ feet, for the spac€ descended 
' by gravity in the first second of time in the latitude of Lon- 
don 5 also agreeing with experiment. 

Hence the times of vibration of pendulums, are as the 
square roots of their lengths j and the number of vibr<»tions 
made in a given time, is reciprocally as the scjuare roots of 
the lengths. And hence also, the lencfth of a pendulum 
vibrating n times in* a minute, or 60", is / = 39^ X 
60* 140850 



«* , nn 



Wheti a pendulum vibrates in a circular arc ; as the length 
of the string is constantly the same, the time of vibration 
will be Iqnger than in a cycloid ; but the two times will ap- 
proach nearer together as the circular arc is smaller \ so that 

Vol. II. A A when 
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when it is very small, the times of vibration will be nearly 
eaual. And hence it happens that Z9^ inches is the length 
o? a pendulum vibrating seconds, in the very small arc of a 
circle. 

PROBLEM XIV, 

To determine the Time of a Body descending down the Chord of a 

Circle* 

Let c be the centre ; ab the vertical 
diameter j ap any chord, down which a 
body is to descend from p to a ^ and p<^ 
perpendicular to ab. 

Now, as the natural force of gravity in 
the vertical direction ba, is, to the force 
urging the body down the plane pa, as 
the length of the plane Af, is to its 
height AQ ; therefore the velocity in pa 
and qA, will be equal at all equal per- 
pendicular distances below pq ; and consequently the - - 
time in pa : time in qa : : pa : <^ : : ba : pa; but 
time in ba : time in qa : : v^ba : Vq^ : : ba : pa; 
hence, as three of the terms in each proportion are the 
same, the fourth terms must be equal, namely the time in 
BA = the time pa. 

And, In like manner, the time in bp = the time in ba. 
So that, in general, the times of descending down all' the 
chords ba, bp> br, bs, &c, or pa, ra, sa, See, are all equal, 
and each equal to the time of falling freely through the 
diameter*, as before found at art. 131, Mechanics. - Which 

time is V — , where g = 16-^ feet, and r = the radius AC; 

o 

fory^ : V'2r : : l" : ^^. 

O 

problem XV. 

To determine the Time of filling the Ditches of a Work with 
Water i at the Top^ by a Sluice of 2 Feet square ; the Head 
of Water above the Sluice being 10 Feet^ and the Dimensions 
of the Ditch being 20 Feet wide at Bottom y t2 at Topy 9 deepy 
and 1000 Feet long. 

The capacity. of the ditch is 189000 cubic feet. 
But v/^ '. *^ 10 : \ 2g \ 2^ lOg the velocity of the water 
through the sluice, the area of which i^ 4 square feet; 

therefore 
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iherefore 8 V lOg is the quantity per second running through 
it ; and consequently 8 v' 10^ : 189000 : : 1" : -. — = 186S" 
jor 31' 3^' nearly, which is the time of filling the ditch. 

PROBLEM XVI* 

72? determine the Time of emptying a Vessel of Water by a Sluiee 
in the Bottom ofit^ or in the Side near the Bottom : tie Height 
of the Aperture being vfry small in respect of the Altitude oftht 
Fluid. 

Put a = the area of the aperture or sluice ; 
2g = 82^ feet, the force of gravity j 
d = the whole depth of water ; 
» = the variable altitude of the surface above thf 

aperture j 
A = the area of the surface of the water. 

Then */g : Vxi:2g :2 Vgx the velocity witlv wljich the 

fluid will issue at the sluice 5 and hence a : a : : 2 Vgx : ^^ ^ 

mm 

the velocity with which the surface of the water will descend 
at the altitude *, or the space h would descend in 1 second 
with the velocity there. Now, in descending the space a", 
the velocity may be considered as uniform ; and uniform de^ 

scents areas their times ; therefore ^ : x : : V : ... ^^ , > 

A 2a Vgx 

the time of descending x space, or the fluxion of the time of 

• — Ax , . ^ 

exhausting. That is, /=■ — - — ; which is made negative, 

because at is a decreasing quantity, or its fluxion negative. 

Now, when the nature or figure of the vessel is given, the 
area a will be given in terms of x ; whith value of a being 
substituted into this fluxion of the time, the fluent of the 
result will be the time of exhausting sought. 

So if, for example, the vessel be ajiy prism, or every- 
where of the same breadth \ then a is a constant quantity, 

* Ax 

and therefore the fluent is — - ^-. But when x = d, this 

a g 

Ad 
becomes — -a/-, and should be O5 therefore the correct 

^ g 
fluent is / K=- X ^ "^v-^ fQ^ ^J^g ^^^ ^f j^^ surface de* 

^ Vg 

A A 2 scending 
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scending till the depth of the water be x. And when x zz ^f, 

.• . Ad 

the whole time of exhausting is barely -\/ — 

^ , i 
Hence, if a be = 10000 square feet, a = 1 squarefoot, 
and ^ = 10 fcetj the time is 7885f seconds, or 2h.U' 25"|. 

Again, if the vessel be sf ditch, or canal, of 20 feet broad 
at the bottom^ 22 at the top, 9 deep, and 1000 feet long^ 

then is90 : 90 + * : : 20 : £2Jl5 x 2 the breadth of the 

9 ' 

surface of the water when its depth in the canal is ^r^ and 

oo -4- X 
therefore a = r — x 2000 is the surface at that time* 

Consequently / or - — r— = 1100 X r — X —, — is 

^ ^laVgx 9 ^O's/g^ 

the fluxion of the time ; the correct fluent* of which, when 

180 + -W d 1000x186x3 

JT = 0, IS 1000 X '-^-^ X V"— = — - — — ;; =» 

9a „ S 9 X ^ 

15459"^ nearly, or 4h. H' S9'y, being the whole time of 
exhausting by a sluice of 1 foot square. 



PROBLEM XVII. 

To determine the Velocity with which a Ball is discharged from 
a Given Piece of Ordnance^ with a Given Charge of Ufm" 
powder. 

Let the annexed figure a R f}^ £^ 

represent the bore or the ^^^^ 




fun; AD being the part 1> 

lied with gunpowder. 
And put 

a = AB, the part at first filled with powder and the bag } 
^ == AE, the whole length of the gunbore ; 
c = '7854, the area of a circle whose diameter is 1 } 
d = BD> the diameter of the ball ; 

e = the specific gravity of the ball, or weight of 1 cubic foot ; 
g = 1 67V feet, descended by a body in 1 second; 
m =: 230 ounces,the pressure ofthe atmosphere on a sq.inchi 
nto I the -ratio of the first force of the fired powder, to the 

pressure of the atmosphere ; 
w =r the weight of the ball. Also, let 
X 5= AC, be any variable distance of the ball from A, in 
moving along the gunbarrel. 

First, 
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First, rz/^ is = the area of the circle bd of tl^ ba^ $ 
there, mcd^ is the pressure of the atmosphere On bd ; 
conseq. mncd^ is the first force of the powder on BD. 

But the force of the inflamed powder is proportional to its 

densityi and the density is inversely as the space it fills ; 

therefore the force of the powder on the ball at b, is to the 

force on the same at c, as ac is to ab ; thit is, - - - r 

,^ mnacd^ . . - 

^ la : : mnca^ : == f, the motive force at c : 

r 

conseq. — = =y, the acceleratmg force there. 

_; , ^^ . ' • ^. 2gmnacd'' x 
Hence, theor. 10 of forces gives vv = 2gfx n -. =— - x — ; 

^gmnacd*' 
the fluent of which is v* » x hyp. log. of x. 

But when v = 0, then x zzai theref. by correction, 
^» == «2 X hyp. log. — is the correct fluent ; conseq* 

V = V {— X hyp. log. — ) is the vel. of the ball at c. 

and vz=, aJ (-^— — X hyp. W. — ) the velocity with which 

nv ^ a 

the ball issues from the muzzle at E ; where h denotes the 
length of the cylinder filled with powder ; and a the length 
to the hinder part of the ball, which will be more than h 
when the powder does not touch the ball. 

Or, by substituting the numbers for g and »i, and chang- 
ing the hyperbolic logarithms for the common ones, the» 

, 2230«W* , * , , ■ . . ' 

^ — ^( X com. log. — ), the velocity at e, m feet. 

But, the coi^tent of the ball being |rrf^ its weight is - 

^ zz ^ — r- = r — - = ,, ^ ; which being substituted for w, 
1'J3 2592 3300' * 

in the value of v, it becomes 

V = ^TlSx/l-y X com. log. — ), the velocity at e. 

ae a 

When the ballis ofcastiron; takings =: 736 8,therulebecomes 

^ = 100 y/ij-f X log. -) for the veloc, of the east-iron balL 

Or, when the ball is oFlead j then --•--.- 

V = 80iv/(7-r> X log. — ) for the veloc. of thb leaden ball. 

lOtf iJ - 

CoroL 
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Corol. From the general expression for the velocity %/f 
above given , may be derived what must be the length of the 
charge of powder a^ in the gun-barrel, so as to produce the 
greatest possible velocity in the ball ; namely, by making the 
value of t; a maximum, or, by squaring and omitting the 

constant quantities, the expression a x hyp. log. of — 

a maximum, or its £uxion equal to nothings tha^ is 

b . ' b h 

a X hyp. log. fl =: 0, or hyp. log. of — = 1 ; hence — 

= 2*7 1828, the number whose hyp. log. is 1. So thit 
a : b :: I : 2*71828, or as 4 to 11 nearly, or nearer as 7 to 
19 ; that is, the length of the charge, to produce the great- 
est velocity, is the -rr^h part of the length of the bore, or 
nearer ^ of it. 

By actual experiment it is found, that the charge for the 
greatest velocity, is but little less than that which is here 
computed from theory ; as may be seen by turning to page 
269 of my volume of Tracts, where the corresponding parts 
are found to be, for four different lengths of gun, thus, -|^, 
tVj tV> tV i the parts here varying, as the gun is longer, 
which allows time for the greater quantity of powder to be 
fired, before the ball is out of the bore. 

SCHOLIUM. 

In the calculation of the foregoing probleiA, the value of 
the constant quantity n remains to be determined. It denotes 
the first strength or force of the fired gunpowder, just before 
the ball is moved out of ifs place. This value is assumed, by 
Mr. Robins, equal to 1000, that is, 1060 times the pressure 
of the atmosphere, on any equal spaces. 

But the value of the quantity n may be derived much 
more accurately, from the experiments related in my Tracts, 
by comparing the velocities there found by experiment, with 
the rule for the value of v, or the velocity, as above com- 
puted by theory, viz. ------------ 

na . ^ b , , .^h ■ ^ b ^ 

^ = 100v/(^x log. of-^), or = 100 V(^-^ X log.of ~). 

Now, supposing that v is a given quantity, as well as all the 
other quantities, excepting only the number riy then by re- 
ducing this equatiohj the value of the letter « is found to be 
as follows, viz. --'------------ 

iiv\ ^ ^ b dw , r ^ 

^ = TT^T^TT "=• coni* log* ot — , or z= rTTTT, -f- log. of — , 
lOOOiJ ^ a lOOQh ^ a 

when h is diflGerent ^om a. 

\ Now, 
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Now^ to apply this to the experiments. By page- 257 of 
the Tracts, the velocity of the ball^of 1-96 inches diameter, 
with 4 ounces of powder, in the gun No.^ 1, was UOO feet 
,per second ; and, by page 109, the length of the gun, when 
corrected for the spheroidal hollow in the bottom of the bore, 
was 28-53 ; also, by page 237, the length of the charge, 
when corrected in like manner, was 3*45 inches of powder 
and bag together, but 2-54 of powder only: so that the 
values of the quantities in the rule, are thus : a = 3*45 \ h 
r= 28^3 ; d = 1*96 ; h = 2*54 5- and v = UOO : then, by 
substituting these values instead of the letters, in the theorem 

n HZ -rr — -7- com. loff. of -r-, it comes out n zz 750, .when 
1000^ ^ a* ~ 

h is considered as the same as a* And so on^ for the other 
experiments there treated of. 

It is here to be noted however, that there is a circum- 
stance in the experiments delivered in the Tracts, just men- 
tionedj which will alter the value of the letter a in this 
theorem, which is this, viz. that a denotes the distance of 
the shot from the bottom of the bore 5 and the length of the 
charge of powder alone ought to be the same thing ; but, in 
tbe experiments, that length included, besides the length of 
real powder, the substance of the thin flannel bag in which 
it was always contained, of which the neck at least extended 
a considerable length, being the part where the open end was 
wrapped and tied close round with athread. This circum- 
stance causes the value oin^ as found by the theorem above, 
to come out less than it ought to be, for it shows the strength 
of the inflamed powder when just fired, and when the flame 
fills the whole space a before occupied both by the real pow- 
der and the bag, whereas it ought to show the first strength 
of the flame when it is supposed to be contain^ed in the space 
only occupied by the powder alone, without the b^ig. The 
formula will therefore bring out the value of n too little, in 
proportion as the real space filled by the powder is less than 
the space filled both by the powder and its bag. In the same 
prc^ortion therefore must we increase the formula, that is, 
in the proportion of Aj the length of real powder, to a the 
length of powder and bag together. When the theoremis 

dw ^ b 

so corrected, it becomes , ^y -r com. log. of — . 

Now, by pa. 237 of the Tracts, there are giveri both the 
lengths of all the charges, or values of ^, including the bag, 
and also the length of the neck and bottom of the bag, which 
ts 0*91 of an inch, which therefore must be subtracted from 
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till the values of n^ to give th« corresponding values of h. 
This in the example above reduces 3*45 to 2*54. 

Hence/ by increasing the above result 750, in proportion 
of 2'54 to 3*45> it becomes 1018. And so on for the other 
experiments. , 

But it will be best to arcange the results in a tablcj with 
the several dimensions, when cmrectedj from which they are 
computed) as here below. 



Table of Velocities cf Balls and First Force of Powder i £5V. 





Gun. 


Charge of Powder. 


Velocity 
or value 

of J7. 


First 

force, or 

value of 

n. 


No. 
1 


Length, 

or value 

of 6 

• • 


Weight 

in 
ounces 


Leng 
vail 

of rt. 


thor 
le 
of A. 


inches. 
28 53 


4 

8 

16 

• 


3-45. 

5-99 
11 '07 


2 54 

508 

10-16 


1100 
1430 
1430 


1018 
1164 

9^7 


2 
3 

4 . 


38*43 


4 

8 ' 
16 


3-45 

5-99 
11 •(»7 


2-54 

5-08 

10-16 


1160 
1580 
1660 


1077 

ii93 

9^^ 


' 5770 


4 
16 


3-45 

11-07 


2-54 

5 08 

10-16 


1300 

1790 

2000 


1067 

1256 

1076 


• 

80-23 


4 

8 

\6 


3'45 
5-9.0 

11 07 


2-54 

5-08 

10- t6 


1370 

1940 

2200 


10:0 

1 28J 
1085 



Where it may be observed, that the numbers in the column 
of velocities, 1430 and 2200, are a little increased, as, from 
a view of the table of experiirwents, they evidently required 
to be. Also the value of the Jcttef d is constantly 1*96 
inch. 

Hence it appears, that the value of the letter //, used in 
the theorem, though not yet greatly different from the num- 
ber 1000, assumed by Mr. Robins, is rather various, both 
for^the different lengths of the gun, and for the different 
charges with the same gun. 



But 
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But this diversity in the value of the quantity n, or the 
first force of the inflamed gunpowder^ is probably owing in 
some, measure to the omission of a material datum in the 
calculation df the problem, namely, the weight of the charge 
of powder, which has not at all been brought into the com- 
putation. For it is manifest,. that the elastic fluid has not 
only the ball to move and impel before it, but its own weight 
of matter also. The computation may therefore be renewed^ 
in the ensuing problem, to take that datum into the account* 

PROBLEM XVIII. 

To determine the same as in the last Problem / taking both the 
Weight of Po^uder and the Ball into the Calculation, 

Besides the notation used in the last problem, let 2p de- 
note the weight of the powder in the charge, with the flannel 
biag in which it was inclosed. 

Now, because the inflamed powder occupies at all times the 
part of the gun bore which is behind the ball, its centre of 
gravity, or the middle part of the same, will move with only 
half the velocity that the ball moves with; and this will require 
the same force as half the weight of the powder, &c, moved 
with the whole velocity of the ball. Therefprei in the con- 
clusion derived in the last problem, we are now, instead of w, 
to substitute the quantity jp + w \ and when that is done, the 

. . .1, 2230«^^ , b^ 

last velocity will come out, v = v^( — — : x com. log. — }. 

And from this equation is found the value of /?, which is 
P -^ '^ \ , f b p A- iv ^ , ^ b 

substituting for d\is value 1*96, theliiameter of the ball. 

Now as to the ball, its medium weight was 16 oz. 13 dr. 
x= 16*81 02. And the weights of the bags containing the 
several charges of powder, • viz. 4 oz, 8 oz, 16 oz, were 
8dr, 12dr, and 1 oz. 5dr; then, adding these to the re- 
spective contained weights of powder, the sums, 4*5 oz, 
8*75 oz, 1 7 3 1 oz, are the values of 2/>, or the weights of the 
powder and bags; the halves of which, or 2*25, and 4* 38, 
and 8*66, are the values of the quantity p for those three 
charges; and these being added to 16*81, the constant weight 
of the ball, there are obtained the three values of p + w 
for the three charges of powder, which values therefore are 
1906 oz, and 21*19 oz, and 25 47 oz. Then, by calculating 
the values of the first force «, by the last rule above, with 
these new data, the whole will be found as in the following 
table. 

' » The 
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The Gun. 


Charge of Powder. 


Weight of 

ball and 

charge, or 

values of 

p + w 


Velocity, 

or the 

values 

of c: 


First 
force 
or the 
value 
of n. 


No. 

1 


Length 

orvalue 

of A. 


Weigh! 

in 
ounces. 


1 Length or 
v^ue 
of ff* 1 of A. 


inches 
28*63 


4 

8 


3*41 

5-99 
11 '07 


254 
5-06 

10- 16 


1906 
2J-19 
25-47 


1100 
1430 
1430 


1155 
1470 
1456 


2 


38-43 


4 

8 

16 


d.4S 

5-99 
11*07 


2-54 

5*08 

10-16 


19-06 

21-19 
25-47 


1180 
1580 
1660 


1167 
1506 
1492 


• 

4 


5770 


4 

8 
16 


3-45 

5-99 
11-07 


2-54 

5 -OS 

10-16 


19-06 
21-19 
25-47 


1300 

1790 
2000 

• 


1210 

1586 
1646 


80*23 


4 

8 

16 


3-45 
5\Q9 

11^7 


2-54 

5-08 

lJ-16 


1906 
21-ld 
25.47 


1370 
1940 
2200 


1203 
1627 
1648 



And here it appears that the values of n, the first force of 
the charge, are much more uniform and regular than by the 
former calculations in the preceding problem, at least in all 
excepting the smallest charge, 4 oz, in each gun ; which it 
would seem must be owing to some general cause or causes. 
Nor have we long to search, to find out what those causes 
may be: For when it is considered that these numbers for 
the value of a, in the last column of the table, ought to ex* 
hibit the first force of the fired powder, when it is. supposed 
to occupy the space only in which the bare powder itself 
lies ; and that whereas it is manifest that the condensed £uid 
of the charge in these experiments, occupies the whole 
space between the ball and the bottom of the gun bore, or 
the whole space taken up by the powder and the bag or car- 
tridge together, which exceeds the former space, or that of 
the powder alone, at least in the proportion of the circle of 
the gun bore, to the same as diminished by the thickness of 
the surrounding flannel of the bag that contained the pow- 
der ; it is manifest that the force was diminished on that ac- 
count. Now by gently compressing a number of folds of 
the flannel together, it has been found that the thickness of 
die single flannel was equal to the 40th part of an inch j the 
double of which, -^ or *^5 of an inch> is therefore th^ 

quantity 
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quantity by which the diameter of the circle of the powder 
within the bag, was less than that of the gun bore. But. 
the diameter of the gun bores was 2*02 inches ; therefore, 
deducting the '05, the remainder 1*97 is the diameter of the 
powder cylinder within the bag : and because the areas of 
circles are to each other as the sjpaces of their diameters, 
and the squares of these numbers, 1*97 and 2*02, being to 
each other as 388 to 408, or sis 97 to 102 ; therefore, on 
this account alone, the numbers before found, for the value 
of «, must be increased in the ratio of 97 to 102, 

But there is yet another circumstance, which occasions 
the space at first occupied by the inflamed powder to be 
larger than that at which it -has been taken in the foregoing 
calculations, and that is the difference between the content 
of a sphere and cylinder. For the space supposed to be 
occupied at first by the elastic fluid, was considered as the 
length of a cylinder measured to the hindier part of the curve 
surface of the ball, which is manifestly too little by the dif- 
ference between the content of half the ball and a cylinder 
of the same length and diameter, that is, by a cylinder 
whose length is -J- the semidiameter of the ball. Now that 
diameter was 1 '96 inches ; the half of which is 0*98j and y 
of this is 0-;*3 nearly. Hence then it appears that the 
lengths of the cylinders, at first filled by the dense fluid, 
viz. 3'45, and 5*99, and 1 1 '07, have been all taken too little 
by 0*33 ; and hence it Collows that, on this account also, all 
the numbers before found for the value of the first force n, 
must be further increased in the ratios of 3'45 and 5*99 and 
1 1 -07, to the same numbers increased by 0*33, that is, to 
the numbers 3*78 and 6*32 and 11*40, 

Compounding now these last ratios with the foregoing 
one, viz. 97 to 102, it produces these three, viz. the ratios 
of 334 and 581 aqd 1074, respectively to 385 and 647 and 
1163. Therefore increasing the last column of numbers^ 
for the value of «, viz. those of the 4oz. charge in the ratio 
of 334 to 385, and those of the 8 oz. charge in the ratio of 
581 to 647, and those of the 
16 oz. charge in the ratio of 
1074 to 1163, with every 
gun, they will be reduced to 
the numbers in the annexed 
table ; where the numbers are 
still larger and more regular 
than before. ^ 

Thus 
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Thus then at length it appears that the first force of the 
inflamed gunpowder, when occupying only the space at first 
filled with the powder, is about 1800, that is 1800 times 
the elasticity of the natural air, or pressure of the atmosphere^ 
in the charges with 8oz. and 16 oz. of powder, in the two 
longer guns; but somewhat less in the two shorter, probably 
owing to the gradual firing of gunpowder in some degree* ; 
and also less in the lowest charge 4 oz, in all the guns, 
which may probably be owing to the less degree of heat in 
the small charge. But besides the foregoing circumstances 
that have been noticed, or used in the calculations, there are 
yet several others that might and ought to be taken into the 
account, in order to a strict and perfect solution of the pro- 
blem ; such as, the counter pressure of the atmosphere, and 
the resistance of the air on the fore part of the ball while 
moving along the bore of the gun ; the loss of the elastic 
fluid by the vent and windage of the gun; the gradual firing 
of the powder ; the unequal density of the elastic fluid in 
the different parts of the space it occupies between the ball 
and the bottom of the bore ; the difference between pressure 
and percussion when the ball is not laid close to the powder ; 
and perhaps some others : on all which accounts it is pro- 
bable that, instead of 1 800, the first force of the elastic fluid 
is not less than 2000 times the strength of natural air. 

CoroL From the theorem last used for the velbcity of the 
ball and elastic fluid, yiz. v zz m/( n -r log. — ) =i 

V — T ^ ^og*"^)* ^^ ^^7 find the velocity of the elasr 

tic fluid alone, viz. by taking w, or the weight of the ball, 
= in the theorem, by which it becomes barely v = 

^^ 1, log. — jj for that velocity. And by computing 

the several preceding examples by this theorem, supposing 
the value of n to be 2000, the conclusions coijie out a little 
various, being between 4000 and 5000, but most of them 
nearer to the fatter number. So that it may be concluded 
that the velocity of the flame, or of the fired gun-powder, 
expands itself at the muzzle of the gi9iii> at the rate of about 
5000 feet per jsecond nearly. 



On 
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On the motion of BODIES ;[n FLUIDS. 

PROBLEM XlX. 

To determine the Force of Fluids in Motion ; and the Circum' 
stances attending Bodies Moving in Fluids, 

1. It is evident that the resistance to a plane, moving 
perpendicularly through an infinite fluid, at rest, is equal to 
the pressure or force of the fluid on the plane at rest, and 
the fluid moving with the same velocity, and in the contrary 
direction, to that of the plane in the former case. But the 
force of the fluid in motion, must be eq^al to the weight or 
pressure which generates that motion; and which, it is 
known, is equal to' the weight or pressure of a column of , 
the fluid, whose base is equal to the plane, and its altitude 
*equal to the height through whicli a body must fall, by the 
force of gravity, to acquire the velocity of the fluid : and 
that altitiide is, for the sake of brevity, called the altitude 
due to the velocity. So thart, if a denote the area of the 
plane, v the velocity, and n the specific gravity of the fluid \ 



nP- 



then, the altitude due to the velocity v being 7-, the whok 



V* tf«V* 



resistance, or motive force m, will beax^x--— , , 

^g 4jf • 

^ being le^^feet. And hence, catiris paribus^ the resist^ 
ance is as the square of the velocity. 

2. This ratio, of the square'of the velocity, may be other- 
wise derived thus. The force of the fluid in motion, must 
be as the force of one particle multiplied by the number of 
them \ but the force of a particle is^s its velocity ; and the 
number of them striking the plane in a given time, is also as* 
the velocity ; therefore the whole force is as v x v or »% 
that is, as the square of the velocity. 

3. If the direction of motion, instead of being perpendi* 
cular to the plane, as above supposed, be inclined to it in 
any angle, the sine of that angle being /, to the radius 1 ; 
then the resistance to |he plane, or tli« force of the fluid 

against 
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against the plane, in the direction of the motion, as assigned 
above, will be diminished in the triplicate ratio of radius to 
the sine of the angle of inclination, or in the ratio of 1 to s^. 
For, AB being the direction of the plane, 
and BD that of the motion, making the 
angle abd, whose sine is / ; the number 
of particles, or quantity of the fluid 
striking the plane, will be diminished in 
the ratio of 1 to i, or of radius to the 
sine of the angle b of inclination ; and 
the force of each particle will also be . 
diminished in the same ratio of 1 to j : so that, on both 
these accounts, the whole resistance will be diminished in 
the ratio of 1 to ^, or in the duplicate ratio of radius to the 
sine of the said angle. But again, it is to be considered 
that this whole resitance is exerted in the direction be per*- 
pendicular to the plane i and any force in the direction be, 
is to its effect in the direction a£, parallel to bd, as ae to be, 
that is as 1 to /. So that finally, on all these accounts, the 
resistance in the direction of motion, is diminished in the 
ratio of 1 to s\ or in the triplicate ratio of radius to the sine 
of inclination. Hence^ comparing this with article 1, the 
whole resistance, or the motive force on th^ plane, will be 
anvV 

9 

4. Also, if w denote the weight of the body, whose 

plane face a is resisted by the absolute force m ^ then the 

tn , anv^s^ 
retarding force/f or — , will be -7 — . 

5. And if the body be a cylinder, whose face or end is a^ 

and diameter </, or radius r, moving in the direction of its 

axis ; because then / = 1, and a = pr^ = ^piP, where 

p = 3-1416 ; the resisting force m will be ----- - 

npcPi/" npt^v^ , - J. r y //pJV f/br^v* 

-^--- — = , , and the retardmg force/ = --- — = -7 . 

\6g 4g ' 5 y iQg^ 4^ • 

6. This is the value of the resistance when the end of the 
cylinder is a plane perpendicular to its axis, or to the direc- 
tion of motion. But were its face a conical surface, or an 
elliptic section, or any other figure every where equally ia- 
clined to the axis, the sine of inclination being s : then the 
number of particles of the fluid striking the face being still 
the same, but the force of each, opposed to the direction 

of 



-j3^ 
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of motion, diminished in the duplicate ratio of radius to the 
sine of inclination, the resisting force m would be 

But if the. body were terminated by an end or face of 
any other form, as a spherical one, or such like, where 
every part of it has a different inclination to the axis ; then 
a further investigation becomes necessary, such as in the 
following proposition. 

PROBLEAil XX. 

Zi determine the Resistance of a Fluid to. any Body^ moving in it, 
of a Curved End; as a Sphere^ or a Cylinder nvith a Hemi- 
spherical End, is^c, 

1. Let bead be a section through the 
axis CA of the solid, moving in the direc- 
tion of that axis. To any point of the 
curve draw the tangent £6, meeting the 
axis produced in g: also, draw the per- 
pendiculai* ordinates ef, ef, indefinitely 
near each other i and draw ae paraUel to 

cc. 

Putting CF = Xf EF s=^, BS S5 2, s ss sine JL G to r$^ 
dius 1, and/ = 3*1416 : then 2py is the circumference whose 
radius is ef, or the circumference described by the point £» 
in revolving about the axis cA ; and 2py x £e or 2pyz is the 
fluxion of the surface, or it is the surface described by Ee^ 
in the said revolution about CA, and which is the quantity 
represented by a in irt. 3 of the l»9t problem : hence 

-— X 2pyx or — T— X y» is the resistance on that ring, 

or the fluxion of the resistance to the body, whatever the 
figure of it may be. And the fluent ef wluch will be the 
resistance required. 

2. In the case of a spherical form : putting the radius Ca 
or CB = r, we have y ==iv/r*-*a;'^, iss— = — =—», and 

EG CB r 

^i,^or-xr~x--Ee «= CE x ae — r;p; therefore the general 
fluxion -r—x rv« becomes ^r^ x -zx r;f ^ x—i X ^^i 

the 
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the fluent of which, or -- — r- or*, is the resistance to the 
spherical surface generated by BE. And when i: or cf is = r 
or CAj it becomes ^—z — for the resistance on the whole 

hemisphere ; which is also equal to «^ » where lir = 2r 
the diameter. 

S. But the perpendicular resistance to the circle of the 
same diameter d or bd, by art. 5 of the preceding problem^ 

^s^ J which, beine double the former, shows that the 

\Qg " 

resistance to the sphere, is just equal to half the direct 

resistance to a great circle of it, or to a cylinder of the same 

diameter. 

4. Since ^pd^ is the magnitude of the globe ; if n denote 
its density or specific gravity, its. weight nv will be = ipd^s, 

and therefore the retatdive force/ or — = 



li) S2g ' pud^ 

which is also = — by art. 8 of the general 



theorems in page 342 ; hence then -— j = — , and * = — 

X 4^/; which is the space that would be described by the 
globe, while its whole motion is generated or destroyed by 
a constant force which is equal to the force of resistance, 
if no other force acted on the globe to continue its motion. 
And if the density of the fluid were equal to that of the 
globe, the resisting force is such, as, acting constantly on 
the globe without any other force, would generate or de- 
stroy its motion in describing the space -J^/, or ^ of its 
diameter, by that accelerating or retarding force,* 

5. Hence the greatest velocity that a globe will acquire 
ty descending in a fluid, by means of its relative weight in 
the fluid, will be found by making the resisting force equal 
to that weight- For, after the velocity is arrived at such a 
degree, that the resisting force is equal to the weight that 
4irges it, it will increase no longer, and the globe will after- 
wards continue to descend with that velocity uniformly. ' 
Now, N and n being the separate specific gravities of the 
globe and fluid, n — « will be the relative gravity of the 
globe in. th^ fluid, and therefore w = \pd^ (n — ») is the 

weight 
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irelght by wliich it is urged ; also i»= ------ 

—■ — is the resistance ; consequently ^ ■■ =: ipa^ (n — «) 

when the velocity becomes uniform j from which equation 

is found t; = V(4^ . 4^ . — — )* for the said uniform or 

greatest velocity. 

And, by comparing this form with that in art. 6 of the 
general theorems in page 342, it will appear that its greatest 
velocity, is equal to the velocity generated by the accelerat-* 

ing force ^ , in describing the space ^, or equal to th^ 

velocity generated by gravity in freely describing the space 

X 1^/. If N = 2«, or the specific gravity of the 

globe be double that, of the fluid, th^n -r^ — '-^ = 1 = the 

natural force of gravity; and then the globe will attain its 
greatest velocity in describing ^ or ^oi its diamet-er.— It 
is further evident, that if the body be very small, it will 
very soon acquire its greatest velocity, whatever its density 
may be. • 

Exam. If a leaden ball, of 1 inch diameter, descend in 
water, and in air of the same density as at the earth^s surface^ 
the three specific (j^ravities being as 11 7, and 1, and Trhrv* 

Then v = V4 . 16^ .3^ . 10| == ^^/siTliJi: 8-5944 feet, 
is the greatest velocity per 5econd the ball can acquire by 

descending in water. And •u = v^4. SV'i^-V-*t*° 
nearly = V°V^^' = 239-82 is the greatest velocity it can 
acquire in air. 

But if the globe were only t^ of aii inch diameter, the 
greatest velocities it could acquire, would be only -^ of 
these, namely ■^4u of a foot in water, and 26 feet nearly 
in air. And if the ball were still further diminished, the 
greatest velocity would also be diminished, and that in the 
subduplicate ratio of the diameter of the ball. 



V 



PROBLEM XXI. 



To determine the Relations of Velocity ^ Space, and Timey cf 
a Ball moving in a Fluids in which it is projected *with a 
Given Velocity, 

Vol. II. Bb 1. Let 
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1. Let a 3= the first velocity of projection^ x the space 
described in any time /, and v the velocity then. Now, by 

irt. 4 of the last problem, the accelerative force/ = rr — -,> 

where n Is the density of the fluid, N that of the ball, and 
d its diameter. Therefore the general equation w =r 2^/j 
beconles w=- -- -- -- - -•- - -'-. 

a 

— S^rv* v — 3« 3« 

-g;j-*i and hpncp - =-g^ * = -W, putting* for —^. 

The correct fluent of this, is log. m — log. v or log. — = A^. 
Or, putting r=s 2 -71818 18 28, the number whose hyp. log. 
is 1, then is — == t^"^, and the velocity v = t]^ = ac^^. 

2. The velocity vat any time being the c^^ part of the 

first velocity, therefore th<e velocity lost in any time, will be 

^* — 1 
the 1 — c ^'^ part, or the — |;^j— part of the first velocity. 



EXAMPLES. 

Exam. 1. If a globe be projected, with any velocity, in a 
medium of the same density* with itself, and it describe a 
space equal to Srf or 3 of its diameters. Then x = 3^. and 

3« 3 ^ ^ , r^^ - 1 208 . , 

* ^ BlTi = W? ^t^^'-^fore.^.r = I, ^^^-y^ = 3:0*8 '' '^^ 

velocity lost, or nearly -| of the projectile velocity. 

Exam. 2. If an iron ball of 2 inches diameter were pro- 
jected with a velocity of 1200 feet per second ; to find the 
velocity lost after moving through any space, as suppose 
500 feet of air : we should have ^ =: ^t = -y* ^ = 1 200, 
X zz 500, N = 7t5 ^ = '0012 J and therefore fee = - . - 
^nx 3 . 12 . 500 . 3 . 6 81 , /1200 

:;: — * = ^ .^a ,^^^^ — = rr::> atid v = „, = 99S feet 
«N// 8 . 22 . 10000 440 ^/ 



?■& 



per second : having lost 202 feet, or nearly \ of its first 
velocity. 

Exam. 3. If the earth revolved about thp sun, in.a me- 
dium as dense as the atmosphere near the earth's surface ; 
and it were required to find the quantity of motion lost in a 

year. 
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tear. Then, since the earth's mean density is about 44) and 

i;ts distance from the sua 1 2000 of its diameters, we have 

24000 X S-Hie =75398 diameters = r, and ^;r =' - - 

3 . 75398 . 12 , 2 i^'^ - 1 

t= 7»5398 ; hence -^ — r— ss j. |tr parts 

are lost of the first motion in the ^pace of a year^ and only 
^^® T5TT part remains. 

Exam. 4. If it be required to determine the distance 
moved, ;r, when the globe has lost any part of its motion, as 
suppose 7, and the density of the globe and fluid equal } 

The general equation gives jr == -j- x log. — sr — x log. 

of 2 = 1-8483925^. So that the globe loses half its motion 
before it has described twice its dian^eter. 

S X ^^x 

3. To find the time / ; we have / ss — = ., = 

Now, to find the fluent of this, put x s: ^^ ; then is bx s 
log', as, and 6x = — , or ;v r: -r- ; co&seq. t or . = 

zx x % ^* 

— = — ; 5 and hence / = -7* ;= -7*. But as t and x vanish 
a ab 09 ap ^ 

. ^* . I 

together, and when * » 0, the quantity -r . «» ^^ '^ 

^ r ^ . r*''' - 1 1 1 1 ,x a. 

therefore, by correction, / =» — 7 — =— — -- ::j— (^--0) - 

, .3ft a , 

the time sought ; where b-:::^ '^j* ^^^ '^ — jK ^^^ veloaty. 

l^XAM. If an iron ball of 2 inches dianleter were projected. ' 

in the air with a velocity of 1200 feet per second; and it 

were required to determine in what time it would pass ov^r 

500 yards or 1500 feet, and what would be its velocity at thf 

end of that time : We should have, as In exam. 2 above^ 

3 . 12 .^ . 6 1 , , 1500 375 , , 

b "^ " " ■ = — — and px zz — ss ; iie]ic# 

8 . 22 . 10000 2716' 27l6 679' 

b \ * ar 120rf ^ v" a "^ 1200 ^ 690 

nearly. Consequently t; = 690 is the velocity j and / ss 

f ^^ "T^ = ^^*.^ ^^650" iioo^ " lii seconds, is the 
time required) op 1" and j- nearly. 

Rb2 notelfil 






v:i 
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PRO&L£M XXII. 



To determine the Relations of Space^ Time, and Velocity, niohen 
a Globe descends, by its own Weight, in a Fluid. 

The foregoing notation remaining, viz. J = diameter, 
N and n the density of the ball and fluid, and v, s, /, the 
velotity,, space, and time, in motion ; we have \pd^ = the 
magnitude of the bali, and ipd^{if — ») = its weight in the 

pni^^ 

fluid, also m =: ----- = its resistance from the fluid; 

32g ' » 

consequently ipd\u - «) - - ^_^ is the motive force by 

which the ball is urged ; which being divided by ^N^/^, the ^ 

n 3#Mi* ^ 

quantity of matter moved, gives /= 1 — -■ -for 

the accelerative force. 



w NW 



2. Hence vv = ^gfs, and / = ^ — 

1 w . - 3>» 1 sn 
= -r ^ ;, putting b = r— j, and — r= — 

or <73 = 2g nearly j the fluent of which is j- = - - . . 

la 4 /. 

— X log. of j3-^» an expression for the space s, in terms 

of the velocity v. That is, when s and v begin, or arc equal 
to nothing, both together. 

But if the body commence motion in the fluid with a cer- 
tain given velocity e, or enter the fluid with that velocity, 
like as when the body, after falling in empty space from a 
certain height, falls into a fluid like water ; then the correct 

fluent will be s = ^ x hyp. log. of 



,a - e" 



a — V** 



* 3. But now, to determine v in terms of s, put c = 
2*7lj5281828 J then, since the log. ^f - '^ = 2bs, there- 



- .2b. ^-'^ 



a — V 



^^^^ a^ ^^ == ^ ^* ^^ ~^~ = ^"'^* J ^ence v = ... 
-/fl — ar^^^ is the velocity sought. 

4. The 
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4. The greatest velocity is to be found, as in art. 5 of 
prob. 20, by making/ or 1 - — - TelJrf ^ 0> which gives 

1^=^(21^.8^. — ) = x/a. The sdme value of v is 

/ oft 

obtained by making the fluxion of v\ or of <i — ac'^^^y = 0. 
And the same value of v is also obtained by making s in- 
finite, for then c ^^ = 0. But this velocity ^^a cannot be 
attained in any finite time, and it only denotes the velocity 

to which the general value of t; or V^ ~" ac'*^ continually 
approaches. It is evident however, that it will approximate 
towards it the faster, the greater b is, or the less d is ; and 
that, the diameters being very small, the bodies descend by 
nearly uniform velocities, which are directly in the subdu- 
plicate ratio of the diameters. See also art. 5, prob* 20, for 
other observations on this head« 



1 






"=:t:«' 



5. To find the time /. "TJow / =-i z= V — X — = 

Then, to find the fluent of this fluxion, put z « Vi — .r"~^« 
-= -~, or z* = 1 — ^*"^»; hence zx = bsc , and s == r-=x: 

V tf , DC ^ 

1 z« .1 z, 



and therefore the fluent is / = 



1 + VI - f- 



.abs 



1 - , 1 + 2 _ 1 

1 y/a -f ^ 

2b^a X, log. ^/a - v* which is 



X log. 

the general expression for the time. 

Exam. If it were required to determine the time and 
velocity, by descending in air 1000 feet, the ball being of 
lead, and 1 inch diameter. 

Here n = 1 ij^, « = -rrW dzz^ and s =: 1000. 
Hence a = ' ^^ 
193 . 34 . 50* 



3. 



t\ 



'% so 0' 



9.27 



I and b = 



115 2.193 .8. 34*. 2 500 

"* 3.3. 12. 1273""" 
3.3.3. 12 9.9 



8.11|,TJr==8.34.2500 



consequently v = V/i x v^ 1 - /^* == \/- 



68 

193 . 34 . 50* 

- X 



-8 1 



9.27 
1 



^{l - c ^) :;= 20Sf thf velocity. And / = x Jog, 



2V^ 



2 + 
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... ai a/ " ' X lop. ■ s: 8*5236 • 

1 _ ^T^n^; ^ 27 . 193 ^ *«^ 0-21617 * 

the time. 

Note, If the gloSe be so light as to ascend in the fluid j it 
is only necessary to change the signs of the first two terms 

un the value ofy^ or the accelerating force, by which it be- 
comes/ = 1 — fr -^ > and then proceeding in all 

' respects as before* 

SCQOLIUH. 

To compare this theory, contained in the last four pro^ 
blems, with experiment^ the few following numbers are here 
extracted from extensive tables of velocities and resistances, 
resulting from a coiurse of many hundred very accurate ex* 
perim^nts, made ih the course of the year 1786. 

In the first column are. contained the mean uniform or 
greatest velocities acquired in air, by globes, hemispheres, 
cyKnders, and cones, all of the same diameter, and the alti-< 
tude of the cofie nearly equal to the diameter also, when 
urged by the several weights expressed in avoirdupois 
ounces, and standing on the same line with the velocities^ 
-'each in their proper column. So, in the first line, the 
numbers show, that, when .the greatest or uniform velocity 
was accurately 3 feet per second, the bodies were, urged by 
these weights, according as their difierent ends went fore- 
most } namely, by '025 oz* when the vertex of the cone 
went foremost ; by 'OS* oz. when the base of the cone went 
foremost: j by '027 oz, for a whole sphere; by -050 oz. for 
a cylinder; by '05 1 oz. for the flat side of the hemisphere j 
amd by 020 oz. for the round or convex side^ of the hemi- 
sphere. Also, at the bottom of all, are placed the rpean 
proportions of the resistances of these figuresin the nearest 
whole numbers. Note, the common diameter of all the 
figures, was 6*:i75, or 6-|. inches; so that the area of the 
circle of that diameter is just 32 square inches, or |^ of a 
square foot ; and the altitude of the cone was G-lf inches^ 
Also, the diameter of the small hemisphere was 4| inches^ 
and consequently the area of its base 17j: square inches^ 
^ ^ of a square foot nearly. 

From the given dimehsions of the cone, it appears, that 
the angle ma ^e by its side andaxi% or direction of the path} 
is 26 degrees, very nearly. 

The 
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Th« mean height of the barometer at*the times of making 
the experiments, was nearly 30*1 inches, and of the ther- 
mometer 62® ; consequently the weight of a cubic foot of 
air was equal to l|oz. nearly, in those circumstances. 



Vjeloc. 
per sec. 


Cone. 


Whole 
globe. 

1 


Cylin- 
der. 


Hemis 


phere. 

• 


Small 

Hemis*, 

flat. 


vertex, base. 

r 


flat. 


round. 


feet 


oz. 


02* 


oz. 


oz. 


, oz. 


oz. 


oz . 


3 


028 


•064 


' -027 


•050 


•051 


•020 


•028 


4 


•048 


•10& 


•047 


•090 


•096 


-039 


•048 


5 


•071 


•162 


•068 


'14t$ 


•148 


-063 


•072 


6 


•098 


•225 


•094 


•205 


•211 


•092. 


•103 


.7 


•129 


•298- 


•125 


•278 


•284 


•123 


^141 


8 


•1()8 


•382 


•162 


•360 


•368 


•160 


-ISA 


9 


•211 


•478 


•205 


'456 


. -464 


•199 


' •233 


10 


•260 


•587 


•255 


'965 


•573 


•242 


•287 


11 


•315 


•712 


•310 


•688 


•698 


•297 


^*349 


12 


'376 


•850 


•370 


•826 


-836' 


•347 


•418 


13 


'440 


1-000 


•435 


•979 


•988 


•409 


•492 


U 


•512 


l'i66 


•505 


1-145 


1-154 


•478 


•573 


15 


•589 


1-346 


•581 


1327 


1-336 


•552 


•661 


10 


.•673 


1-546 


•663 


1-526' '. 


1-538 


•634 


•754 


17 


•762 


1-763 


•752 


1-745 


1757 


•722 


. -853 


18 


•658 


2-002 


•848 


1-986 


1^998 


-818 


'959 


w 


'959 


2'260 


•949 


2-246 


2-2^8 


•922 


1-073 


20 


1*069 


2*540 


1-057 


2-528 


2-542 


1-033 


1-196 


Propor. 

Numb. 


126 


291 
F 


124 


285 


* 288 


119 

• 


140 



From this table of resistances, several practical inferences 
may be drawn. As, 

1 . That the resistance is nearly as the surface 5 the resist- 
ance increasing but a very little above that proportion in 
the greater surfaces. Thus, by comparing together the num- 
bers in the 6th and last columns, for the bases of the two 
hemispheres, the areas of which are in the proportion of 
17-J to S2, or as .*> to 9 very nearly; it appears that the 
numbers in those two columns, expressing the resistances, 
are nearly as 1 to 2, or as 5 to 10, as far as to the velocity 
of 12 feet^ after which the resistances on the greater sur- 
face increase gradually more and more above that propor- 
tion. And the mean resistances are as 140 to 288, or as 5 

to 
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to 10|, This circiunstante therefore agrees nearly with th^ 
theory. 

. 8. The resistance to the same surface, is nearly as the 
square of the velocity ; but gradually increasing more and 
more above that proportion, as the velocity increases. This 
is manifest from all the columns. And therefore this cir- 
cumstance also difiers but little from the theory, in small 
velocities. 

3. When the hinder parts of bodies are of different 
forms, the resistances are different, though the fore parts be 
alike ; owing to the different pressures of the air on the 
hinder parts. Thus, the resistance to the fore part of the 
cylinder, is less than that on the flat base of the hemisphere, 
pr of the cone ; because the hinder part of the cylinder is 
more pressed or pushed, by the following air, than those of 
the other two figures. 

4. The resistance on the base of the hemisphere, is to that 
on the convex side, nearly as 2f to 1, instead of 2 to 1, 
as the theory assigns the proportion. And the experimented 
resistance, in each of these, is nearly ^ part more than that 
which is assigned by the theory. 

> 

5. The resistance on the base of the cone is to that on 
the vertex, nearly as 2^ to 1. And in the same ratio is 
radius to the sine of the angle of the inclination of the side 
of the cone, to its path or axis. So that, in this instance* 
the resistance is directly as the sine of the angle of incidence^ 
the transverse section being the same, instead of the square 
of the sine. 

6. Hence we can find the altitude of a column of air, 
whose pressure shall be ^qual to the resistance of a body, 
moving through it with any velocity. Thus, 

Let a = the area of the section of the body, similar to 
any of those in the table, perpendicular to the 
direction of motion ; 
' f = the resistance to the velocity, in the table ; and 
X = the altitude sought, of a column of air, whose 
base is a> and itij pressure r. . 

Then tfx = the content of the column in feet, 
and l^ax or ^ax its weight in ounces ;---•-»-. 

•^ T 

therefore f^r = r, and ;r «= | x — is the altitude sought in 
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ftet, namely, ^ of the quotient of the resistance of any body 
divided by its transverse section ; which is a constant quan->- 
tity for all similar bodies, however different in magnitude, 
since the resistance r is as the section a, as was found in art. 1, 
When <7 = 1^ of a foot, as in all the figures in the forcgo- 

ing table, except the small hemisphere : then, r = ^ x — • 

a 

becomes a: = ^r, where r is the resistance in the table, to 
the similar body. 

If,* for example, we take the convex side of the large 
hemisphere, whose resistance is "634 oz. to a velocity of 
16 feet per second, then r = "634, and r = y r = 2*3775 
feet, is the altitude of the column of air whose pressure is 
equal to the resistance on a spherical surface, with a velo- 
city of 16 feet. And to compare the above altitude with 
that which is due to the given velocity, it will be 32* : 16* 
: : 16 : 4, the altitude due to the velocity 16 ; which is near 
double .the altitude that is equal to the pressure. And as 
the, altitude is proportional to the square of the velocity, 
therefore, in small velocities, the resistance to any spherical 
surface, is equal to the pressure of a column of air on its 
great circle, whose altitude is -jl- or '594 of the altitude due 
to its velocity. 

But if the cylinder be taken, whose resistance r = 1*526 ; 
then jr == yr = 5*72 5 which exceeds the height, 4, due 
to the velocity in the ratio of 23 to 16 nearly. And the 
difference would be still greater, if the body were larger ; 
and also if the velocity were more. 

7'. Also, if it be required to find with what velocity any 
^at surface must be moved, so as to suffer a resistance just- 
equal to the whole pressure of the atmosphere : 

The resistance on the whole circle whose area is |- of a 
foot, is '051 oz. with the velocity of 3 feet per second ; it is 
f of '05 1, or '0056 oz. only, with a velocitv of 1 foot. But 
24- X 13600 X I — 7555| oz. is the whole pressure of the 
atmosphere. Therefore, as ^'0056 : v^7556 :: 1 : 1162 
nearly, which is the velocity sought. Being almost equal 
to the velocity with which air rushes into a vacuum. 

8. Hence may be inferred the great resistance suffered by 
military projectiles. For, in the table, it appears, 'that a 
globe of 6^ inches diameter, which is equal to tl\e size of an 
iron ball weighing 36lb, moving with a velocity of only 
16 feet per second, meets with a resistance equal to the 
pressure of f of an ounce weight; and therefore, comput- 
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ing only according to the square of the velocity^ the least 
resistance that such a ball would meet with, when ilioving 
with a velocity of 1600 feet, would be equal to the pressure 
of 4171b, and that independent of the pressure of the atmo- 
sphere itself on the fore part of the ball, which would be 
4871b more, as there would be no pressure from the atmo- 
sj^ere on the hinder part, in the case of so great a velocity 
as 1600 feet per second. So that the whole resistance would 
be more than 9001b to such a velocity. 

S . Having said, in the last article, that the pressure of the 
atmosphere is taken entirely off the hinder part of the ball 
moving with a velocity of 1600 feet per second ; which must 
happen when the ball moves faster than the particles of air 
can follow by rushing into the place quitted and left void by 
the ball, or when the ball moves faster than the air rushes 
into a vacuum from the pressure of the incumbent air ; let 
us therefore inquire what this velocity is. Now the velocity' 
with which any fluid issues, depends on its altitude above 
the orifice, and is indeed equal to the velocity acquired by 
a heavy body in falling freely through that altitude. But,, 
supposing the height •f the barometer tq be 30 inches, or 
24 feet, the height of a uniform atmosphere, aU of the same 
density as at the earth^s surface, would be 2 J x 13*6 x 833 j. 
or 28333 feet; therefore v^l6 : ^^28333 : : 32 : 8^/28333 
' = 1346 fert, which is the velocity sought. And therefore, 
with a velocity of 1600 feet per second, or any veliDcity 
above 1346 feet, the ball must continually leave a vactkum 
behind it, and so must sustain the whole ptessure of the at-, 
mosphere on its fore part, as well as the resistance arising 
from the vis inertia of the particles of air struck by the ball. 

10. On the. whole, we find that the resistance of the 
air, as determined by the experiments, differs very widely, 
both in respect to its quantity on all figures, and in respect 
to the proportions of it on oblique surfaces, from the same 
as determined by the preceding theory, which is the same 
as that of Sir Isaac Newton, and most modern philosophers. 
Neither should we succeed better if we have recourse to the 
theory given by Professor Gravesande, or other$> as similar 
differences and inconsistencies still occur. 

We conclude therefore, that all the theories of the resist- 
ance of the air hitherto given, are very erroneous. And 
the preceding one is only laid down, till further experiments, 
on this important subject, shall enable u$ to deduce from thenx . 
another, that shall be more comonant to the true phsieno* 
meoa of pature. 
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1464 
3224 

4977 
6722 



I898 
4059 
6211 
8351 
.481 
2600 
4710 

6809 
8898 

0977 
3046 
5105 
7155 

9194 
1225 
3246 

5257 
7260 

9253 

1237 
3212 
5178 
7135 
9083 
1023 
2954 
4876 
6790 
8696 
.593 
2482 
4363 
6236 
8101 

99^8 
1806 
3647 
5481 
7306 
9124 
0934 

2737 
4533 
6321 
8101 
9^75 
1641 
3400 
-5152 
1 6896 



2114 
4275 
6425 
85 J4 

.693 
2812 
4920 
7618 
9106 
1184 
3252 
5310 
7i59 

9^9€' 
1427 
34-i7 

5458 
7459 
9451 

3409 
^374 
7330 
9278 
1216 
3J47 
5008 

ti98i 

8880 

.783 
2671 

4551 

6423 

8287 

.143 

1991 
3831 

5664 

7488 
9306 

1115 

2917 
4712 
6499 
8279 
..51 

I8I7 
3575 
5326 

7071 



2331 

449 i 
6639 

87/8 
-906 
3023 
5130 
7227 
9314 

1391 
3458 

55l6 
7563 
9601 
1630 
ii64y 
5658 

7659 

9650 

1632 
3606 
5570 
7525 
9472 
I410 

3339 
5260 

7172 
9076 

•972 

2859 

4-739 
6610 

8473 
.328 
2175 
4015 
5846 
7670 
9487 

1296 

3007 
4891 

6677 
B456 

.24S 

1998 
3751 
5501 
7245 



25 17 
471)6 
0854 

899* 
1118 

3234 

5340 

7436 

9522 
i5<fS 

3664 
5721 

7767 
9805 

1632 
3850 
5859 

7858 

9849 
1630 
3802 
5766 
7720 
9666 
1603 
3532 
5452 
7363 
9266 
1161 
3048 
4926 
6796 
8659 
.513 
2360 
4198 
6029 
7852 
9668 
1476 

3277 
5070 
6856 
8634 
.405 
2169 
3926 
5676 

7419 



8 



!<■■ 



2764 
4921 
7068 
9204 
1.^30 
3445 
5551 
7646 
9730 
J805 
3871 
5i^36 

797a 
. • • o 
2i34 
4051 
6059 
8058 
..47 

2a28 

395)9 
5962 

7915 

9860 

1796 
3724 
5643 
7554 
9456 
1350 
3236 
5113 
6983 
8845 
• 698 
2544 
382 
^12 
8034 
9849 
1656 
3456 
5249 
7034 
881] 
.582 
2345 
4101 
5850 
75921 



298O 
5136 
■7282 

9417 

1542 

36S6^ 

5760 

7854 

9938 

2012 

1 4077 
6131 
81 76 
.211 
2230 
4253 
6260 

8257 
.246 
2225 
4196 
6157 
8110 
• • <94 

1989 

391 6 
5634 

7744 
9646 
1539 

3424 
3301 
7169 
9030 
.883 
2728 
4565 

6394 
8216 
..30 

1837 
3636 
5428 
7212 

8989 

'7S9 

2521 

4277 
6025 

776« 



OF NUMBERS. 



383 



N^ 

250 
251 
252 
253 
254 
255 
256 
^57 
1258 
^259 

a6i 

•262 
263 
.264 
265 
266 
26? 
268 

269 
270 

271 
272 
273 
274 
275 
276J 

277 
278 

V9 

280 
281 
282 
283 
284i 
285 
286 
287 
268 
289 
290 
291 
292 

193 

1294 

395 



O 



397940 
9674 

401401 
3121 
4834 
6540 
8240 
9933 

411620 
8300 
4973 
6641 
8501 
9956 

421604 
3246 
48S2 
6511 
8135 

S752 
431364 

29^9 
4569 

*6l63 

7751 

9SS3 

440909 
2480 
4045 
5604 
7158 
8706 

450249 
1786 
3318 
4845 
6366 
7882 
9392 

460898 
2398 
3893 
5383 
0868 
8347 
9822 



8114 8267 
9847 *.20 
1573 1745 
3292 3464 
5005 5176 
671a 6881 

8410 8579 
M02 .271 
1788 1956 
3467 3635 
5140 54(07 
68O7 6973 



3 



298 



296 47^292 



2756 

4216 



^99 ^71 



8467 

.121 

1768 

3410 

5045 

^674 

8297 

99^M 
1525 

3130 
4729 

6322 
7909 

19491 
1066 
2637 

4201 
5760 

7313 
8861 
0403 
1940 

3471 

4997 
65I8 

8033 
9543 
1048 
2548 
4042 
5532 
7016 
8495 

99^ 
1488 
2903 
4362 
5816 



8633 

.286 

1933 

3574 

5208 

6836^ 

8459 

..75 

1685 

3290 

4888 

6481 

8O67 

9648 

1224 

2793 

4357 

5915 
7463 
9015 
0557 
2093 
3624 
5150 
6670 
8184 
9694^ 
1198 

2697 
4191 

5680 
7164 
8643 
.116 
1585 
3049 
4508 
5962 



8461 
• 1 92 

1917 
3635 
5346 
7O6I 
8749 
.440 
2124 
3803 
5474 
7139 

8796 

.451 
2097 
3737 
5371 
0999 
8621 

.236 

1846 

3450 

5048 

6640 

8226 

98O6 

]S8l 

2950 

4513 

6O7I 

762i 

9170 

0711 

2247 

3777 
5302 
6821 
8336 
9«45 
1348 
2847 
4340 
5829 
7312 

879Q 
.263 

1732 
3195 
4653 
6107 



mA 



8034 

.365 

2689 

3807 

5517 

7221 

891 8 

.609 

2293 

3970 

5641 

7306 

8964 

.616 

2261 

3901 

5534 

7161 

8783 

• 398 

2007 

3610 

5207 

6800 

8384 

99^4 

1538 

3106 

4669 

6226 

7778 
9324 
O865 

2400 
3930 
5454 
6973 

8487 

9995 

1499 
2997 
4490 

5977 
7460 

8938 

.410 
1878 
3341 

4799 
6352 



8808 
.538 
2261 
3978 
5686 

7391 
9OS7 

'777 
2461 
4137 
5808 
7472 
9129 

. 781 
2426 
4065 

5697 
7324 

8944 

.559 

2167 

3770 

5367 

6957 

8542 
: l22 

1695 
3263 
4825 
6382 
7933 
9478 
1018 
2553 
4082 
5606 
7135 
8638 
.146 
1649 
3146 
4639 
6126 
7608 
9085 

,557 
2025 

3487 
4944 

639; 



8981 
.711 
2433 
4149 
5858 
7561 

9257 
.946 
2629 
4305 

7638 
929^ 

'97^ 
2590 

4228 
5860 
7486 
9106 
.720 
2328 
3930 
5526 
7116 
8701 

.279 
1852. 

3419 
4981 

6537 
8088 
9^33 
1172 
2706 
4235 
5758 
7276 
8789 



J 799 
3296 
4788 
6274 
77^6 
9233 
.704 

2171 
3633 
5090 
654%\6m7 



9154 
.883 
2605 
4320 
6029 

7731 

9426 
1114 
2796 
4472 
6l4l 

7804 
'9460 
1110 
2754 
4392 
6023 
F7648 
9268 
• 88J 
2488 
4090 
5685 
7%75 
8859 
.437 
22Q9 

Q576 
5137 
^2 
8242 

9787 
1326 
2859 
4387 
5910 
7428 
8940 
.447 
1946 
3445 
4936 
6423 
7904 
9380 
.851 
2318 

3779 
5235 



8 



9328 
1056] 

2777 

4492 

6199 
7901 

9595 
1283 

2964 

4639 
6308 

7970 

9625 

12?5 

2918^ 

4555 

6186 

7811 

9429 

1042 

2649 

4249 
5844 
7433 

9017 
.594 
2166 
3732 
5293 
6848 

8397 
9941 

1479 
3012 

4540 

6062 

7579 

9Q91 
.597 
2096 
3594 
5085 

6571 
8052 

95%7 
.998 
2464 



dffl 
6832 



liMi 



9501 

1228 

2949 
4663 

6370 
8O70 
9764 
1451 
3132 
4806 
6474 
8135 

9791 
1439 
3082 

47I8 

6349 

7973 

9591 

l203 

2809 

4409 

6004 

7592 

9175 

.752 

2323 

3889 

5449 
7003 

8552 

..95 

1633 

3165 

4692 

6214 

7731 

9242 

.748 

2248 

3744 

'5294 

6719 
8200 

^7S 

1145 
2610 

4071 
55226. 
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LOGARITHMS 



N. 

300 
301 

302 

303 

304 

305 

306 

307 

308 

309 

310 

311 

312 

313 

314 

315 

316 

317 

318 

319 

320 

321 

322 

323 

324 

325 

326 

327 

328 

329 

330 

331 

332 

333 

334 

335 

336 

337 

338 

S39 
•340 
341 
342 
343 
344 
345 
346 

347 

348 
349 







477121 
8566 

480007 
1443 
2874 
4300 
5721 
7138 
8551 

491362 

2760 

4155 

5544 

6930 

8311 

9687 
501059 

2427 

3791 
5150 

6505 

7856 

9203 
510545 

1883 

3218 

4548 

5874 

7196 

8514 

9828 
52113i9 

2444 

3746 

5045 

6339 

7630 

8917 
530200 

J 479 
2754 

' 4026 

5294 
655b 

7819 
9076 

9 
9 

2825 

mmmmmmmr 



mi 



7266 

8711 

0151 
1586 

3016 

4442 
5863 
7280 
8692 

..99 
1502 

2900 

4294 

5683 

7068 

84481 
9824 

1196 
2564 

3927 
5286 
6640 

17991 
Q337 

0679 
20] 7 

3351 

468 1 

6006 

7328 

8()46 

9959 
1269 

2575 

3876 

5174 

6469 

7759 
9045 
0328 
1607 
2882 
415:i 
5421 
6685 
7945 
9202 
Q455 
1704 
*^950 



7411 

8855 

0294 

1729 

3159 

4585 

6005 

7421 

8833 

.239 
1642 

3040 
4433 
5822 
7206 
8586 
9962 
1333 
27CO 
4063 
5421 

677^ 

8126 

9471 

0813 

2151 

3484 

4813 

6139 
7460 

8777 
..90 

1400 
2705 
4006 
5304 
6598 
17388 
9174 
0456 
1734 
3009 
4280 
5547 
6811 
807 1 
9327 
O580 
1829 
30/4 



3 

75S5 

^999 



7700 

9t43 
0438 0562 
1872 
3302 



2016 

3445 
4727 4869 
6147 6289 

7563 7704 
8974 9114 
.380 •520 
1782 1922 
3179 3319 
4572 4711 
5960 6099 
7344 7483 
8724 8862 
. . 99 . 236 

1470 J 607 

2837 ^973 

4199 *335 

5557 569^ 

6911 704.6 

8260 8:195 

9606 9740 

0947 1081 

2284 ^4i8 

3617 ^750 

4946 5079 

6271 6403 

7592 7724 

8909 9040 

.221 .353 

1530 l66l 

2835 2966 

4136 4266 

5434 5563 

6727 ^856 

8ei6 8145 

9302 9430 

0584 0712 

1862 1990 

3136 3264 

4407 4534 

5674 5800 

6937 70()3 

8197 8322 

9462 9578 

0705 0830 0955 

1953 2078 2203 

3109 3323 .S447 



7844 

9287 
0725 

2159 
3587 
5011 
6430 
7845 
9255 
.661 
2062 
3458 
4850 
6238 
7621 

8999 
• 374 

1744 

3109 

4471 
5828 
7181 
8530 
9374 
1215 
2551 
3883 
3211 
6535 
7854 

9171 
.484 

1792 

3096 

4396 

5693 

6985 

8274 

9&59 
0840 

2117 

3391 
4661 

5927 

7189 

8448 
S»703 



6 






7989 
94 il 

0869 

2302 

3736 

5153 

6572 

7986 

9396 

:8oi 

2201 

3597 
4989 

6376 

7759 
9137 
.511 

1880 
3246 

4607 
5964 

7316 
8664 
• . . c^ 
1349 
2684 
4016 
5344 
6668 

7967 

9303 

,615 
1922 

3226 
4526 
5822 
7114 
8402 
9687 
0.^^68 
22^5 
3518 

4787 
6053 
7315 

85/4 

9829 

1080 
2327 
3571 



8133 
9^75 
1012 
2445 
3872 
5295 
6714 

8127 
9537 

.941 
2341 
3737 
5128 
6515 

7897 
9275 
.648 

2017 

3382 
4743 

6099 
7451 

S799 

. 143 
1482 
2818 
4149 
5476 
6800 

81 19 
9434 
.745 
2053 
3356 
4656 
5951 
7243 
85il 
9815 
1096 

2372 
3645 
4914 

6180 
7441 

8699 
9^54 
1205 
2452 
36q6 



8 

S276 

9719 
1156 

2588 
4015 

5437 
6855 
8269 

9677 
1081 

2481 
3876 

5267 
6653 
8035 
9412 
• 785 
2154 
3518 
4878 
6234 
7586 

8934 
.277 
1616 

2951 

4282 

56Q9 

6932 

8251 
9566 

.876 

2183 

3486 

4785 

608 1 

7372 

8660 

99-^3 

1223 

2600 

3772 
5041 

6306 
7567 
8825 

^'79 
1330 

2570 

3H'20 



9 

£1422 
986t 

1299 
2731 

4157 

S579 
6997 
8410 

9818 
1222 
2621 
4015 
^406 

6791 
8I73 

9550 

.922 

2291 

3655 

5014 

6370 

7721 

9068 

.411 
1750 
3084 
4415 
5741 
7064 
8382 

9()97 
1007 
2314 

36l6 
4915 
6210 

7501 

8788 

..72 
1351 

2627 

3899 
5167 
6432 
7693 
8951 
.204 
1454 
2701 
SQ l4 
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OF NUMBERS. 



S85 



N. 
350 

r35i 

352 
353 
354 
355 
356 
357 
358 
35g 
360 
361 
362 
363 
364 
365 
366 
367 
368 
360 
370 

371 
372 
373 
374 
375 
376 

377 
378 

379 
380 

381 







54^068 

5307 
6543 

7775 
9003 
550228 
1450 
2668 
3883 
5094 
6303 
7507 

87og 
9907 

561 lOi 
2293 
34«1 
4666 
5848 
7026 
8202 
9374 

570543 

1709 
2872 
4031 
518S 
6341 

7492 
8639 
9784 
58O925 
2063 

3199 
4331 

5461 

6587 

7711 
8832 

9950 
591065 

2177 
3286 

4393 

5496 

G5g7 
7095 

8791 
9883 

600973 



4 J 9'^ 

5431 

6666 
7898 
9120 
035 J 
1572 
2790 
4004 
5215 
6423 
7627 
8829 
..26 
1221 
2412 
3600 
4784 
5966 
7144 
8319 

949J 
0660 

1825 
2Q88 
4147 
5303 
6457 
•7607 
8754 

1039 

2177 
3312 

4444 

5574 

6700 

7823 



.61 

V76 



4503 



6707 
7805 
8900 

9992 
1082 



4316 
5555 
6789 

8021 
9'^49 

0473 
1694 
2911 
4126 
5336 
6544 
7748 

8948 
.146 
1340 
2531 

37I8 
4903 
6O84 
7262 
8436 
96O8 
0776 
1942 
3104 
4263 
54J9 
6572 
7722 
8868 
.. 12 
1153 
2291 

3426 
4557 
5686 
6812 
7935 



3 



8944 9056 



173 
1287 



2288 2399 
3397 3508 



4614 



5606 S717 



mm 



6817 
7914 

9009 
.101 

1191 



4440 
5678 
6913 
8144 

9371 
05()5 

I8I6 

3033 

4247 

5457 

6664 

7868 

9068 

.265 

1459 

2650 

3837 

5021 

6202 

7379* 
8554 

9725 

O893 

2058 

3220 

4379 
5534 

6687 
7836 
8983 
.126 
1267 
2404 
3539 
4670 

5799 
6925 

8047 

9167 
.284 

1399 

2510 
3618 
4724 

5827 

69V 

8024 

9U9 

.210 
1299 



4564 
5802 
7030 
8267 
9494 
0717 
1938 
3155 
4368 
5578 
67S5 

7988 
9I88 

.385 

1578 

2769 
3955 
5139 
6320 

7497 
8671 
9842 
1010 
2174 
3336 
4494 
5650 
6602 
7951 

9097 

.241 
1381 
2518 
3652 
4783 
5912 
7037 
8I6O 

9279 
.396 
1510 
2621 

3729 

4834 

5937 
7037 
8134 
9228 
.319 
1408 



4688 
5925 

7159 
8389 

9616 

[0840 

2060 

3276 

4489 
5699 

6905 
8108 
93O8 
.504 
1698 
2887 
4074 
5257 
6437 
7614 
8788 

9959 
1126 

2291 
3452 
4610 
5765 

6917 
8066 

9212 
.355 
1495 
2631 
3765 
4896 
6024 

7149 
8272 

9391 
.507 

1621 

2732 

3840 

4945 

6047 

7146 

8243 

9337 

.428 

1517 



6. 

4812 
6049 
7282 
8512 

9739 
0962 
2181 
3398 
4610 
5820 
7026 
8228 
9428 
.624 

1817 
3006 

4192 
5376 
6555 
7732 
8905 
..76 
1243 

2407 
6568 

4726 
5880 
7032 
8181 
9326 
.469 
1608 
2745 

3879 
5009 

6137 

7262 

8384 

9503 

.619 

1732 

2843 

3950 

5055 

6157 
7256 

8353 

9446 

.537 
1625 



..7, 
4916 
6172 
74b5 

8635 
9S6I 
10S4 
2303 

3519 
4731 
5940 
7146 
8349 
9548 
.743 
1936 
3125 
4311 
5494 
6673 
7849 
9023 

.193 
1359 
2523 
3684 
4841 

599^^ 
7147 
8295 
9441 
.583 
1722 
2858 
3992 
5122 
6250 
7374 
8496 
961 5 
.730 
1843 
2954 
4061 
5165 
6267 
7366 
8462 
9556 
.646 
1734 



8 

5060 

6296 

7529 
8758 

9984 

1206 
2425 
3640 
4852 
6061 
7267 
8469 
9667 
.863 
2055 
3244 
4429 
5612 

6791 
7967 
9140 

.309 
1476 

2639 
3800 

4957 
6111 
7262 
8410 
9555 

'697 
1836 

2972 
4105 
5235 
6362 
7486 
8608 
9726 
.842 
1955 
3064 

14171 
5276 

6377 
7476 
8572 
9665 
.7^5 
1843 



9_J 

5l83 

6419 
7652 
8881 
.106 
1328 

2547 
3762 

-4973 
61 82 

7387 
8589 
9787 
.982 

2174 
3362 
4548 
5730 

6909 
8084 

9257 
.426 

1592 
2755 
3915 
5072 
6226 

7377 
8525 

9669 
.811 
1950 
3085 
4218 
5348 
6475 

7599 
8720 

9838 

.953 

2066 

3175 

4282 

5386 

6487 

7586 
8681 
4774 

.864 

1951 



Cc 
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LOGARITHMS 






400 
401 
40*^ 
403. 
404 
405 
406 
407. 
408 
409 
410 
411 
412 
413 
414 
415 
4l6 

417 
418 

419 
420 
421 
42i 
423 
424 
425 
426 

1427 
42§ 

429 
430 
431 
432 
433 
434 
435 
43() 
437 
438 
439 
440 
441 
442 
443 
444 
445 
446 
447 
448 
449 



^_0^^ 

602060 
3144 
4226 
5305 
6361 
7455 
8526 
9594 

6I066O 

1733 

2764 
3842 

4897 
5950 
7000 
8048 
9093 
620 1S6 
1176 
2214 

3249 
4282 
5312 

6340 
7366 
8389 
9410 
630428 
1444 
2457 
3468 
4477 
5484 
6488 
7490 

8489 
9486 
640481 
1474 
2465 
3453 

4439 
5422 
6404 
7383 
8360 
. 9335 
650308 
1278 
2246 



•) 



2169 
3253 
4334 
5413 
6489 
7562 
86:33 
9701 
0767 
I829 
2890 

3947 
5003 
6055 
7105 
8153 
9198 
0240 
1280 
2318 
3353 
4385 
5415 
6443 
7468 
8491 
9512 
0530 
1545 
2559 
3569 
4578 
5584 
6^88 
7590 
8589 
9586 
0581 
1573 
2563 
355J 
4537 
5521 
6502 
7481 
6458 
9432 
0405 
1375 
2343 



2277 
3361 
4442 
5521 
6596 

7669 
8740 
9808 

0873 
1936 

2996 
4053 
5108 
6160 
7210 
8257 
9302 
0344 
1384 
2421 
3456 
4488 
55li9 
6546 

7571 
8593 
9613 
0631 

1647 
2660 
3670 

4679 

5085 
6688 
7690 
86S9 
9686 
068O 
1672 
2662 
3650 
4636 
5619 
6600 

7579 
8555 

9530 

0502 

1472 

2440 



2386 
3469 
4550 
5628 
6704 

7777 

8847 
9914 

0979 
2042 

3102 

4159 
5213 
6265 
7315 
8362 
9406 
0448 
1488 
2525 

3559 
4591 

5621 

6648 

7673 

8695 

9715 

0733 

1748 

2761 

3771 
•^779 
57S5 
6789 

7790 

8789 
9/85 



1771 
2761 

'3749 
4734 

5717 

6998 

7676 
8653 
9S27 

pm 

1569 
2536 



2494 

3573 

4658 

57ii6 

6811 

7884 

8954 

..21 

1086 

2148 

3207 

4264 

5319 

6370 

7420 

8466 

9511 

0552 

1592 

2$28 

3663 

4695 

5724 

6751 

7775 

8797 
9817 

0835 
1849 
2862 
3872 
4880 
5886 
6889 
7890 
8888 
9885 



6 



0779 0879 



1871 
2860 
3847 
4832 
581^ 
6796 

7774i 

8750 
9724 

0696 
1666 
2633 



2603. 
3686 
4760 
5844 

6919 

799^^ 
9061 

. 128 

1192 
2254 
3313 
4370 
5424 
6476 
7525 

8571 
9615 
0656 
1695 

2732, 

3766 

4798 

5827 

6653 

7878 

8900 

9919 
0936 

1951 
2963 

3973 
498 1 
5986 

6989 

7990 

8988 

9984 

0978 

1970 

2959 
3946 

4931 
5913 
6894 
7872 

8848 

9821 _^ 
0793 0690 



.7 



1762 
2730 



2711 
3794 
4874 
5951 
7026 
8098 

9IB7 

.234 
1298 
2360 
3419 
4475 
55?9 
6581 
7629 
8676 

9719 
0760 

1799 
2835 
3869 
4901 
5929 
6956 

7980 
9002 

..21 

1038 

2052 

3064 

4074. 

5081 

6O87 

'7089 
8090 
90Q3 
..84 

1077 
2O69 
3058 
4044 

5029 
6O1I 

6992 

79§9 
8945 

9919 



1859 
2826 



2819 

3902 

4982 

6059- 

7133 

8205 

9274 

.341 

1405 

2466 

3525 

4581 

5634 

6686 

7734 

8780 

9824 

0864 

1903 

2939 
3973 
5004 
6032 
7058 
8082 
9104 
.123 
1139 
2153 
3165 
4lJ^5 
5182 
6I87 

7V89 
8 190 
91 88 
.183 

1177 
2168 

3156 

4143 

5127 

6110 

7089 
8067 
9043 
..16 

0987 
1956 

29^3 



8 



2928 

4010 
5089 
61 60 
17241 
8312 
9381 
.447 
1511 
2572 
3630 
4686 
5740 
6790 
7839 
8884 

9928 

0968 

2007 
3042 

4076 

5107 
6135 

7l6l 
8185 
9206 
.224 
1241 
2255 
3266 
4276 
5283 

6287 
7290 
8290 

9287 
.283 
1276 

2267 
3255 
4242 
5226 
62O8 

7187 
8165 

9140 
.113 

ifm 

2053 
3019 



3030 
4118 

5197 
6274 
7348 
8419 
9488 
..054 
1617 
267s 
3736 
4792 
5845 
6895 
7943 
8989 
..32 
1072 
2116 
3146 

4179 
5210 

6238 

7Z&i 

8is7 

9308 
•$,26 
I ^'2 
23*5l6 
33'^ 
4376 
5383 
6388 
7390 
8389 
9387 
• 382 
1375 
2366 
335'/ 
4340 
5324 
6306 
7:^85 
8262 
9237 
;2rb 

1181 
2150 
31161 



\ 









OF NUMBERS. 




. 


. 


. 387 


•"I^. 





I 
3309 


2 
3405 


3 
3502 


4 
35SS 


5 

3B95 


6 
3791 


7 

3888 


8 
3984 


9 

40i^0 


450 


653213 


451 


4177 


4273 


4369 


4465 


4502 


4658 


4754 


4850 


4946 


5042 


452 


5138 


5235, 


5331 


5427 


5526 


5619 


5715 


5810 


5906 


6002 


453 


6098 


6194 


6290 


6386 


6482 


6577 


6073 


6769 


6804 


^•960 


454 


7056 


7152. 


7247 


7343 


7438 


7^34 


7629 


77'^5 


7820 


7916 


455 


8011 


8107 


8202 


8298 


8393 


8488 


8584 


S67d 


8774 


8870 


456 


8965 


9060 


9155 


9250 


9346 


9441 


9536 


963 \ 


9726 


9821 


457 


9916 


. .11 


. 106 


.201 


.296 


.391 


.486 


.581 


.676 


-771 


458 


660865 


0960 


1055 


1150 

9 


1245 


1339 


1434 


1529 


1623 


I7I8 


459 


•1813 


1907 


200^ 


2096 


2191 


2280' 


2380 


2475 


2569 


2663 


460 


2758 


2352 


2947 


30^1 


3135 


3230 


3324 


3418 


3512 


3607 


461 


3701 


3795 


3889 


3983 


4078 


4172. 


4266 


4360 


4454 


4548 


462 


4642 


4736 


4830 


4924 


501 8 


5112^ 


5206 


52S9 


5393 


548? 


4fi3- 


5581 


5675 


5769 


5862 


0956 


6050 


6143 


6237 


6331 


6424 


464 


6518 


6612, 


6705 


6799 


6892 


6986 


7079 


7173 


7266 


7360 


465 


7453 


7546 


7640 


7733 


7826 


7920 


8013 


8106 


8I99 


8293 


466 


8386 


8479 


8572 


8665 


8759 


8852 


8945 


9038 


9131 


9224 


467 


9317 


9416 


9503 


9596 


9^89 


9782 


9875 


99(^7 


..60 


.153 


468 


670246 


0339 


0431 


0524 


0617 


0710 


0802 


O895 


0988 


1080 


46(J 


1173 


1265 


1358 


1451 


1543 


1636 


J 728 


1821 


1913 


2005 


470 


2098 


2190 


2283 


2375 


2467 


2560 


2652 


2744 


2836 


2929 


471 


3021 


3113 


3205 


3297 


3390 


3482 


3574 


3666 


3758 


3850 


472 


3942 


4034 


4}Q,6 


4218 


4310 


4402 


4494 


4586 


4677 


47^9 


473 


4861 


4953 


5045 


5137 


5228 


5320 


5412 


5503 


5595 


5687 


474 


5778 


5870 


5962 


6053 


6145 


6236 


6328 


6419 


6511 


6602 


475 


. 6694^ 


6785 


6876 


6968 


7059 


7151 


7242 


7333 


7424 


7516 


476 


7607 


7698 


7789 


7881 


7972 


8063 


8154 


8245 


8336 


8427 


477^ 


8518 


S6O9 


8700 


8791 


8882 


8973 


9064 


9155 


9246 


9337 


478 


9428 


9519 


9610 


9700 


9791 


9882 


9973 


..63 


. 154 


.245 


479 


680336 


0426 


0517 


O6O7 


0698 


0789 


0879 


0970 


1060 


1151 


480 


1^41 


1332 


X422 


1513 


1603 


1693 


1784 


I874 


1964 


2055 


481 


2145 


2235 


2326 


2416 


2506 


2596 


2686 


2777 


2867 


2957 


482 


3047 


3137 


3227 


3317 


3407 


3497 


3587" 


3677 


3767 


3857 


483 


3947 


4037 


4127 


4217 


4307 


4396 


4486 


4576 


4S66 


4756 


484 

V ■ 


4845 


4935 


5025 


5114 


5204 


5294 


5383 


5473 


5563 


5652 


485 


5742 


5831 


5921 


6010 


6100 


6189 


6279 


6368 


6458 


6547 


486 


6036 


6726 


6815 


6904 


6994 


7083 


7172' 


7261 


7351 


7440 


487 


7529 


76I8 


7707 


7796 


7886 


7975 


8064 


8153 


8242 


8331 


488 


8420 


8509 


8598 


8087 


877-6 


8865 


8953 


9042 


9131 


9220 


489 


9309 


9398 


9486 


9575 


9664 


9753 


9841 


9930 


•.19 


, 107 


490 


690196 


0285 


0373 


0462 


0550 


0639 


0728 


0816 


O905 


0^93 


491 


1081 


1170 


1258 


1347 


1435 


1524 


]6l2 


I7C0 


1789 


1877 


492. 


1965 


2053 


2142 


2^0 


2318 


2406 


2494 


2585 


26/1 


i759 


493 


2847 


2935 


3Q23 


3111 


3199 


3287 


3375 


3463 


3551 


3639 


494 


3727 


3815 


3903 


3991 


4078 


4166 


4254 


4342 


4430 


45i7 


495 


46Q5 


4693 


478I 


4868 


4956 


5044 


5131 


5219 


5307 


^m 


49.6 


5482 


5569 


5657 


57^4 


5632 


5919 


6OO7 


6094 


6182 


6269' 


497 


6356 


6444 


6531 


.6618 


6706 


6793 


6880 


^96^ 


7055 


7142 


498 


7229 


7317 


7404 


7491 


7578 


7665 


7752 


7839 


7926 


8014 


499 


8H11. 8.188 


827.5 


m0> 


8449 -6535. 


.8622 


87.09^79^' 


8&ai. 
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LOGARITHMS 



5()0 
501 
502 
503 
504- 
505 
506 

507 
508 
509 
510 
511 
513 
513 

514 
515 
516 

517 

518 

519 
520 

521 

522 

523 

524 

525 

526 

527 
528 
529 
530 
531 
532 
533 
534 
535 
536 

537 
538 
53.g 
540 
1541 
542 
5*3 
544 
545 
546 

548 
549 



O 



698970 
9838 

700704 
156S 
2431 
3291 
4151 
5008 
5864 
67I8 
7570 
8421 
9270 

710117 
0963 

I8O7 
2650 

3491 
4330 

5167 
6003 
61338 

7671 
8502 

9331 
720159 
0986 
1811 
2634 
3456 
4276 
5095 
5912 
6727 
7541 
8354 
^9165 
9974 
7307Q2 

1589 
2394 

3197 

3999 
4800 

5599 
6397 
7193 

79^7 

8781 

9572 



9057 
9924 
0790 



2 



1654 
2517 

3377 
4236 
5094 
5949 
6803 
7655 
8506 
9355 
0202 
1048 
1892 
2734 
3575 
4414 
5251 
6O87 
6921 
7754 
8585 
9414 
0242 
1068 
I893 
2716 
3538 
4358 
5176 

5993 
68O9 
7623 
8435 
9246 
..'55 
0863 

1669 
2474 

3278 

i4079 
4880 

5679 
6476 

7272 

8O67 

8860 

9^51 



9144 
..11 

0877 

1741 
2603 

3463 
4322 
5179 
6035 
6888 
7740 
8591 
9440 

0287 
1132 

1976 
2818 

3659 

4497 
5335 
6170 
7004 

7837 

8668 

9497 
0325 

1151 
1975 
2798 
3620 
4440 
5258 
6075 
6890 

770* 
8516 
9327 
. 136 
0944 
1750 
2555 
3358 
4160 
4960 
5759 
6556 
7352 
8146 

8939 
9731 



9231 

..98 
0963 

1827 
2669 
3549 
4408 
5265 
6120 
6974 
7826 

8676 

9524 
0371 
1217 
2060 
2902 
3742 
4581 
5418 
62^)4 
7O88 
7920 
8751 
0580 

6407 
1233 
2058 
2881 
3702 
4522 
5340 
6156 
6972 
7785 

8597 
9408 

.217 
1024 
1830 
2635 
3438 
4240 
5040 
5838 
6635 
7431 
8225 
9OI8 
9810 



9317 
.184 

1050 

1913 

2775 
3635 

4494 
5350 
6206 
7059 

79^^ 
8761 

9^^ 
0456 

1301 

2144 

2986 

3826 

4665 

5502 

6337 

7171 
8003 

8834 
9663 
0490 
1316 
2140 
2903 
3784 
4601 
5422 
6238 
7053 
7866 
8678 

9*89 
.298 

1105 

1911 
2715 
3518 
4320 
5120 
59I8 
6715 
7511 
8305 

PO97 
9889 



6 



9404 

.271 
1136 

1999 
2861 

3721 

4579 
5436 

6291 
7144 

7996 
8846 

969^ 
0540 

1385 

2229 
3070 
3910 
4749 
5580 
6421 
7254 
8086 

8917 
9745 
0573 

1398 
2222 
3045 
3866 
4685 
5503 
6320 
7J34 
7948 

8759 
9570 

.378 
1186 

1991 
2796 
3598 
4400 
5200 
5998 
6795 
7590 
8384 

9177 
9908 



9491 
.358 
1222 
2086 

29^7 
3807 
4665 
5521 
6376 

7229 
8081 

8931 

9779 
0625 
1470 

2313 
3154 

3994 
4833 

5669 
6504 
7338 
8I69 
9000 
9S28 
(j655 
1481 
2305 

3127 
3948 

4767 
5585 

6401 

7216 

8O29 

8841 
9651 
.459 
1266 
2072 
2876 

3679 

4480 

5279 
6078 
6874 
7070 
8463 
9256 
..47 



9578 
.444 
13(« 
2172 
3033 
3893 
4751 

5607 
6:162 

7315 
8166 
9015 
9863 
0710 
1554 

2397 
3238 

4078 
4916 
57o3 
6588 
7421 
8253 
9083 
9911 
0738 
1563 

2387 
3209 
4030 
4849 
5667 
6483 

7:^97 
8110 

8922 

9732 

.540 

1347 

2152 

2956 

3759 
4560 

5359 
6157 
6954 

7749 
8543 
9335 
.126 



8 



9064 

.531 
1395 
2258 
3119 

3979 
4837 
5693 
6547 
7400 
8251 
9100 
9948 
0794 
1639 
2481 
3326 
4162 
500J) 
5836 

6671 
7504 
8336 
9I65 

9994 
0821 
1646 
24^ 
3291 
4112 
4931 
574S 
6564 

7379 
8I9I 

9003 
9813 
.621 
1428 
22 i3 
3037 
3839 
4640 
5439 
6237 
7034 

7829 

8622 
9414 

.205 



9751 

.617 

1482 
2344 
3205 
4065 
4922 
5778 
6632 
7485 
8336 
9185 
. . o<^ 
0870 

1723 

2566 

3407 

4246 
5084 
5920 
6754 

7587 
8419 

9248 

"77 
0903 

1728 
2552 
3374 
4194 
5013 
5830 
6646 
7460 
8^73 
9084 

9893 

.702 
1508 
2313 
3117 

391» 
4720 
5519 

6317 
7113 

7908 

8701 

9493 
284 
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OF NUMBERS, 






m 


389 


N 

550 





1 
0442 


2 

0521 


3 
0560 


4 

0678 


5 
0757 


6 
0836 


7 
0915 


8 
0994 


9 
1073 


740363 


551 


1152 


1230 


1309 


1388 


1467 


1546 


1624 


1703 


1782 


I860 


552 


.i939 


2018 


2096 


2175 


2254 


2332 


2411 


2489 


2568 


2646 


553 


2725 


2804 


2882 


2961 


3039 


3118 


3196 


3275 


3353 


3431 


554 


35iO 


358S 


3667 


3745 


3823 


3902 


398O 


4058 


4136 


4215 


555 


4293 


4371 


4449 


4528 


t606 


4684 


4762 


4840 


4919 


4997 


556 


5075 


5153 


5231 


5309 


5387 


5465 


5543 


5621 


5699 


!i777 


557 


5855 


5933 


6011 


6O89 


6167 


6245 


6323 


6401 


6479 


6556 


558 


6634 


6712 


6790 


6868 


6945 


7023 


7101 


7179 


7256 


7334 


559 


7412 


7489 


7567 


7645 


7722 


7800 


7878 


7955 


8033 


8110 


56(> 


8188 


8266 


8343 


8421 


8498 


8576 


8653 


8731 


8808 


8885 


56 \ 


8963 


9040 


^n^ 


9195 


9272 


9350 


9427 


9504 


958 i 


9659 


562 


9736 


9814 


9391 


9968 


..45 


. 123, 


.200 


.277 


.354 


.431 


56:i 


750508 


05 S6 


0663 


0740 


08 17 


0894 


0971 


1048 


1125 


1202 


564 


1279 


i356 


1433 


1510 


1587 


1664 


1741 


18ld 


I895 


1972 


565 


2048 


2125 


2202 


2279 


2356 


2433 


2509 


2586 


2603 


2740 


566 


28l6 


2893 


2970 


3047 


3123 


3200 


3277 


3353 


3430 


3506 


567 


3583 


3660 


3736 


3823 


3889 


3956 


4042 


4119 


4195 


4272 


5(58 


4348 


4425 


4501 


4578 


4654 


4730 


4807 


4883 


496O 


5036 


50*9 


5112 


5189 


5265 


5341 


54 J 7 


5494 


5570 


5640 


5722 


5799 


570 


5875 


5g5 1 


6027 


6103 


61 80 


6256 


6332 


6408 


6484 


6560 


57vl 


6636 


6712 


6788 


6864 


6940 


7016 


7092 


7168 


72M 


7320 


5/2 


739S 


7472 


7548 


7624 


7700 


7775 


7851 


7927 


8003 


8O70 


57.i 


8155 


8230 


8306 


8382 


8458 


8533 


86O9 


8685 


8761 


8836 


574 


8912 


8988 


9063 


9^'^9 


9214 


9290 


9366 


9441 


9517 


9592 


575 


9068 


9743 


98I9 


9894 


9970 


..45 


, 121 


'19^ 


.272 


.347 


570 


760422 


0498 


0573 


0649 


0724 


0799 


0875 


0950 


1025 


UOl 


577 


1176 


1251 


1326 


1402 


»477 


1552 


1627 


1702 


1778 


1853 


578 


1928 


2003 


20/8 


2153 


2228 


2303 


23/8 


2453 


2529 


2604 


^79 


2679 


2754 


2829 


2904 


2978 


3053 


3128 


3203 


3278 


3353 


5b0 


3428 


3503 


35/8 


3653 


3727 


3802 


3877 


3952 


4027 


4101 


581 


4176 


4251 


4326 


4400 


4475 


4550 


4624 


4699 


4774 


4848 


582 


4933 


4998 


5072 


5147 


5221 


5296 


5370 


5445 


5520 


5594 


583 


566g 


5743 


5818 


5892 


5g66 


6041 


6115 


6I9O 


6264 


6338 


584- 


6413 


6487 


6562 


6636 


6710 


6785 


6859 


6933 


7007 


7082 


585 


7156 


7230 


7304 


7^79 


7453 


7527 


7601 


7675 


7749 


7823 


586 


7898 


7972 


8046 


8120 


8194 


8268 


8342 


6416 


8490 


8564 


5b7 


8638 


8712 


8786 


8860 


8934 


9068 


9082 


9156 


9230 


9303 


588 


9377 


9451 


9525 


9599 


9673 


9746 


9820 


9894 


9968 


..42 


589 


7701 15 


0189 


0263 


0336 


0410 


0484 


0557 


0631 


0705 


0778 


590 


0852 


0926 


0999 


1073 


1146 


1220 


1293 


1367 


1440 


1514 


591 


J5«7 


1661 


1734 


1808 


1881 


1955 


2028 


2102 


2175 


2248 


592 


2322 


2395 


2468 


2542 


2615 


2688 


2762 


2835 


29O8 


2981 


593 


3055 


3128 


3201 


3274 


3348 


3421 


3494 


3567 


3640 


3713 


594 


3786 


3860 


3933 


4006 


4079 


4152 


4225 


4298 


4371 


4444 


595 


4517 


4590 


4663 


4736 


4809 


4882 


4955 


5028 


5100 


5173 


596 


5246 


5319 


5392 


5465 


5538 


5610 


5683 


■5750 


5829 


5902 


m 


5974 


6047 


6120 


6193 


6265 


6338 


6411 


6483 


6556 


6629 


59s 


67OJ 


6774 


6846 


6919 


6992 


7064 


7137 


7209 


7282 


7354 


599 


7427 


7499 


7572 


7644 


7717 


7789 


7862 


7934 


1)006 


8O79, 
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N. 

600 

601 
602 

603 
604 
605 
606 

607 
603 

Gog 
610 
61 1 
6i2 
613 
614 
615 
6r6 

617 
618 

6J9 
620 
621 
622 
623 
624 
62/ 



O 



R 



626 
627 
628 
629 

6301 
631 
632 
633 
634 
635 
636 
637" 
638 
639 
640 
641 
642 
643 
644 
645 
(646 
647 
648 



778151 
8874 
9596 

7803 1 7 

1037 
1755 

2473 
3189 
3904 

4617 
5330 
6041 
6751 
7460 
8168 
8875 
9581 
790285 
0988 

i69r 
2392 
3092 

3790 

4488 
5185 
5880 
6574 
7268 

7960 
8651 

9341 

8OOO29 

0717 
1404 
2089 
2774 
3457 
4139 
4821 
5501 
61 80 
6^58 
7^35 

8^U 
8886 
9560 
810233 
0904 
1575 



8224 
8947 
9<569 
0389 
1109 
1827 
2544 
3260 

397^ 
4689 
5401 
6112 
6822 
7531 
8^39 
8946 
9651 
0356 

1059 
1761 



8296 
9019 

9741 
01.61 

1181 

1899 
2616 

3332 
4046 
476O 
5472 
6183 
6893 
7602 
8310 
9016 
9722 
0426 
1129 
I83i 



2402 ' 2532 



649:1.. 2245 



3162 
3860 
4558 
5254 
5949 
6644 

7337 

8O29 

8/?0 

9409 

0098 

0786 

1472 

2158 

2842 

3525 

4208 

4889 

5569 

6248 

6926 

7603 

827d 
8953 

9627 
0300 

0971 

1642 

f23l2 



3231 
3930 
4627 
5324 
6019 

67 J 3 

7406 

8O98 

8789. 

9478 

0107 

0854 

1541 

2226 

2910 

35Q4} 

4276 

4957 

5637 
6316 

6994 
7670 
8346 
9021 
9^94 
0367 
1059 
1799 
2379 



8368 

9091 
9813 
0533 
1253 

1971 

2688 

3403 

4118 

4831 

5543 

6254 

6964 

7673' 

8381 

9O87 

9792 
0496 

1199 
1901 
2602 

3301 
4000 

4697 
5393 
608B 
6782 
7475 
8I67 
8858 
9547 
0236 
0923 
1609 
2295 

2979 
3662 
434"4 
5025 
5705 
6384 
7061 
7738 
8414 
9O88 
9762 

0434 

1106 

1776 
2445 



8441 
9163 
9885 
0605 
1324 
2042 
2;^59 
3475 
4189 
4902 
56l5 
6325 
7035 
7744 
8451 

9^57 
9863 

0567 
1269 



8513 
9236 

^7 
0677 
1396 
2114 
2831 
3546 
4261 

4974 
5686 
6396 
7106 
7815 
8522 
9228 
9933 
0637 
1340 



1971 2041 



2672 

3371 
4070 

4767 

5463 
6158 
6852 
7545 
8236 

8927 
9616 

0305 

0902 

1678' 

2363 

3047 
3730 
4412 
5093 

5773 
64^1 

7129 
7806 

8481 
9156 

9829 
0501 

1173 J 

1843 

2512- 



2742 

3441 

4,139 

4836 

5532 

6227 

6921 

7614 

8305 

8996 
9685 

0373 
1061 

1747 
2432 
3116 

3798 
4480 
5161 
5841 

6519 

7i97 
7873 
8549 
9223 

9896 
0569 

1240 
191:0 
25^9 



8585 
'9308 

..29 
0749 
1468 
2186 
2902 
3618 
4332 
5015 
5757 
6467 

7177 
7885 

8503 

9299 
...4 

0707 
1410 
2111 
2812 
3511 

4209 
4906 
5602 
62(J7 
6990 
7683 

8374. 
9065 

9754 

0442 
1129 
1815 
2^00 
3184 

3867 

4548 

5229 
59O8 

6587 
7264 
7941 
8616 

9290 
9964 
0636 
1307 

1977 
2646 



S658 

9380 

. 101 

0821 

1540 

22581 

2974 

3689 

4403 

5116 

5828 

6538 

?248 

7956 

8663 

9^69 

..74 

0778 

1480 
2181 
2882 
3581 
42/9 
4976 
5672 

6366 

7O6O 
7752 
8443 
9134 
9823 
0511 
1198 
1884 
2568 
3252 
3935 
4616 

5297 
59:^6 
6655 
7332 
80P8 
8684 
9358 
..31 
0703 
1374 
2044 
271a 



-"«- 



S 



-8730 
9452 
. 173 
OS93 
1612 

2329 
3046 

3761 
4475 

5187 
5899 

6609 

7319 
8O27 

8734 
9440 
. 144 
0848 
1550, 
2252 
2952 
3651 

4349 
^045 
574^1 
6436 

7129 

7821 
8513 
9203 

9892 
05b0 
1266 
1952 

2637 
3^21 
4003 
4685 
5365 
6044 
6723 
7400 

8076 

8/51/ 
9425 

"98 
0770 

1441 

2111 

2780 



8802 
9524 
.245 
0965 
l684 
2401 

3117 
3832 

4546 
5259 
5970 
6680 
7390 
8O98 
8804 
9510 
.215 
O9I8 
1620 
2322 
3022 
3721 
4418 
5115 
5811 
6505 

7198 
7890 
8582 
9272 
9961 
06'48 
1335 
2021 
2705 
3389 

4071 
4753 
5433 
6112 

6790 
7467 

8143 
8818 

9492 
. 165 

0837 
1508 

2178 

2847 
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N. 





J_ 


3 


3 


4 


5 


_6_ 


7 


8 


~r 


tJ50 


81MJ13 


2p80 


3047 


3114 


3181 


iiA7 


3314 


3381 


344B 


35 i7 


651 


3531 


3CJ48 


3714 


3781 


3949 


3914 


3981 


401tJ 


4114 


4164 


652 


4'2-W 


4'J14 


4381 


4417 


4514 


4581 


46*7 


4714 


4780 


4847 


6.W 


4913 


49tiO 


5046 


5113 


5179 


5246 


5il2 


5378 


5445 


5^\\ 


f4 


5578 


5644 


5711 


5777 


5843 


5910 


5976 


(X>42 


6109 


6XS,5 


655 


6-m 


6'308 


6374 


6440 


6506 


6573 


6639 


6705 


677T 


%8 


056 


6904 


?g? 


7036 


7102 


7169 


7235 


7301 


7367 


7433 


'^ 


657 


7565 


7698 


7764 


7830 


78y6 


7962 


8p28 


SOQA 


55B 


S226 


B292 


8358 


8424 


6490 


8556 


6622 


8688 


^54 


sssp 


659 


8885 


8951 


9017 


9083 


9149 


9215 


9281 
99^9 


9346 


9412 


a47« 


660 


9.M'" 


S61O 


9676 


9741 


9807 


9873 


...4 


..70 


.,136 


661 


830'20t 


0267 


0333 


0399 


0464 


0530 


0595 


0661 


0727 


0792 


662 


0858 


0934 


0989 


1055 


113O 


1J86 


1251 


1317 


'1382 


14^ 


663 


1514 


1579 


1645 


1710 


1775 


1841 


1900 


1972 


2037 


2i03 


664 


2168 


223.J 


2399 


2364 


2430 


2495 


2560 


2636 


2691 


2756 


665 


'^822 


2887 


^19^3 


?0t8 


3083 


3148 


3213 


3279 


3344 


^ 


666 


3474 


"3539 


ieoi 


3670 


3735 


38O0 


3865 


3930 


>996 


66? 


4126 


4.91 


4356 


4321 


4386 


445 J 


4316 


4581 


46-16 


471) 
5361 


66b 


4776 


484! 


49«6 


4971 


,5036 


5101 


6166 


523) 


5'>96 


669 


5k26 


5491 


*556 


5621 


5686 


5751 


5815 


5880 


5945 


60fO 


670 


6675 


6140 


6i(ii 


6269 


6334 


6399 


6*64 


6326 


6593 


6658 


671 


6723 


0767 


6852 


6917 


6aBi 


7046 


7111 


7i?fi 


7240 


7?03 


672 


7369 


7434 


7499 


7563 


7628 


7692 


7757 


7831 


7886 


7851 


673 


sola 


8080 


81-J4 


8209 


8373 


8338 


8402 


8467 


8531 


8695 


674 


8660 


8724 


67^9 


(1853 


891s 


8982 


9046 


9111 


9175 


92391 


673 
676 


93(H 


9368 


9*32 


y497 


9561 


9625 


9690 


9754 


991 8 


988a 


9y47 


.. n 


.,75 


■139 


.:J04 


,268 


.332 


•39? 

1037 


.4(W 


.525 


677 


830589 


0653 


0717 


0781 


084^ 


0909 


0973 


1102 


1166 


678 


1230 


1294 


1358 


1422 


1486 


1550 


1614 


1678 


1742 


I806 


fo^ 


- 1*70 


1934 


1998 


2Q62 


2126 


21 89 


2233 


2317 


2391 


2445 


680 


^509 


257a 


■2637 


2700 


3764l3Sa8 


2892 


2956 


3020 


3063 


3147 


3211 


3-275 


3^38 


3402 


3466 


3530 


35fl3 


3657 


37gl 


682 


3784 


3848 


39,12 


3975 


4039 


4103 


4l66 


4380 


4394 


43^7 


6S3 


4421 


J484 


45^6 


4611 


4675 


4739 


4802 


4866 


49^9 


499^ 


684 


3056 


SlSO 


31^3 


5247 


5310 


5373 


5437 


5500 


5564 


36W 


685 


569 j 


5754 


58,(7 


5S81 


0944 


60ij7 


6071 


6134 


6197 


6361 


686 


0.24 


6387 


64a\ 


6514 


6577 


6S41 


6704 


670/ 


6830 


6894 
7525 


687 


o.)5; 


76'iP 


70^3 


7146 


7210 


7273 


7336 


7399 


7402 


l| 


75aS 


76ai 


7715 


7778 


7841 


790* 


7967 


eo30 


8O93 


87a6 


'^■iig 


62S2 


S345 


8408 


S471 


8534 


8597 


■1^630 


8723 


^IQ 


tiH-ig 


«9I2 


Sti75 


9038 


9IUI 


9164 


9iW7 


9289 


9352 


9U5 




./'"'^ 


^i\ 


.9604 


9667 


9759 


9792 


9855 


gjiiB 


9981 


■443 


&-1O106 


01^ 


mi 
08J9 


(JHy4 


Oi*57 


0410 


0482 


0545 


060^ 


0671 


1 i>;-!3 


09^1 


0984 


1046 


1109 


1172 


ua4 


)297 


1359 


1:^2 


t4.85 


1,547 


16(0 


m 


1735 


1797 


\66o 


19«^ 


iliSS 


.3047 


:4Uo 


*m 


2235 


^w. 


3^60 


24ii2 


M94 


23,4;; 


: ^ftX, 


2673 


37*4 


-if&e 


28^ 


mi 


2983 


3046 


aros 


3*70 


■ 3-2J» 


3395 


3357 


3410 


3483 


3544 


3606 


366^ 


318 1 


3793 


S! 


' 3655 


3i918 


3980 


40J2 


4104 


4 J 66 


4229 


4391 


4353 


4413 


6^ 


'4477 


4539 


460^ 


4664 


4726 


4788 


4850 


4^13 


4974 


5036 
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700 
701 
702 
703 
704 

705 

70a 

707 

708 

709 

710 

711 

712 

713 
714 
715 

716 
717 

718 

i7i9 
720 
721 

72a 

723 
724 

725 

726 

727 

728 

729 

730 

731 

732 

733 

734 
735 
73(5 

737 
738 
739 
740 
741 
742 
743 
744 
745 
746 

747 
748 



845098 
57I8 
6337 
6955 
7573 
8189 
8805 

9419 
850033 

0646 

1258 

1870 

2480 

3090 

3^8 

4306 

4913 

5519 

6124 

6729 

7332 

7935 

8537 

9138 

9739 
860338 

. O937J 
1534 

2131 

2728 

3323 

3917 
4511 
5104 

56g6 

6287 
6878 

7467 

8056 

. 8644 

9232 

9818 
870404 

0989 
1573 
2156 

2789 
8321 

3902 



5160 
578O 

6399 
7017 
7634 
8251 
8866 

9481 
0095 

0707 
1320 

1931 
2541 
3150 

3759 
4367 
4974 
5580 
6185 
6789 
7393 

799^ 
8597 

9198 

9799 
0398 
0996 
1594 
2191 

2787 

3382 

3977 
4570 
5163 
5755 
6346 

6937 
7526 
8115 
8703 
9290 

9877 

0462 
1047 
1631 
2215 

2797 

3379 
3960 



4482 1 4540 1 



5222 
5S42 
6461 

7079 
767^ 

8312 

8928 

9542 

0156 

0769 
1381 

1992 
2602 
3211 
3820 
4428 
5034 
5640 
6245 
6850 
7453 
8056 

8657 
9258 

9859 
0458 
1056 
1654 
2251 

2847 

3442 

4036 

4630 

5222 

5814 

6405 

699G 

75S5 

8 174 

8762 

9^49 

9935 

0521 

1106 

1690 

2273 

2855 

3437 
4018 
4598 



5284 
5904 
6523 
7141 
7758 
8374 

8989 

9604 

0217 

0830 

1442 

2053 

2663 

3272 

3881 

4488 

5095 

5701 

6306 

6910 

7513 

8116 

8718 

9318 

991 8 

0518 

1116 

1714 

2310 

2906 

3501 

4096 

4689 
5282 

5874 

5465 

7055 

7644 

8233 

8821 

94O8 

9994 

0579 
1164 
1748 
2331 
2913 
3495 

407^ 
4656 



5346 

5g66 

6585 
7202 

7819 

8435 

T9051 

9665 

0279 
0891 
1503 
2114 
2724 
3333 
3941 
4549 
5156 
5761 
6366 
6970 
7574 
B176 
8778 

9379 
9978 
0578 
1176 
1773 
2370 
2966 
3561 
4155 
4748 
5341 i 5400 



5408 
6028 
6646 
7264 
7881 

8497 
9112 
9726 
0340 
0952 
1564 
2175 
2785 
3394 
4002 
4610 
>52l6 
5822 

6427 
7031 
7634 
8236 
8838 

9439 
..38 

0637 
1236 
1833 
2430 
3025 
f3620 
4214 
4808 



5933 
6524 
7114 
7703 
8292 

8879 
9466 
..53 
0638 
1223 
1806 
2389 

2972 
3553 
4134 
4714 



5992 

6583 

7173 

7762 

8350 

8938 

9525 

• 111 

0696 

1281 

1865 

2448 

3030 

3611 

4192 

4772 



5470 
6Q90 
6708 
7326 
7943 
8559 

9174 
9788 
0401 
1014 
1625 
2236 
2846 
3455 
4063 
4670 

5277 
5882 

6487 

7091 

7^94 

8297 

8898 

9499 
..98 

0697 
1295 
1898 

2489 
3085 

368O. 
4274 

4867 
5459 
6051 
6^42 
7232 

7821 
8409 

8997 

9584 

.170 
0755 

1339 
1928 

2506 
3088 

3669 
4250 



5532 

6151 

6770 

7388 

8004 

8620 

9235 

9849 

0462 

1075 

1686 

2297 
2907 
3516 
4124 
4731 
5337 
5943 
6548 
7152 
7755 
8357 

8958 
9559 

. 158 
0757 
1355 
1952 
2549 
3144 
3739 
4333 
4926 
5519 

6110 

6701 

7291 

7880 

8468 

9056 

9^2 

.228 

0813 

1398 

1981 

2564 

3146 

3727 
4308 



8 



2 4830 [4888 



5594 

6213 

6832 

7449 
8066 

8682 

9297 

9911 
0524 

U36 

1747 
2358 
2968 

3577 
4185 

4792 
5398 
6003 
6608 
7212 
7815 
8417 
9OI8 

9619 
.218 

0817 
1415 
2012 
2608 
3204 

3799 
4392 
4985 
5578 
6l(%| 
6760 
7350 

7939 

8527 
9114 

9701 
.287 

0872 
1456 
2040 
2622 
3204 
3785 
4366 
4945 



6656 

6275 

6894 

7511 

8128 

8743 

9358 

9972 
0585 

1197 
I8O9 

2419 
3029 
3637 
4245 

4852 

5459 
6064 
6668 
7272 
7875 

8477 

9078 

'9^79 
.278 

0877 
1475 
2072 
2668 
3263 

3858 
4452 
5045 

5637 
6228 

68 19 
74Q9 
7998 
S586 
917s 
9760 
.345 
0930 
1515 
2Q98 
2681 
3262 
3844 
4424 
5003 



\ 





• 






OF NUMBERS. 








399 


750 


o 


1 
51)9 


2 

5177 


3 

5235 


4 

52^3 


5 
5'i5l 


6 
5409 


7 

5466 


5524 


r9 ' 

5582 


87-506J- 


751 


5640 


5ii9% 


5756 


5813 


3871 


5929 


5987 


6045 


6102 


6160 


752 


6218 


6276 


6333 


6391 


6449 


0507 


6564 


6622 


6680 


6737 


753 


67i)5 


6853 


6910 


6968 


7026 


7083 


7141 


7195 


7256 


7314 


75.4 


7^7 i 


7429 


7487 


75*4 


7602 


7.659 


7717 


7774 


7832 


7889 


755 


7^47 


8034 


8052 


8II9 


8177 


8234 


8292 


8349 


8407 


8464 


756 


. 6522 


^579 


8637 


8694 


8752 


88Q9 


8866 


8924 


89ii 


9039 


757 


9096 


9153 


9211 


9268 


9325 


9383 


9440 


9497 


9555 


9612 


758 


9509 


9726 


9784 


9841 


9898 


9956 


.. 13 


..70 


.12^ 


, 185 


759 


880242 


0299 


0356 


0413 


0471 


0528 


0585 


0642 


0699 


0756 


76() 


0814 


0871 


0928 


0985 


1042 


1099 


1156 


1213 


1271 


1328 


7(5 1 


rs85 


1442 


1499 


1556 


1613 


1670 


1727 


1784 


1841 


1808 


762 


1955 


2012 


2069 


2126 


2183 


2240 


2297 


2354 


2411 


2468 


763 


2525 


2581 


2638 


2695 


2752 


28P9 


2866 


2923 


298O 


3037 


704 


3093 


3150 


3207 


3264 


3321 


3377 


3434 


3491 


3548 


3605 


765 


3601 


37I8 


3775 


3832 


3888 


3945 


4003 


4059 


4115 


4172 


766 


4229 


5285 


4342 


4399 


4455 


4512 


4569 


4625 


4682 


4739 


767 


4795 


4852 


4909 


4965 


5022 


5076 


5135 


5192 


5248 


5305 


768 


5301 


5418 


5474 


5531 


5587 


5644 


5700 


5757 


5813 


5870 


769 


5926 


5983 


6039 


6096 


6152 


6209 


6265 


6321 


6378 


6434 


770 


6491 


6547 


6604 


6660 


6716 


6773 


6829 


6885 


6942 


6998 


77 i 


7054. 


7111 


7167 


7233 


7280 


7336 


7392 


7449 


7505 


7561 


772 


7617 


7674 


7730 


7786 


7842 


7898 


7955 


8011 


8O67 


8123 


77^ 


8I79 


8236 


8292 


8348 


8401 


8460 


8516 


8573 


8629 


8685 


774 


8741 


8797 


8853 


89Q9 


8965 


9021 


9077 


9134 


9190 


9246 


775 


9302 


9358 


9414 


9470 


9526 


9582 


9638 


9694 


9750 


9806 


776 


9862 


99^8 


9974 


..30 


,.86 


.141 


.197 


.253 
0812 


.309 


.365 


777 


890421 


0477 


0533 


0589 


0645 


0700 


0756 


0868 


0924 


77^ 


09^0 


1035 


1091 


1147 


1203 


1259 


1314 


1370 


1426 


1482 


779 


1537 


1593 


1649 


1705 


1760 


1816 


1872 


1928 


1983 


2039 


780 


»095 


2150 


2206 


2262 


2317 


2373 


2429 


2484 


2540 


2595 


761 


2651 


2707 


2762 


2818 


2873 


2929 


2985 


3040 


3096 


3151 


782 


3207 


3262 


3318 


3373 


3429 


34^4 


3540 


3595 


3651 


3706 


783 


3762 


3«17 


3873' 


3928 


39S4 


4039 


4094 


4150 


4205 


4261 


78 i 


4316 


4371 


4427 


4482 


4538 


4593 


4648 


4704 


4759 


4814 


785 


4870 


4925 


498O 


5036 


5091 


5146 


5201 


5257 


5312 


5367 


7Q6 


5423 


5478 


5533 


5588 


5644 


5699 


5754 


5S09 


5864 


5920. 


7^7 


5975 


6030 


^085 


6140 


6I95 


6251 


6306 


6361 


6416 


6471 


768 


6526 


6581 


^636 


^692 


6747 


6802 


6857 


6912 


6967 


7022 


789 


7077 


7132 


7187 


7242 


7'^97 


7352 


7407 


7462 


75}7 


7572 


790 


16%7 


7682 


77'^7 


779^ 


7^47 


7902 


7957 


8012 


W67 


81ii2 


791 


81 76 


8231 


'8286 


8341 


8396 


8451 


8506 


8561 


Q615 


8670 


792 


8725 


8780 


8835 


8890 


8944 


8999 


9054 


9109 


91^4 


921^ 


793 


9(m 


9328 


9383 


9437 


9492 


9547 


96O2 


9656 


97.11 


9766 


794 


9821 


9875 


^930 


9985 


-.39 


..94 


.149 


.203 


.2558 


.312 


795 


900367 


0422 


0476 


0531 


05^6 


064O 


0695 


0749 


0804 


0859 


796 


0913 


0968 


1022 


1077 


1131 


1186 


1240 


1^95 


1349 


1404 


797 


1458 


1513 


156; 


1622 


1676 


1731 


1785 


1840 


I8p4 


1948 


79^ 


2003 


2057 


2112 


21^6 


2221 


2275 


23^29 


2384 


«438 


2492 


799 


2547 


2601 


2655 


2710 


2764 


2818 


2873 


2927 


298 1 


3036 


• 









• 


Dd 








(- .^^ ■— ■ 


■ 



394 






LOGARITHMS 










N. 


] i 


2 


3 


4 


5 


6 


7 


8 


9 


8(X) 


903090 


3144 


3199 


325;> 


3307 


3364 


3416 


3470 


3524 


3578 


801 


3633 


368/ 


3741 


3795 


3849 


•3904 


3958 


4012 


4066 


4120 


|802 


4174 


4229 


4283 


4337 


4391 


4445 


4499 


4553 


4607 


466J 


803 


' 4716 


4770 


4824 


4878 


4932 


4986 


5040 


5094 


5148 


5202 


804 


5256 


5310 


5364 


5418 


5472 


5526 


5580 


5634 


5688 


5742 


805 


5796 


5850 


5904 


5g5S 


6012 


6066 


6II9 


6173 


6227 


6281 


806 


6335 


6389 


6443 


6497 


6551 


660^ 


6658 


6712 


6766, 


6820 


807 


6874 


6927 


6*981 


7035 


7089 


7143 


7196 


7250 


7304 


7358 


808 


7411 


74<)5 


7519 


7573 


7626 


768O 


7734 


7787 


7841 


7S95 


809 


7949 


8002 


8056 


8110 


8I63 


8217 


8270 


8324 


8378 


8431 


810 


-64S5 


8639 


8592 


8646 


8699 


8753 


8807 


S86O 


8914 


S967 


sn 


9021 


9074 


9128 


9I8I 


9235 


9289 


9342 


939^ 


9449 


9503 


812 


9556 


9610 


9663 


9716 


9770 


9823 


9877 


9930 


9984 


..37 


813 


910091 


0144 


0197 


0251 


0304 


0358 


0411 


0464 


0518 


0571 


814 


0624 


Ob78 


0/31 


0784 


0838 


0891 


0944 


0998 


1051 


1104 


815 


1158 


Till 


1264 


1317 


1371 


1424 


1477 


1530- 


1584 


1637 


8l6 


1690 


1743 


1797 


1850 


1903 


1956 


2009 


2063 


2116 


2169 


817 


2222 


2275 


2323 


2381 


2435 


2488 


2541 


2594 


2647 


2700 


818 


2753 


2806 


2859 


2913 


2066 


3019 


3072 


3125 


3178 


3231 


SI9 


3284 


3337 


3390 


3443 


3496 


3549 


3602 


,3635 


37O8 


3761 


820 


3814 


3867 


3920 


3973 


4026 


4079 


4132 


4184 


4237 


4290 


821 


4343 


4396 


4449 


4502. 


4555 


4008 


4660 


4713 


4766 


4819 


822 


4872 


4925 


4977 


5030 


5083 


5136 


5189 


5241 


5294 


5347 


823 


5400" 


5453 


5505 


5558 


5611 


5664 


5716' 


5769 


5822 


5875 


824 


S927 


598O 


6033 


6083 


6l38' 


6191 


6243 


6296 


6349 


6401 


825 


6454 


6507 


6559. 


6612 


6664 


6717 


6770 


6822 


6875 


6927 


826 


698O 


7033 


7085 


7138 


7190 


■7243 


7295 


7348. 


7400 


7453 


827 


7506 


7558 


7611 


7^63 


7716 


7/68 


7820 


7873 


7925 


797B 


828 


8030 


7083 


8185 


8188 


8240 


8293 


8345 


6397 


8450 


8502 


829 


8555 


8007 


8659 


8712 


8764 


8816 


S869 


S921 


8973 


9026 


830 


9078 


9130 


9183 


9235 


9287 


9340 


9392 


9444 


9496 


9549 


831 


96OI 


9653 


9706 


9758 


9810 


9S62 


9914 


99^7 


..19 


..71 


832 


920123 


0176 


0228 


O280 


0332 


0384 


0436 


0^189 


0541 


0593 


833 


0645 


OO97 


0749 


0801 


0853 


0306 


0958 


1010 


1062 


1114 


834 


1166 


'1218 


1270 


1322 


1374 


1426 


1478 


1530 


1582 


1634 


835 


1686 


1738 


1790 


1842 


1 894 


1946 


1998 


2050 


2102 


2154 


836 


2206 


2258 


2310 


2362 


241.4 


2466 


2518 


2570 


2622 


2674 


837 


2725 


2777 


2829 


2881 


2933 


2985 


3037 


3O89 


3140 


3192 


838 


3244 


3296 


3348 


3399 


3451 


3503 


3555 


3607 


365s 


3710 


83(> 


3762 


3614 


386.) 


3917 


3969 


4021 


4072 


4124 


4176 


4228 


840 


4279 


4331 


4383 


4434 


4486 


4538 


4589 


4641 


4693 


4744 


841 


4796 


4848 


4899 


4951 


5003 


5054 


5106 


5157 


5209 


5261 


842 


5312 


5364 


5415 


5467 


5518 


5570 


5621 


567:i 


5725 


5776 


843 


5828 


5879 


5931 


5982 


§034 


6085 


6137 


61 88 


6240 


6291 


844 


^342 


6*394 


6445 


6497 


6548 


6600 


6651 


6702 


6/54 


6805 


845 


6857 


69O8 


()959 


7011 


7062 


7114 


7165 


7216 


7268 


7319 


846 


7370 


7422 


7473. 


7524 


7576 


7627 


7678 


7730 


7781 


7832 


8*7 


' 7883 


7935 


7986 


8037 


8088 


8140 


8191 


8242 


8293 


8345 


848 


* 8390 


8447 


849b 


8549 


8601 


8652 8703 


8754 


8805, 


8857 


849 


89O8 8959 1 


9OJO 9061 


9112 9163.' 9215 


9266 


9317 


9368 
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OF NUMBERS, 








Sgs 


N. 
850 


I. 


2 


3 


445 6 


7 ' 8 


9 


9'^9419 


9470 


9521 


9572 


9623 


9^74 


9725 


9776 


9827 


9S79 


851 


, 9930 


998 ^ 


..32 


^..83 


.134 


. 185 


.236 


.287 


.338 


''^S9 


852 


9?Oi40 


0-^9 » 


0542 


0592 


06-13 


0694^ 


0745 


0796 


0847 


0898 


a53 


0949 


iOOO 


1051 


1102 


rll53 


1204 


1254 


1305 


1356 


1407 


85^1 


1458 


1509 


1560 


1610 


1661 


J712 


1763 


1814 


1865 


1915 


855 


im 


2017 


2068 


2118 


2169 


2220 


2271 


2322 


2372 


2423 


856 


2474 


2524 


2575 


2626 


2677 


2727 


2778 


2829 


2879 


29SO 


857 


298 1 


3031 


3o82 


3133 


3183 


3234 


3285 


3335 


3386 


3/*37 


858 


3487 


3538 


3589 


3639 


3690 


3740 


3791 


3841 


3892 


3S^3 


859 


3993 


4044 


4094 


4145 


4195 


4246 


4296 


4347 


4397 


4448 


seio 


4498 


4549 


4599 


4650 


4700 


4751 


4801 


4852 


4902 


4953 


861 


5003 


5054 


5104 


5154 


5205 


5255 


5306 


5356 


5406 


5457 


S6i 


5507 


5558 


*608 


565S 


5709 


5759 


5809 


5860 


5910 


5960 


863 


6011 


6O6I 


6111 


6162 


6212 


6262 


6313 


6363 


6413 


6463 


664 


651^; 


6564 


6614 


^6665 


6715 


6765 


6815 


6865 


6916 


6Q66 
7468 


865 


7016 


7066 


7ll7 


7167 


7217 


7267 


7317 


7367 


7418 


866 


7518 


7508 


7618 


7668 


7718 


7769 


7819 


7869 


7919 


7909 


867 


8OI9 


8O69 


8119 


8I69 


'8219 


8269 


8320 


8370 


6420 


8470 


868 


fc520 


8570 


8620 


8670 


8720 


8770 


8820 


887.0 


8919 


8970 


869 


9020 


9070 


9120 


917'0 


9220 


9270 


9320 


9369 


9419 


9469 


870 


9519 


9569 


9619 


9669 


9719 


9769 


98I9 


9^69 


99»8 


9968 


671 


94001 8 


0068 


Oils 


0168 


0218 


0267 


0317 


0367 


0417 


0467 


8/2 


05l6 


0566 


0616 


0666 


0716 


0765 


0815 


0865 


0915 


0964 


873 


1014 


1064 


1114 


1163 


1213 


1263 


1313 


1362 


1412 


1462 


874 


1511 


1561 


1611 


1 660 


1710 


1760 


I8O9 


1859 


1909 


1958 


875 


2008 


2058 


2107 


2157 


2207 


2256 


2306 


2355 


2405 


2455 


876 


2M)4 


2554 


2603 


2653 


2702 


2752 


2801 


2851 


2901 


2950 


877 


3000 


3049 


S099 


3148 


3198 


3247 


3297 


3346 


339^ 


3445 


878 


4 3495 


3544 


3593 


3643 


3692 


3742 


3791 


3841 


3890 


3939 


879 


3989 


4038 


4088 


4137 


4i8r6 


4236 


4285 


4335 


4384 


4433 


880 


4483 


4532 


4581 


4631 


4680 


4729 


4779 


4828 


4877 


4927 


881 


4CJ76 


5025 


5074 


5124 


5173 


5222 


527:? 


5321 


6370 


5419 


88:i 


S469 


5518 


5567 


5616 


5665 


5715 


5704 


5813 


5862 


5912 


883 


596I 


6010 


6059 


6108 


^*^ 


6207 


6256 


6305 


6354 


6403 


884 


6452 


6501 


655 1 


6600 


66'^ 669s 


6747 


6796 


6845 


6894 


88i^ 


^ 6943 


6992 


7041 


7090 


7140 


7I89 


7238 


7287 


7336 


7385 


886 


7434 


7483 


7532 


7581 


7630 


7679 


7728 


7777 


7826 


7875 


887 


7924 


7973 


S022 


8O7O 


8119 


8168 


8217 


8266 


8315 


8365 


888 


8413 


8462 


8511 


8560 


8609 


8657 


8706 


8755 


8804 


8653 


889 


8902 


8951 


8999 


9048 


9097 


9146 


9195 


9244 


9292 


9341 


890 


9390 


9439 


9488 


9536 


9585 


9634 


9653 


9731 


9780 


9829 


891 


. 9878 


992Q 


9975 


..24 


..73 


.121 


• 170 


.219 


.267 


.316 


892 


950365 


0414 


04 O2 


0511 


0560 


0608 


0657 


0706 


0754 


0803 


893 


085 1 


0900 


0949 


0997 


1046 


1095 


1143 


1192 


1240 


1289 


894 


1338 


1386 


1435 


1483 


1532 


1580 


1629 


i()77 


1726 


1775 


895 


1823 


1872 


1920 


1969 


2017 


2066 


2114- 


2163 


2211 


2260 


m 


2308 


2356 


24O5 


2453 


^502 


2550 


2599 


2647 


2P96 


2744 


807 


27§2 


2841 


2889. 


2938 


'2986 


3034 


3083 


3131 


3180 


3228 


S98 


3276 


3325 


3373 


3421 


3470 


3518 


S566 


3615 


3663 


3711 


m. 


3760 


3808 


3856 


3905 


3953 


4C01 


4049 


4098 


4146 


4194 
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LOGARri'UMS 


,. -. 








N." 

9OU 





1 
4291 


2 
4339 


3 

4387 


4 
4435 


5 
4484 


6 

4532 


7 
4580 


8 
4628 


'9 [ 
4677 


954243 


901 


4725 


4773 


4821 


4869 


49I8 


4966 


5014^ 


6O62 


5110 


5158 


902 


5207 


5255 


5303 


5351 


5399 


5447 


5495 


5543 


5592 


5640 


903 


56S8 


5736 


5784 


5832 


5880 


5928 


5976 


6024 


6072 


6120 


904 


6t6S 


6216 


6265 


6313 


6361 


6409 


6457 


6505 


6553 


6601 


905 


6649 


6697 


6745 


6793 


6840 


6888 


6936 


6984 


7032 


7080 


906 


7128 


717617224 


7272 


7320 


7368 


7416 


7464 


7512 


7559 


907 


7607 


7655 


7703 


7751 


7799 


7847 


7894 


7942 


7990 


80^8 


9O8 


8086 


8134 


8181 


8229 


8277 


8325 


8373 


8421 


8468 


8516 


909 


8564 


8612 


8659 


8707 


8755 


8803 


88^0 


8898 


8946 


8994 


910 


9041 


9089 


9^'^7 


9185 


9232 


9280 


93^8 


9375 


9423 


9471 


911 


95 18 


9566 


9614 


966I 


9709 


9757 


9804 


9852 


9900 


9947 


912 


999^ 


..42 


..90 


.138 


. 185 


.233 


.280 


.828 


.376 


.423 


913 


960471 


0518 


0566 


0613 


0661 


0709 


0756 


0804 


085 i 


O899 


9H 


0946 


0994 


1041 


1089 


1136 


1184 


1231 


1279 


1326 


1374 


915 


1421 


1469 


1516 


1563 


1611 


1658 


1706 


1753 


1801 


1848 


916 


1895 


1943 


1990 


2038 


2085 


2132 


2180 


2227 


2275 


2322 


917 


^ 23(59 


2417 


2464 


2511 


2559 


26OO 


2653 


2701 


2748 


2795 


9I8 


2843 


2890 


2937 


2985 


3032 


3079 


3126 


3174 


3221 


3268 


919 


3316 


3363 


3410 


3457 


3504 


3552 


3599 


3646 


3693 


3741 


920 


3788 


3835 


3882 


3929 


S977 


4024 


4071 


4118 


4165 


4212 


921 


4260 


4307 


4354 


4401 


4448 


4495 


4542 


4590 


4637 


4684 


92a 


4731 


4778 


4825 


4872 


4919 


4966 


5013 


5061 


5108 


5155 


923 


5302 


5249 


5296 


5343 


5390 


5437 


5484 


5531 


5578 


5625 


924 


5672 


5719 


5766 


5813 


5860 


5907 


5954 


6001 


6048 


6O95 


925 


6142 


61 89 


6236 


6283 


6329 


6376 


6423 


6470 


6517 


6564 


9^^ 


6611 


6658 


6705 


6752 


6799 


6845 


6892 


6939 


6986 


7033 


927 


7O8O 


7127 


7173 


7220 


7267 


7314 


736I 


74O8 


746*4 


7501 


928 


7548 


7595 


7642 


7688 


7735 


7782 


7829 7875 


7922 


7969 


9^9 


8016 


8062 


BIO9 


8156 


8203 


8249 


8296 8343 


8390 


8436 


930 


8483 


8530 


85/6 


8623 


8670 


8716 


8763 


8810 


8856 


8903 


931 


8950 


8996 


9043 


9090 


9136 


9183 


9229 


9276 


9323 


93^ 


932 


9416 


9463 


9509 


9556 


96O2 


9649 


9695 


9742 


9789 


9835 


933 


9882 


99^8 


9975 


..21 


..68 


.114 


.161 


.207 


.254 


.300 


934 


970347 


0393 


0440 


0486 


0533 


0579 


0626 


0672 


0719 


0765 


935 


0812 


0858 


0904 


0951 


0997 


1044 


1090 


1137 


1183 


1229 


936 


1276 


1322 


1369 


1415 


1461 


1508 


1554 


1601 


1647 


1693 


937 


1740 


1786 


1832 


1879 


1925 


1971 


2018 


2064 


2110 


2157 


938 


2203 


2249 


2295 


2342 


2388 


2434 


2481 


2527 


2573 


26ip 


939 


2666 


2712 


2758 


2804 


2851 


2897' 


2943 


2989 


3035 


3082 


940 


*3128 


3174 


3220 


3266 


3313 


3359 


3405 


3451 


3497 


3543 


941 


3590 


3636 


3682 


3728 


3774 


3820 


38(56 


3913 


3069 


4005 


942 


4051 


4097 


4143 


4189 


4235 


4281 


4327 


4374 


4420 


4466 


943 


4512 


4558 


4604 


4650 


4696 


4742,^ 


4788 


4834 


4860 


4926 


944 


4972 


5018 


5064 


5110 


5156 


5202 


5248 


5294 


5340 


5386 


945 


5435^ 


5478 


5524 


5570 


5616 


5662 


5707 


5753 


^799 


5845 


946 


5891 


5937 


5983 


6O29 


6075 


6121 


6167 


6212 


6268 


6304 


947 


6350 


6396 


6442 


6488 


6533 


6579 


6625 


6671 


S717 


6763 


948 


6808 


6854 


6900 


6946 


^99^ 


7087 


7083 


7129^ 


7i7^ 


7220 


9^9 

• 


7205 


7312 


73516 


7408 


7¥p 


7495 


7541 


73^6 


7632 


[7^ 



I' 



} 



OF NUMBERS. 



N^ 
950 

9^1 

953 
954 
955 
956 

957 
958 
959 
960 
961 
962 
963 

904 

9Q5 

m 
m 

908 

970 
971 
972 

973 
974 
975 

976 

977 
978 

9?9 
980 

9B1 
1982 
983 
984 
965 
986 

987 
988 

989 
990 

991 
992 
993 
994 
995 
996 

997 

1998 

999 



977724 
8181 
8637 

9093 

9548 
980003 
0458 
0912 
1366 

I8I9 
2271 
2723 
3175 
3626 

4077 
4527 

4977 
5426 
5875 
6324 
6772 

7219 
7666 

8113 

8559 
9005 
9450 
9895 

990339 

0783 
1226 

1669 
2111 

2554 

2995 
3436 

3877 
4317 
4757 

5196 
5635 
6074 
6512 

6949 
7386 
7823 
8259 
iB695 

9131 
9565 



\ 



■<■ " ■ I | l ^ . w* 



7769 

8226 
8683 
9138 
9594 
0049 
050J 

0957 
1411 
1864 
2316 
2769 
3220 

3671 
4122 
4572 
5()22 

5471 
5920 
6369 

6817 
7264 

77^^ 
8157 
8604 
9049 
9494 
9939 
0383 
0827 
1270 
1713 
2156 

2598 
3039 
3480 

3921 
4361 
4801 
5240 

5679 
6117 
6555 
699s 
7*30 

7867 

8303 

8739 
9174 

96Q9 



7815 
,8272 
8728 
9184 

9639 

0(094 
0549 

1003 
1456 

1909 
2362 
2814 
3265 
3716 
4167 
4617 
5067 
5516 
5965 
6413 
6861 
7309 
7756 
8202 
8648 

9049 
9539 

9983 

0428 

0871 

1315 

1758 

2200 

2642 

3083 

3524 

3965 

4405J 

4845 

5284 

5723 

6I61 

6599 

7037 

7474 

7910 

8347 
8782 
92I8 
9652 



^m^^tim 



7861 

8317 

8774 

9230 

9685 

014O 

0594 

1048 

1501 

1954 

2407 

2859 

3310 

3762 

4212 
4662 

5U2 
5561 

6010 
6458 
69O6 
7353 
7800 

824; 

8693 
9i38 
9583 
. . 28 
0472 
O9I6 
1359 

1802 
2244 
2686 
3127 
3568 
4o09 
4449 
4889 

5328 
5767 
6205 
6643 
7O80 
7517 
7954 
8390 
8626 
9261 
9^6 



■WW 



7906 

8363 
88I9 
9275 
9730 
0185 
0640 
lQf^3 
1547 
2000 
2452 
2904 
3356 
3807 
4257 
4707 
5157 
5606 
6055 
6503 
6951 
7398 
7845 
8291 
8787 
9183 
9628 
••72 
0516 
0960 
1403 
1846 
2288 
2730 
3172 
3613 
4053 
4493 
4933 
5372 
5811 
6249 
66S7 
7124 
f56l 

799s 
8434 
8869 

9305 

9739 



7952 
8409 
8865 
9321 
9776 
0231 
0685 

1139 
1592 
2045 

2497 
2949 
3401 
3852 
4302 
4752 
5202 
5651 
6100 
6548 
6996 
7443 
7890 
8336 
8782 

9227 
9672 

.117 
0561 

1004 
1448 
I89O 
2333 
2774 
3216 
3657 
4097 
4537 

4977 
5416 
5854 
6293 
6731 
7I68 
7605 
8041 
8477 
8913 
9348 
19783 



6 



MMi 



7998 

8454 

8911 

9366 

9821 

0276 

0730 

1184 

1637* 
2090 
2543 

2994 
3446 

3897 

4347 

4797 
5247 

5699 
6144 
6593 
7040 
7488 
7934 
8381 
8826 
9272 

9717 
.161 

0605 . 

1049 

1492 

1935 

2377 
2819 

3260 

37O1 

4141 

4581 

5021 

5460 

5898 

6337 

6774 

7212 

7648 

8085 

8521 

8956 

9392 
9826 



8043 
8500 
8956 
9412 
9S67 
0322 

0776 
1229 
16S3 

2135 
2588 
3040 
3491 
3942 
4392 
4842 
5292 
5741 
6I89 
6637 
7O85 
7532 

7979 
8425 
887 1 

93I6 
9761 

.206 
065o 
1093 
1536 

1979 
2421 

2863 

33O4 

3745 

4185 

4625 

5065 

5504 

5942 

6380 

6818 

7255 

7692 

8129 

9000 
9435 
9870 



8 



MM* 



m\ n > 



8089 
8546 
9002 

9457 
9912 

0367 
0821 
1275 
1728 
2181 
2633 
3085 
a536 

3967 
4437 

4887 
5337 
5786 
6234 
6682 
7130 

7577 
8024 

84 70 

8916 

936 b 

98O6 

.250 

0694 

1137 
1580 

2023 
2465 

2907 
3348 
3789 
42^ 

4669 
5108 

5547 
5986 
6424 
6862 

7299 
7736 

8172 
8608 
9043 

9479 
9913 



9 



8135 
8591 

9047 
9503 

9958 

0412 
0867 
1320 
1773 
2226 
2678 
3130 
3581 
4032 
4482 
4932 
5382 
5830 

6279 

6727 

7175 

7622 

8068 

8514 

8960 

9405 

9850 

.294 

0738 

1182 

1625 

2067 

2509 

2951 

3392 

3833 

4273 

4713 

5152 

5591 

6030 

6468 

6906 

7343 

7779 
8216 

8652 

9087 

9522 
9957 



■^i^"*** 



lASa 



98 



1.00. STNflS, TANGENTS, &C. 



OD 



eir. 



Sine 



1 6 465736 
'i6'764756 
3;r>-940847 
47-0G.')78r. 
5''?-l62696 
6 7'2-Jl877 



Cosine 



no'oooooo 

10000000 
10 000000 
10000000 
10 00000(» 



Tane". 



6-463726 

h-764766 

6 940847 

7 005786 



1 7-308ft*24 
8 7-36C816 
7 41796b 
10 7-46'17'26 



LI 
12 

13 



7-605118 
7-542906 

7 577668 



14 7-609853 

15 7-639816 
16{^-667845 
17 7-69^17.'^ 

7-71S997 



18 

19 
20 
21 
22 
23 
24 

25 
26 
27 
28 
29 
30 

31 
32 

33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 

56 
57 
58 
59 
30 



7-742478 
7-764754 
7-785943 
7-806146 
7-895i5l 
7-843934 

7 861662 
7-87S695 
7-8950S/> 
7-910S7r 
7-926119 
7-940842 

7-955082 
7-968870 
7 982233 
7 995198 
8-007787 
8020021 



8031919 
,8043501 
8-054781 
8 06577C 
3-076500 
8 086965 

8 097183 
8-107167 
8-116926 
3126471 
8135810 
8-144953 

8'153907 

8-162681 

8*171280 

8-17971; 

8-.1 87985 

8-196102 

S204070 
8-21 1S95 
8-219531 
8 2271^34 
8-234557 
8 24185' 



I 



Cosinti 



10-000000'7.-162696 
9-999999 7-2:H 878 

9-999999 7.308P25 
9-999999 7-366817 

9 999999 7 417970 
9 999998 7-463727 
9 999998 7 505120 
9 999997 7-542909 

9 999997 7577672 
9-999996 7-609857 
9 999996 7639820 
9 999995 7-667849 
9 99999.=» 7*694179 
9-999994 7-719003 

9-999993 7-742484 
9-99^993 7-764761 
9-99999'2 7-785951 
9 999991 7-806155 
9-999990 7-825460 
9 999989 7-843944 

9 999989 7-861674 
9-999938 7-870708 
9-999987 7-895099 
9-999986 7 910894 
9-999985 7-926134 



Cotaug. 



I De^. 



13 536274) 

13 235244 
1 3-0591 53ij 
12 934214'; 
12-837304" 



12-758122 



9 999983 

9-999982 
9-999981 
9 999980 
9999979 
9 999977 
9-999976 

9-999^5 
9 999973 
^999972 
9-999971 
9-999969 
9-999968 

9-999966 
9 999964 
9-999963 
9-999961 
9-999959 
9 999958 

9999956 

9-999954 
9-999952 
9-999950 
9-999948 
9.999946 

9 999944 
9999942 
9-999940 
9-999938 
9 999936 
9999934 



1 2-691 175i 

12-6331 83t 

12-582030! 

12-536273 

12-494880 

15-457091; 

12-422328 
12-3901411 
12-360180 
12 332151 
12-305821 
12-280997 

19-257il6; 
12-235239 
12-21'4049' 
12 193845; 
12 174540; 
12-156056 

12-138526! 
12-121992' 
12-104901' 
12-089106 
12073866 
12-059142, 

12-044900' 
12 031111 
12-017747 
120048^11 



940858 

7-955100 
7-968889 
7-98^253 
7-995219 
8007809 11-992191 



8-020044 

8-031945, 
8 043527 
8 054809 
8-065806 
8-076531 
3-086997 



8-097217 
8-107203 
8-116963 
8-126510 
8-135851 
8144996 

8-153952 
8-162727 
3-171328 
8-179765 
8-188036 
8-196156 

8204126 
8-211933 
8-219641 
8-227195 
8-234621 
8-241921 



Sine Cotan. 



11-979956 

11-968055 
11-956473 
11-945191 
11-934194 
11-923469 
11 913005 



Sipe 

8.24.1855 
8-249053 
h 256094 
S-265()42 
8-269881 
8-276614 
8-283243 

3-289773 
8296207 
8-302546 
S-308794 
8314954 
8-321027 

3 327016 
8-332924 
8-338753 
8-344504 
8-350181 
8 355783 

8 361315 
8-366777 
8-372171 
8-377499 
8-382762 
8-387962 

8-393101 
8-398179 
8 403199 
8 408161 
8413068 
8-417919 

3-42'?7n 
8-427462 
8-432156 
8-436800 
8-441394 
8-445941 

8-450440 
8-454893 
8-459301 



Cosine 



9.999934 
9 999932 
9-999929 
9-999927 
9-999925 
9-999922 
9-999920 

9- 9999 1*8 
9 999915 
9-999913 
9'999910 
9 999907 



la 



til 



8.241921 

8-249102 
8-256165 
8 263115 
8-269956 
8-276691 
8-283323 

8-289856 
8-296292 
8-302634 
8-308884 
8 315046 



9-9999053'321122 



9-999902 
9-999899 
9-999897 
9-99989-^ 
9-999891 
9-999p88 

9-999885 
9-999882 



8-327114 
8333025 
8-338856 
8-344610 
8-350289 
8-355895 

8-361430 
8-366895 



9 999879 8-372292 



9 999876 
9 999873 



8-377622 
8-382889 



Cotan^. 



U -758079 
1 1 75089?^ 
11-74383.S 
11-736885 
11-730044 
11-723309 
11-716677 

11-710144 
11-703708 
11-697366 
11-691116 
11-684954 
11-678878 



9-999870 8-388092 



11-902785 
til -892797 
11-883037 
11-873490 
11-864149 
11-855004 

11-846048 
11-837273 
11-828672 
11-820237 
11-811964 
11 803844 

11-765874 
11-788047 
11-780359 
11-77280.^ 
11-765379 
11-758079 



Tang. 



^ 89 Peg 



9'999867 
9-999864 
9-999861 
9 999853 
9-999854 
9999851 

9-999848 
9-999845 
9-999841 



8-393254 
8-398315 
8-403338 
8-408304 
8-413213 
8-418068 

8-422S69 
8-427618 
8-432315 



60 
59 
38 
57 
5^^ 
55 
54 

53 
52 
51 
50 
49 
48 

47 
46 
45 
44 
43 
42 

41 
40 
39 
38 
37 
36 

35 
34 
33. 
32 
31 
30 

ll-57713l|29 
11-572382 28 



11 
11 
U 
11 
II 
11 

U 
11 
11 
11 
11 
11 



•672886 
•666975 
•661144 
-655390 
•649711 
644105 

•638570 
633105 
•627708 
-622378 
•617111 
611908 



11-606766 

11 601685 

11-596662 

11-591696 

11-58678 

11-581932 






9-999838 8'436962 



9-999834 
9-999831 

9-999827 
9 999824 
9*999820 



B-463665'9-999816 



d-467985 
8-472263 



9-999813 
9-999809 



8-476498i9-999805 
8-480693 9-999601 
8-484848 9999797 
8-488963 9*999794 
8-493040 9-999790 
8-497078.9 999780 

8 501080 9-999782 
8-505045 9-999778 
8-508974 9-999774 
8-512867 9 999769 
8 516726 9-'999765 
8-520551 9-999761 

8-524345 9 999757 
8-528102 9-999753 
8-531828 9-999748. 
8-535523 9'999744 
8'539186 9-999740 
8-542819 9 999755 



8-441560 
3-446110 

8 450615 
8-455070 
8-459481 
8-463849 
8-468172 
8-472454 

8-476693 
8-480892 
8-485050 
8-489170 
8-493250 
8-497293 

8-501298 

8-50526 

8-50P200 

8-515098 

8-516961 

8-520790 

8-^24586 
8-528349 
8-532080 
8-535779 
8-539447 
S-545084 



Cosine Sine 



11-567685 
11-563038 
11-558440 
11-553890 

11-549387 
11-544930 
11-540519 
11-536151 
11-531828 
11-527546 

11-523307 
11-519108 
11-5U930 
11-510830 
11-506750 
11 -502707 



11 
11 
11 
11 
11 
11 

11 
11 
11 
11 
11 

h 



-498702 
•494733 
•490800 
-486902 
•483039 
•479210 

•475414 
•471651 
•467920 
•464221 
•460553 
•456916 



27 
26 
25 
24 

23 
22 
21 
20 
19 
18 

17 
16 
(15 
14 
13 
12 

11 
10 
9 
8 
7 
6 

5 
4 
3 
2 
.1 



Cotan.[Tang. 



88Deg 



■^■"■W 



I«0«. SINES, TANGENTS. &C. 



2 Deg. 



J 



/ 





1 

2 
3 
4 
5 
6 

7 

8 

9J 

10 

11 

12 

13 
14 
15 
16 
17 
18 

19 

20 
21 
22 
23 
24 

25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 

50 
51 
52 
53 
54 

55 

56 
57 
58 
59 
60 



Sine. 



Cosine. 



8-542819 
S-546422 
8-^49995 
S -553539 
8-557054 
8-560540 
8-563999 

8-567431 
8-576836 
8-574214 
8-577566 
8-580892 
8-584193 

8-587469 
8-590721 
3-5i93948 
8-597152 
8-600332 
8-;.03489 

8-666623 
8t>09734 
8-612823 
8-615891 
8-618937 
8-621962 

8-624965 
8-627948 
8-630911 
8 633854 
8-636776 
8-639680 

8-642563 
8-645428 
8-648274 
8-651102 

8-656702 

8-659475 
3-662230 
8-664:968 
8-667689 
8-670393 
8-673080 

8-675751 
8'678405 
8-681043 
8-683665 
3-686272 
8 688863 

8-691438 
8-693998 
8-696543 
8699073 
8-701589 
8-704090 

8-706577 
3-709049 
8-711507 
8-713952 
8-716383 
3-718800 



9-999735 
9-999731 
9-999726 
9-999722 
9-999717 
9-999713 
9-999708 

9-999704 
9-99969^^ 
9-999694 
9-999689 
9-999635 
9-999680 

9-999675 
9-999670 
9-999665 
9-999660 
9-!l99655 
9-999650 

9-999645 
9-999640 
9-999635 
9-999629 
9-999624 
9-999619 

9-999614 
9 999608 
9-999603 
9-999597 
9-999592 
9-999586 

9-999581 
9-999575 
9-999570 
9-999564 
9-999558 
9-9995,53 

9-99{l547 
9-999541 
6-999535 
9-9J99529 
9-999524 
9-999518 

9-99951 

9-999506 

9-999500 

9-999493 

9-999487 

9-99948.1 

9-999475 
9-999469 
9-999463 
9-999456 
9 999450 
9-999443 

9-99943^ 

9-99943 

9-999424 

9-999418 

9-999411 

9-999404 



Cosine. 



Tang, 



S-543084 
8-546691 
8-5502'6S 
8-553817 
8-557336 
8-560828 
8-564291 

8-567727 
8-571137 
8 574520 
8'577877 
3-581208 
S-584514 

8-587795 
8-59105) 
8-594283 
8-597492 
8-600677 
8-603839 

8-606978 
8-610094 
8-61318iJ 
3-616262 
8-619313 
8-622343 

8-625352 
8-628340 
8-631308 
8-634256 
8.637184 
3-640093 

8'642982 
8-645853 
8-648704 
8-651537 
3-654352 
3-657149 

8-65992^* 
8-662689 
S-665433 
8 668160 
8-670870 
8-673565 

8 676239 
8-678900 
8-681544 
8-684172 
8-686784 
8-689381 

3-6919.63 
8-694529 
8 697081 
8-699617 
8-702139 
8-704646 

8-707140 
8-709618 
8-712Q83 
8-714534 
8.-7l697'2 
8-719396 



Sine. 



Co tan. 



Cotaog. 

-456916 
•453309 
•449732! 
•4461831 
•442664', 
-439179 
-435709 

-432273 
•428863 
-425480 
-422123 
-418792 
•415486 

•412205 
•408949 
•405717 
•402508 
•399323 
■396161 

393022 
389909 
386811 
383738 
380687 
377657 

374648 
371660 
368692 
365744 
562816 
359907 

357018 
354147 
351296 
348463 
345648 
342851 

340072 
337311 
334567 
331840 
329130 
326437 

323761 
321100 
318456 
315828 
313216 
310619 

30^)37 
305471 
302919 
300383 
297861 
295354 

292860 
290382 
287917 
285466 
285028 
280604 



Tang! 



87 Peg. 



39^ 



3 Deg. 



Sine, t Cosine. 



8-718800 
8-721204 
8-723595 
8-725972 
3-728337 
8-730688 
8-733027 



9-999404 
9-999398 
999939I 
9-999384 
9-999378 
'9-999371 
9-999364 



Tang. 



8-735354 
8-737667 
« -739969)9 
8-7422599 
8-744536 9 
8-746802 

8-749055 
8 751297 
8-753528 
8-755747 
8-7\57955 
8-760151 

8-762337 
8-764511 
8-766675 
8-768328 
8^770970 
8-773101 



8-775223 
8-777353 
8-779434 
8 781524 
8-783605 
8-785675 

8-787736 
8*789787 
8-791828 
8-793859 
3-795881 
8-797894 

8-799897 
8-801892 
8-803876 
8-805852 
8-807819 
8-809777 

8-811726 
8-813667 
8-815599 
8-817522 
8-819436 
8-821343 

8-823240 
8-825130 
8-82701.1 
8-828864 
8-830749 
8-832607 

8-834456 

8-836297 

8-838130 

8-839956 

8-8417 

;8-843585 



9 
9 
9 
9 
74J9 



Cosine, 



999357 
999350 
999343 
999336 
999329 
99932:^ 

9999315 
9-999308 
9 999301 
9-999294 
9999287 
9-999279 

9-999272 
9-999265 
9^999257 
9 999250 
9-999242 
999235 

9-999227 
9-999220 
9-999212 
9-999205 
9*999197 
9-999189 

9*999 181 
9 999174 
9'99916G 
9-999158 
9-999150 
9-999142 

9-999134 
9^999126 
9-999118 
9-999110 
9-999102 
9-999094 

9-999086 
9-999077 
9-999069 
9-999061 
9-999053 
9-999044 

9-999036 
9-999027 
9-999019 
9-9990 H) 
9-999002 
9-998993 



8-719396 

8-721806 

3-724204 

S-726588 

3-72895^ 

8-73131 

8-733663 

8-735996 
8-738317 
8/'740626 
g-742922 
8 745207 
8-747479 



998984 
998976 
■998967 
•998958 
998950 
998941 



8-749740 
8-751989 
8-754227 
8-756453 
8-758668 
3-760872 

8-763065 
8-765246 
767417 
S-769578 
8-771727 
8-773866 

8-775995 
8-778114 
8-780222 
8-782320 
8-784408 
8-786486 

8 788554 
8-790613 
8-792662 
8-794701 
8-796731 
S-798752 

8-800763 
8-802765 
8-804758 
8-806742 
8-808717 
8-810683 

8-8l'264l 
8-814589 
8-816529 
8-818461 
8-820384 
8-822298 

8824205 
8-826103 
8-827992 
8-829874 
8 831748 
8-833613 

8-835471 
8-8373'il 
8-839163 
8-840998 
3-842825 
8 -€44644 



Sine. 



Cotan. 



Cotang. 



11 
1 
1 
1 
1 
1 



•280604 
•278194 
•275796 
•273412 
271041 
•268683 



1-266387 

1-264004 
1-261683 
1-259374 
1-257078 
1-254793 
1-252521 

1-250260 
1-248011 
l-2i5773 
1-243547 
1-241332 
1-239128 

1-236935 
1-234754 
1 -232583 
1-230422 
1 -228273 
1-226134 

1-224005 
1-221836 
1-219778 
1-217680 
1-215592 
1-213514 

1-211446 
1-209337 
1-207338 
1-205299 
1-203269 
1-201248 



-19W237 
•197235 
•195242' 
193258 
•191283 
•189317 



M87S59 



185411 

•183471 

•1811539 

•179616 

177702 



1-175795 
1-173S97 
1-172008 
1-170126 
1-168-252 
1-166387 

1-164529 
1-162679 
1-160837 
1-159002 
1-157175 
1-155356 



86 Peg. 



Tang. 



■60 
59 
58 
57 
56 
bb 
54 

bQ 
52 
51 
50 
49 
48 

47! 
46 
45 
44 
43 
42 

41 

40 
39 
38 

371 
36i 

^5 
34' 

33 

32 

31 

3o; 

29 
28 
27 
26 
25| 
24- 

23 
22 
21 
20 
IP 
18 



1 

16 

15 

14 

13 

12 

11 
10 

9 

7 



5 

4 
3 
2 

•i; 
' 



iOO 



LOC. SINES, TANGENTS, &C. 



4Deg. 



5Deg. 



Sine. iCoiine. 





1 

2 

3 
4 
5 
6 

7 

.8 

9 

10 

11 

12 

13 
14 

15 
IG 

17 
18 

19 

20 
21 
22 
23 
24 

25 
26 
*27 
28 
29 
30 

31 
52 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 



8-843585 9*998941 
8 845387 9-998932 
8 847183 9'9989«3 
8'848971 9-998914 
8-85075] 9-998905 
8-852525 9 998896 



8-854291 

8-856049 
8-857801 
8-859546 
8-861283 
8«63014 
8-864738 

8-866455 
8-868165 
8*869868 
8-871565 
8-873255 
8-874938 

8-876615 
8*878285 
8*879949 
S-881607 
8-883258 
8-884903 

8*886542 
8-888174 
8-889801 
8-891421 
8-893035 
8-894643 

8-896246 
8*897842 
8-899432 
8-901017 
8-902596 
8-904169 

8-905736 
8-907297 
8-908853 
8-910404 
8-911949 
8-913488 

8-915022 
8916550 
8-918073 
8-919591 
8-921103 



998887 

998878 
9-998869 
9-998860 
9-998851 
9*998841 



9-998832 8-865906 



9*998804 8-871064 
9-998795 8-872770 
9-998785 8-874469 
9 998776 8-876162 



54 

55 

568 



57 
58 
59 
60 



8-924110 
8-925609 



52|8-928587 
53 



8-933015 
934481 
^•935942 
8-937398 
8-938850 
8-940295 

Cosine. 



Tang. 



Cotang. I Sine. 



9-998823 
•998813 



8-844644 
8 84b455 
8848260 
8-850057 
8 851846 
8-853628 
8*855403 

8-857171 
8-858932 
8-860686 
8-862433 
8-864173 



998766 
9-998757 
9*998747 
9-998738 
9*998728 
9-998718 

9-998708 
9*998699 
9-998639 
9-998679 
9-998669 
9*998659 

9-998649 
9*998639 
9-998629 
9-998619 
9-998609 
9-998599 

9-998589 
9-998578 
9-998568 
9-998558 
9*998548 
9*998537 

9-998527 
9-998516 
9*99^506 
9-998495 
9*998485 
8*922610(9-993474 



9-998464 
9-998453 



8-927100 9-998442 



9-998431 



€-93006^9-998421 
8-931544 9-998410 



9-998399 
9-998388 
9*998377 
9998366 
?)-998S55 
9 *99334 4 

Sine. 



8-867632 
8-869351 



8-877849 
8-879529 
8-881202 
8-882869 
8-884530 
8*886185 

8'887833 
8839476 
8*891112 
8-892742 
8-894366 
8-8^5984 

8-897596 
8-899203 
8-900803 
8-902398 
8-903987 
8-905570. 

8-907147 
8-908719 
8*910285 
8-911846 
8*913401 
8-914951 

8-916495 
8-918034 
8-919568 
8-921096 
8*922619 
8*924136 

8925649 

8*927156 
8*928658 
8*930155 
8-931647 
8-933134 

8-934616 
8-936093 
8'9375C5 
8-939032 
8-940494 
8-941952 

Gdtan. 



85 Dj^: 



155356 
153545 
151740 
149943 
148154 
146372 
1 -144597 

1-142829 
1141068 
1*139314 
1-137567 
1-135827 
11 34094 

1*132368 
1*130649 
1*128936 
1*127230 
1-125531 
1-123838 

1122151 
M20471 
1-118798 
1*117131 
1*115470 
M13815 

1112167 
1-110524 
1-108888 
M 07258 
11 05634 
1*104016 

1-102404 
1-100797 
1099197 
1-097602 
1*096013 
1-094430 

1-092853 
1091281 
1-089715 
1-088154 
1-086599 
1*085049 

1-083505 
1*081966 
1-080432 
1078904 
1 077381 
1-07586(4 

1-074351 
1-072844 
1 071342 
1-069845 
1-068353 
1-066806 

1-065384 
1*063907 
1-062435 
1-060968 
1-059506 
1- 058048 

Tang. 



8*94(^296 9*998344 8-941952 



8-941738 
8-943174 



8-944606 9-998311 8^946295 



8 946034 9-998300 



8-947456 



8*948874 9-998277 



8*950287 
8*951696 
8-953100 
8-954499 
8-955894 



8-957284 9998209 



6-958670 
8-960052 
8-961429 
8-962801 
8-964170 
8-965534 

8-966893 
8-968249 
S-969600 
8-970947 
3*972289 
8-973628 

8-974962 
8-976293 
8-977619 
8-978941 
8*980259 
8-981573 

8-982883 
8-984189 
8-585491 
8-986789 
8-988083 
8-989374 

8-990660 
8-991943 
8-993222 
8-994497 
8*995768 
8-997036 

3-998299 
8-999560 
19-000616 
9-002069 
9003318 
9-004563 

9-005805 
9.007044 
9-008278 
9-009510 



9-998104 8*971496 
9-998092 8-972855 
9-99808(' 8-974209 
9-998068 8-975560 

9*998056 8*976906 



9-998032 8-979586 
9»998020 8-980921 



9-013182 
9-014400 
9-015613 
9-016824 
9-018031 

9-019235 

\ 

Cosine. 



Cosine. 



•998333 
•998322 



9-998289 



9*998266 
9*998255 

998243 
9 998232 

998220 



9*998197 8-960473 



9-998186 



9*998174 8-963255 



9*998163 

9-998151 

998139 

9-998J28 
9*998 11 6 



9»998044 



9-998008 
9-997996 

9*997984 
9.997972 



9-097947 
9-997935 



9-997910 

9*997897 
9997885 
9-997872 
9-997860 
9-997847 

9-997835 
9*997822 
9-997809 
9 997797 
9-997784 
9*997771 

9-997758 
9-997745 



9-997719 
9 0107379-997706 
9-011962 9*997693 



9-997680 
9'997667 
9-997654 
9 997641 
9-997628 
9-997614 

Sine. 



Tang. 



8-943404 
8-944852 



8 947734 
8*949168 
8-950597 

8-952021 
8-953441 
8954856 
8-956267 
8-957674 
8-959075 



8-961866 



•964639 
8-966019 
8-967394 

8968766 
8-970133 



8-978248 



8-982251 
8-983577 

8-984899 
8-986217 



9-997959 8-987532 



8-988842 
8-990149 



9-997922 8-991451 



8-992750 
8*994045 
8-995337 
8-996624 
8-997908 
8-999188 

9*000465 
9-001738 
9003007 
9-004272 
9-005534 
9006792 

9-008047 
9 009298 



9-997732 9*010546 



9-011790 
9-013031 
9-014268 

9*015502 
9-016732 
9*017959 
9>019183 
9-02040JB 
9-021620 

Cotan. 



Cotang. 



058048 60 
'056596 59 
•055148|58 
-053705 
•052266 



57 
56 
050832 55 



■049403 

•047979 
-046559 
*045144 
•043733 
-042326 
•040925 



-039527 47 



•038134 
•036745 
■035361 
033981 
032606 

•031234 
•029867140 
028504 39 



54 

53 
52 
51 
50 
49 
48 



46 
45 
44 
43 
42 

Hi 



•027145 
•025791 
•024440 



-023094p5, 

•021752 

•0204 



1^3 
32 
017749 31 
■016423 30 



14:^3 
019079 32 



129 
28 



015101 
013783 
012468 
011158 
•009851 
008549^4 



007250 



005955 82 



•004663 
•003376 
•002092 
•000812 



0-999535 
0-998262^6 

0^996993 15 
0*995728 14 
0-994466 13 
0-993208fl2 



38 
37 
36 



27 
26 
25 



23 



21 
20 
19 
\S 

17 



0-991953 
0-990702 
0-989454 
0-988'^ 10 
0-986969 
0*985732 

0-984498 
0-983268 
0-982041 
0-980817 
0*979597 
0-978380 



u 

10 
9 

;8 
7 
•6 

5 

4 
3 
2 
1 
■0 



84 Deg. 



LOC. SIKES, TANGEKT9, &C. 



401 



1 



o Deg. 



Sine 



ti 
1 

8 
3 
4 
5 
6 

•7 

8 

9 
10 
U 
U 

13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 

26 
2 

28 
2919 



9019233 
9*020435 
9*021632 
9022825 
9*024016 
9025203^ 
9-026386 

9-027567 
9028744 
9029918 
9031089 
9-032257 
9033421 



Cosine | Tang. 



9-997614 
9-997601 
9-997588 
9-997574 
9-997561 
9-997547 
9*997534 

9*997520 
9-997507 
9*997493 
9*997480 
9-997466 
9-997452 

9-997439 
9-997425 



9*034582 

9035741 
9036896J9-997411 



Cotang. 



9-021620 
9-022834 
9-024044 
9-025251 
9 026455 
9-027655 
9-028852 

9*030046 
9-031237 
9 032425 
9-033609 



9-038048 
9-039197 
9-040342 

9*041485 
9042625 
9043762 
9*044895 
9-046026 
9*047154 



9048277 
9-049400 
9*050519 
9*051635 
052749 
309-053859 

31 9-054966 

32 9*056071 

33 9057173 

34 9*058271 

35 9-059367 

36 9060460 

37 9*061551 

38 9-062639 

39 9-063724 

40 9-064806 

41 9065885 

42 9*066962 

43 9O68036 

44 9-069107 

45 9070176 

46 9071242 
|47 9-072306 

48 9073366 

49 9-074424 
50 
5> 
52 
53 



9-997397 
9-997383 
9-997369 

9-997355 
l9-997341 
9-997327 
9-997313 
9-997299 
9*997285 

9*997271 
9-997257 
9997242 
9*997228 
9-997214 
9-997199 

9*997185 
9-997170 
9-997156 
9-997141 
9*997127 
9-997112 

9*997098 
9-997083 
9*997068 
9-997053 
9*997039 
9*997024 

9 997009 
9996994 
9*996979 
9*996964 
9-996949 
9*996934 



10*978380 
10-977166 
10-975956 
iO-974749 
10-973545 
10*972345 
10*971148 

10-969954 
10-968763 
10-967575 
10-966391 



7 Deg. 



Sine 



9*03479110*965209 



9035969 

9 037144 
9-0S8316 
9-039485 
9-040651 
9*041813 
9*042973 

9*044130 
9*045284 
9-046434 
9-047582 
9-048727 
9-049869 

9-051008 
9052144 
9 053277 
9-0544O7 
9*055535- 
9-056659 

9-057781 
9 058900 
9*060016 
9*061130 
9062240 
9 063348 

9*064453 
9-065556 
9*066655 
9-067752 
9*068846 
9069938 

9*071027 
9*072113 
9073197 
9-074278 
9-075356 
y-076432 



9-075480 
9*076533 
9*07758i3 
9078631 
54 9079676 



55 

56 
57 

58 
59 
60 



9*080719 
908 1 759 
9 082797 
9083832 
9084864 
9-085894 



10*964031 

10-962856 
10-961684 
10-960515 
10*959349 
10*958187 
10*957027 

10*955870 
10*954716 
10953566 
10-952418 
10-951273 
10950131 

10*948992 
10*947856 
10-946723 
10-945593 
10-944465 
10*943341 

10-942219 
10-941 iOO 
10-939984 
J 0-938870 
10-937760 
10-936652 

10-935547 
10-934444 
10933345 
10-932248 
10-931154 
10-930062 

10-928973 
10-927887 
10-9^6803 
10925722 
10-924644 
10*923568 



Cosine 



9-085894 9.996751 

90»6922 9-996735 

9 087947 9*996720 

9-088970 

9089990 

9091006 

9*092024 



9-089144110 
9-090187 
9-091228 
9-092262 



9-996704 

9 996688|9-093302|10*906698 
9-996673 9-094336 10*905664 
9*996657 9 095367 10-904633 



9-093037 
9*094047 
9-095056 
9*096062 
9 097065 
9098066 

9*099065 
9*100062 
9101056 
9*102048 
9-103037 
9*104025 

9-105010 
9*105992 
9-106973 
9107951 
9-108927 
9*109901 

9*1 10873 
9-111842 
9-112809 
9-113774 
9-114737 
9-115698 

9-116656 
9117613 
9-118567 
9*119519 
9-120469 
9-121417 

9122362 
9*123306 
9*124248 
9*125187 
9*126125 



9*996641 

9-996625 

9 99661019*098448 

9*996594 9-099468 

9-996573 9-100487 

9*996562 9*101504 



9*996919 
9-996904 
9-996889 
9-996874 
9-996858 
9-996843 

9r996828 
9-996812 
9-996797 
9-996782 
d-996766 
9-996751 



Cosinei Sine i 



9-077505 
9*078576 
9*079644 
9-080*/lb 
9-081773 
9*082833 

9-083891 
9-084947 
g*086000 
9*087050 
9*088098 
9^089144 



Cotan. 



9-996546 

9*996530 

9*996514 

9*996498 

9*996482|9 

9-996465 



Tang. 



Cotang. 



910856 
10-909813 
10-908772 
10-907734 



096395110-903605 
10-902578 
10901554 



9 
9-097422 



9*102519 

9-103532)10*896468 
9-104542 
9-105550 
106556 
9-107559 



9*996449 9108560 
9-996433 9*109559 
9-996417 9*110556 
9*996400 9-1 11551 
9-996384 9-112543 
9 996368 9*113533 10-886467136 



9966351 
9-996335 9- 
9*996318 9' 
9-996302 9* 
9*996285 
9*996269 



9*996252 
9:996235 
9-996219 
9-996202 
9-996185 
9-996168 

9*996151 
9-996134 
9*996117 
9-996100 
9-996083 



9*127060 9*996066 



10-922495 
10-921424 
10-920356 
10*919290 
10*918227 
10-917167 

10-916109 
10*915053 
10-914000 
10*912950 
10-911902 
10-910856 



Tang. 



vot, ir. 



83 Deg. 



9-127993 
9128925 
9-129854 
9-130781 
9*131706 
9-132630 

9-133551 
9*134470 
9-135387 
9136303 
9*137216 
9-138128 

9*139037 
9-139944 
9*140850 
9141754 
9-142653 
9143555 



114521 
115507 
116491 
117472 
118452 
119429 



9*120404 
9-121377 
9-122348 
9- 12331 7 
9*124284 
9125249 

9-126211 
9127172 
9-128130 
9-1290Q7 
9-130041 
9-130994 

9-131944 
9-132893 
9-133839 
9-134784 



60 
59 
58 
57 
56 
55 
54 

53 
52 
51 



10^00532 50 



10-899513 
10*898496 

10*897481 



10-895458 
10*894450 
10-893444 
10-892441 



10 891440 

10-890441 

10-889444|39| 

10*888449 

10-887457 



49 
48 

47 
46 
45 
44 
43 
42 



41 
401 



38(1 

37 



9^996049 
9-996032 
9-996015 
9*995998 
9*995980 9*135726 



9-995963 

9-995946 
9-995928 
995911 
9-995894 
9-995876 
9-995859 

9-995841 
9-995823 
9-99^806 
9-995788 
9-995771 
9*995753 



9-136667 

9-137605 
9-133542 
9-139476 
9140409 
9-14134(» 
9-142269 



10*885479 
10-884493 
10-883509 
10-882528 
10-881548 
10*880571 

10-879596 
10*878623 
10-877652 
10*876683 
10-875716 
10-874751 

10-873789 
10*872826 
10871870 
10-870913 
10*869959 
10-869006 

10-868a^6 
10-867107 
10*866161 
10-865216 
10-864274 
10*863333 

10-862395 
10 861458 
10-860524 
10*859391 
10-858660 
10-857731 



9-143196 
9-144121 
9*145044 
9-145966 
9-146885 
9*147803 



35 
34 

33 
32 
31 
30 

29 

28 
27 
26 
25 

24 

23 
22 
21 
20 
19 
18 

17 
16 
15 
14 
13 
12 

11 

10 

9 

7^ 
61 



10*856804 
10855879 
10-854956 
10-854034 
10*853115 
10-852197 



Cosine! Sine | Cotan* | Tang 



S% Deg. 



Ee 




LOG. SiVBS, TAHSGXim^ke. 



8 Peg. 



9*14355.0 



9*144453 9 995735 



Sine 



Cosine Tatig. 



9-995753,9*14'7803 10(8dS197 



914dft43 
9-147136 
9-1480S6 
9-148915 



9*995699 
9*995681 



9148T18 



^1 

Cottng.l 



10-851889 



9*145349 9-995717 9^149639 10850368 



9*995664 9*153^63 10*847637 



9-150544 
9151454 



9*99564^9*153369 



10-849456 
10*848546 



»Dcg. 



Sine 



10*846731 



149802 9-995628 
•150686 9-9956I0I9-155O77 
»|9*151569 9*995591 9*155978 
> 915«451 9 995573 9-156877 
! 9-153330 9*995555 9-157775 



9-154174(l0«45836 
10-844993 
10-844039 



I 9*154308 
) 9*155083 



9*995537 
9 995549 



9*15683«> 



9* 194692 

9-195199 

9*195925 

9*196719 

9-197511 

9* 198:^03^ 

9-199091 



9*155957 9*995501 



9-995482 



9-157700 9-995464 



9*158569 
9159435 

9-166301 
9-16U64 
9*162095 
9-162885 
9*163743 



9-995446 



9-995427 9* 164008 
9-995409 9*164893 



5 



9-158671 

9*159565 
9*160457 
9-161347 
9-162936 
9*163193 



9*995390 



9*995372 9*166654 



9*995353 
9-995334 



4 9*164600 9*995316 



9165454 

6 9-166307t9*995878 

7 9*1^7159 

8 9*168008 

9 9*168856 



9-995297 9*170157 





11 
12 
>3 
14 
15 
(6 

\n 

»8 

k) 
11 

fc3 
i5 



9*169702 



9-165774 



GoBine 




9.994690 9*199713 10-800987 60 
9*994600 9*300599 10*79947H 59 
9*994580 9-301345 10-798655 58 
9-994560|9-909]59|l0-79784l 57 

10*79709956 
9*9945 19|9*303789i 10-7969 18 55 
9-994499 9-904593 10'795408|54 



9*167532 
9-168409 
9169284 



9-170547 

9*171389|9 

9*172930 

9-173070 

9*173908 

9-174744 



9-171029 
9-995960 9-171899 
9*995241 9- 172767 
9-995229 9-173634 
9-995903 9174499 



9*995184 
•995165 
9*995146 
9*995127 
9-995108 



104431 «3 
10-842225 
10*841329 

10*840435 
10*839543 
10-838653 
10-887764 
10-836877 
10*835992 

10-895108 
10-834296 
10*833346 
10-839468 
10*831591 
10*830716 

10-829843 
10-828971 
10-828101 
10*827333 
10-826366 
10*825501 



9* 199879 9-994479 
9-900666 9*994459 9*206207 
9*201451 9*994438 9-207013 
9-209934 9*99441 8 9*9078T7 
9*903017 9^94398 
9-9037979-994377 

9*904577 ^994357 



9-905354 



9175362 
9-176294 
9*177084 
9-177942 
9178799 



9*305400 



9-208619 



CotBBg. 



10*794400 53 
l#-79379352 

10-792987 31 

10-^9218550 

10-791 38 1 49 

9^09438 10-790588 48 

9*910630 10*789780 47 



9*994336 9-911018 



9S06131 9-994316 
9-906906 9-994995 
9-907679 9*994274 
9*906459 9*994354 

9*209299 9-994«33 
9*209999 9-994919 
9*210760 9-994191 



9-211526 
9212291 
9*213055 

9-219818 
9-214579 
9-215338 
9-216097 
9-216854 
9-917609 



9*995089 9*17965^ 



9*175578 9-995070 

9*176411 9*995051 

9- 177249 9*995032 

1-178079 9-995013 



46 9*183016 



47 

48 



50 
51 



54 

55 
56 
57 



59 



178900 
9179796 



9-181374 
9-182196 



10-8246:^8 
10*823776 
10*822916 
10*822058 
10-821901 
10*820345 



9-180508 10*819492 
9*181360 10-818640 



9-994993 
9^94974 



9-182211 
9183059 
9-183907 



9.18055r 9-994955 9*185597 



9*^4171 
9994150 
9-994129 

9-994108 
9-994087 
9-994066 



9*211815 
9-212611 
9-213405 
9*214198 

9*314989 
9-915786 
9-216568 
9*217356 
9*218142 
9-218926 

9*319710 
9*220492 
9-221272 



9*994045 9-992052 
9-994024 9*222830 
9*994009 9*323667 



9-219116 
9-919868 
19-220618 
9*221367 
9-222H5 

9-222861 



10-788982 46 
10-788185 45 
10*787389 44 
10-786595 43 
10*785802 42 

10-785011 41 
10-784220 40 
10*783432 39 
10-78264438 
10*78185837 
10*781074 36 

10-780990 35 
10*779508 34 



10*778728 33 
10-7779483^ 
10-777170 31 
10*77699330 



9-218363 9-993982 9*294989 10-775618 99 



9*993960 9*295 156110*774844 
9*999999|9-22595te 
9-226700 



10*817789' 
10*816941 
10-816093 



9-993918 
9-993897 
9993875 

9^993(854 



9 223606 9*993832 
9*2243499-993811 



9184752 10*815348 



9-994935 9*186439 



9-994916 



9*183834 
9*1846£fl 

49 9-185466 
9-186280 
9-187092 



9-994896 9*188120 
9-994877 9 188958 
9-994857 9*189794 

9-994838 9-190629 



9*994818 



9-994798 9-192294 10-807706 
52pl87903|9*994779 9-193124 10*606876 
53 9*189712 9 994759 9*193959 10-806047 
9-189519 9*994739 9*1$4780 i0*805920 

9*190395 9*9947201 9-^95606 10 804394 
9-191 ISO 9 994700 9-i9643p 
9*191933 9*99468G| 9^^7953 
58 9*199734 9*994660 9-198074 
9-1^3534; 9i^t^0 9-198894 



60 919433<3 



9-187280 10812720 



9-191462 10-808538 9-232444 



j)^(Mj^ 9*199713 



10-814403 
M)-81356l 



10 811880 
10*81 h)42 
10*810206 

10-809371 



10*803570 
10*803747 
10-Q01996 
10-801106 
10-800287 




9-925092 
9-225833 
9-336573 

9*23731 1 
9*22^048 



9-993789 



28 

10*774071127 



10-773300 
9*32747f]l0-772529 
9*228239(10*771761 



9-229007 
9-!?29773 
9*230539 



9*993768 9-332065 10-767935 



9*990746 9-232896 

9*998725 9*233586 
9*998703 9-234345 



9*298784 91^93681 



9*229518 
9*230252 
9*230984 

9*331715 



9*993660 9-235859 
9*999638 9-2366>1 4 



9*9936^16 



9*993579 



9*331302 10*768698 



9235103 



10-770993 
10-770997 
10-769461 91 



26 
95 

24 

23 
93 



90 
19 



10*76717418 



10*766414 
10-765655 



9-33736810*76263319 



9*993594 9-938130 10-761880 



9-238872 10-761138 10 



9-233 172 9*993550 9*239622 10*760378 
9*293899 9*993528 9-240371 10-759639 
9-234625 9*993506 9*241 1 1 8 «0*758882 
9*235349 9 993484 9*341865 10*758135 

9*236079 9-999469 9*942610 10^757390 
9-336795 9*993440 9-243354 10-756646 
9*237515 9*993418 9-244097 rO-75590S 
9-238935 9-993396 ^-244839 iO'755161 
9-238953 9*993374 9-2455T9 ltn5442I 
9*23967Q 9^93351 9^4691 9|l0-75368t 



10*764897 15 



16*764141 
tO-763386 



17 

16 



11 



Siiie Cbtan. 



Ttme!> 



14 
13 



6 
7 
6 

5 
4 

3 
3 
1 




MP 



%0G 

W Deg. . 



SmkSi -TANeSKTSy ^. 



403 



T! 







1 9-^45386 9*993399 



Sine 



9*239(70 



9*941101 

3|9<2418]4 

4 9*24S5d^ 

5 9-243237 
69-243947 

79*944656 

8 9*245363 

9 9*246069 
ft 9-946775 

119*247478 
19 9-248161 



Cosiae 



9*993351 



9*993307 
9-993284 
9*993262 
9*993240 
9*993217 

9*993195 



9*246319 
9*247057 
9iM7794 
9*248530 
9*249264 
9*249996 
9-250730 

9*251461 



CoHfimg^ 



9-993172 9-252191 



13 
14 
15 
16 



18 

19 
20 
21 

,22 
23 

124 



9-993149 
9*993127 
9-993104 



10.753681 

10*752943 

10*752206 

10-751470 

10-750736] 

10-750002 

10-749270 



Sloe 



9*252920 
9-253648 
9*254374 



9-993081 9*255100 

9^4(8883 9-993059 9*255824 
9*249583 9i^3036 9-256547 
9*250282 9-99301 3 9-257209 
9-250980 9-992990P*257990 
251677 



17|9*25 1 677 9 992967 9-2587 1 
9-252373 9*992944 9*2594!i;9 



9*253067 9*992921 ^•2601 46 
9*253761 9*992898 9*260863 
9-25445S 9-992875 9-261578 
9-255U4 

9-2558d4|9*d928S9 
9*256523 9-99S606 9*26971 7 



9:9928529*962292 
9-263005 



25f9*25721 1|9-992783 »'«64428| 10*735572 

26 9*257898 9^92759 »*265138 

27 9'258583|9-992T36 9*265847 

28 9*259268^^27 1 3 9^SS$5 

29 9-25995lf9-992e90 9 



* 30 9-260633^*992666 



10-748539 
10747809 
10-747080 
10-746352 
10-745626 
10-744900 

10*744176 
10*743453 
10*742731 
10-742010 
10*741290 
10*740571 

10-739854 
10*739137 
10-738422 
10 737708 
10*736995 
10*736283 



9-280599 
9^81248 
9-281697 
9*282544 
9*263190 
9*283836 
9*284480 



11 Beg. 



Go&ine | Tang. 



9*991947 9*288652 



9-991922 



9 991897 9-280999 



9*285124 
9-285766 
9*286408 
9-287048 
9*287688 
9*288326 

9*286964 
9-289600 
9*290236 
9*290870 
9*291504 
9-292137 



9-991878 
9 991848 
9-991823 



9*289326 



9 290671 
9-291342 
9*292013 



9-991799 9-292632 



9*991774 
9-991'749 
9*991724 
9*991699 
9-991674 
9*991649 

9-99 J 624 
9*991599 
9*991574 



9-293S50 
9*294017 
9*294684 
9*295349 
9-296013 
9-296677 

9-297339 
9-298001 
9-298662 



Cotang. '.. 

10*711348 60 
10-71067459 
10-71(K)01 58 
10-709329 57 
10-708658 56 
10-70798755 
lO»70731654 

10-70665053 
10-705983 52( 
51 



9-991549 9-299322 
9 991524 9-299980 



36 9*2647039^*992525 



3ll9'261314 
32^-261994 
9*262673 
9-263351 



33 
34 
35 



37 
38 
39 
40 



9 9M64S 9*266671 



9-992619 



9-992572 
9-264027(9-992549 



•267261 
9 267967 



9-269375 



9*992596 9*270077 



9*265377 9-992501 



9^266051 

9-266723 

- 9*267393 

419*268065 



9992406 



9-270779 
9-271479 

9*272178 

9*272876 



10*734862 
10-734153 
10*733445 
10*732739 
10-732033 

10*731329 
10-730625 
10*729923 
10*729221 
I4>72652] 
10-727622 



9*292768 
9-293399 
9*294029 
9294656 
9-295286 
9*295913 

9-296539f9-99132l 



9*297164 
9*297788 
9-298412 
9*299034 
9-299655 

9-300276 
9-300895 



9*991498 

9*991473 
9-991448 
9'99l42i 
9991397 
9-991372 
9-991346 



9-992478|9'273573 

9-992454 

9-99243019*274964 



42 9-268734 9*992382 9-276351 



4^ 9*269402 



44 



459-270735 
469*271400 
47 9-272964 



54 



9*270069 9*992335 



49 9*273388 

, 309*274049 

pi 9*274708 

5« 9-275367 



539-2760259*998118 



9*276681 



9-992339 9-277043 



9*9923119*276424 
9-9922879*27911^ 
9-99226S 9-279601 
m 9*272726 9*992239 9-98&48« 10*719512 

9*9922149-261174 10»716826 
9*9921909*281656 10*718142 
9-992166 9*282542 10 717456 
9-992142 9-283225 10*716775 



9-d92093 



56 9*27»»91 

57 9-27664S 

58 9H879297 

59 9*279946 
)0 p -1880 599 

JCottue 



9*275658 



9*277734 



10-727124 
10-726427 

9-274269110-725731 
10*725036 
10-724342 
10*723649 



9-302746 



9-991295 
9*991270 
9*991244 
9-9912^189-397816 



9*991 19:> 

9*991 167 
9-991141 



9-301514 9--991 115 
9*3021329-991090 



9-300638 

9'301295 
9-301951 
9-302607 
9*308261 
9*303914 
9*304567 

9-305218 
9-305869 
9-306519 
9-307168 



9-991064 



9-303364^991038 

9-303979|9-991012|9*312968 
9*990986 9*313608 



10*722957 
10-72^66 
10-721576 
16-720887 
10-720199 



9*284566 



5S 9-277357 9-992069 9*265268 



9-283907 10*7160.^3 



10*715418 
10*714732 



9-304593 
9-305207 

9*305819(9*990934 
9*306430 9 
9-307041 9 



9-307650 
9-306259 
9-308867 
9*309474 
9*310080 
9-310685 

9-31 1289 
9-311893 
9*312495 
9-313097 



9*308463 

9-309109 
9-309754 
9-300399 
9 311042 
9-311685 
9*312327 



^'990908 
^-990882 



9-313696 9-990591 
9-314297 9-990565 



9-998044|9'265947 
9-992020! 9*986624 
9*9919969^7301 10-712699 
9-991971 9*987977 I0'7!20e3 
9-991947J9-2B9652 10*71 1346 

TangT 



Sine |€oteo. 



10*714053 9-315495 
10*713376 9*316092 



t«M«l 



79 Peg, 



9^16689 
9-317284 



Coame 



9-990855 
9*990829 
9 990803 
9-990777 
9-990750 
9-990724 

9-990697 
9-990671 
9-990645 
9*990618 



9-99096()|9*3 14247 
9*314885 
9*315523 
9 



9-314897 9*99053^ 
9*990511 



9*990458 
9*990431 



9*3178799*990404 



Sine 



9*316795 

9'31U30\ 
9-318664 
9*316697. 
9*319330 
9-319961 

9*320592 
9-321222 
9-321851 
9-322479 



10-705316 
10*704651iJiO 
10-703987 49 
10-703323.48 

10-70266r47 
10*701999 461 
10*701338 45 
10-700678 44 
10-7000201 43 
10*699362 

10-698705 
10-698049 
10 697393 
10^696739 
10*696086 
10*695433 

10-694782 
10694131 
10*693481 
10-692832 
10*692184 
10*691587 

10-690891 
10-690246 
10689601 
10-666958 
10-688315 
10^7673 



10*687032 
10*666392 
10-665753 
10*685115 

10-684477 
316159110*683841 



9*323733 

9-324358 
9*324983 
9*99048519-325607 



9-326231 
9-326853 
9»327475 



Cotan. 



10-683205 
10-682570 
10*681936 
10-681303 
10-680670 
10-680039 

10^79406 M 



10-678778 
10^7814^ 
10*677521 



9-323106 10-676894 
10676267 

10-675642 
10-675017 
10-674393 



16*673769 
10^73147 
10-672525 

Tang^ 



££2 



78 Peg. 



♦0 
9 
6 
7 
6 

5 

4 
3 

2 
1 


# 



04 





1 

3 
4 
5 



12 i>eg. 



LOA. BIK88, TANGBNTSy &C. 



Sine Conine 



9-317879 9 990404 9-327475 
9*318473 9-990378 9-328<»93 
9319066 9>990351 9*328715 
9*319658 9-990324 9*329334 
9320249 9*990297 9329953 
9*32084(» 9*990270 9-330570 
6 9-321430 9*990243 9 331187 



7 

8 

9 

10 

11 

12 



9-322019 
9*322607 
9*323194 
9*323780 
9-324366 
9-324950 



9-990215 
990188 
9*990161 
9^90134 
9*990107 
9*990079 



13 9*325534 
14 9 326 117 
l.-i 9-326700 
IS 9-327281 
1 7 9* 
IS 9-328442 

19 9-329021 

20 9*329599 

21 9-330176 
229-330753 
-i3 9'331329 

24 9'3319()S 

25 9-332478 

26 9-333051 

27 9*333624 

28 9*334:95 

29 9'334767|9 

30 9-335337 



31 
32 
33 
34 
35 



9*990052 
9-990025 
9-989997 
9-989970 
3278629*989942 
9*989915 

9-989887 
9*989860 
9*989832 
9-989804 
9-989777 
9-989749 



9*335906|9 

9-336475 

9*337043 

9*337610 

9-338176 



36 9-338742 



37 
38 
39 

40 

41 



9-339307 
9-339871 
9-340434 
9*340996 
9-341558 



42 9-342119 

43 9-342679 
449 343239 
45;9343797 
46i9-i 

47 

48 



9-344912 
9-345469 



49 9-346024 

50 9*346579 



51 
52 
53 
54 

55 
56 
37 
58 
$9 
50 



9-347134 
9*347687 
9*348240 
9*348792 

9*349343 
9-349893 
9-350443 
9*350992 
9-351540 
V352088 



9*989721 
9-989693 
9-989665 
9*989637 
989610 
9*989582 



989553 
9-989525 
9-989497 
9-989469 
9-989441 
9*989413 

9-989385 
9*989356 
9-989328 
9-989300 
9-989271 
9-989243 

9*989214 
9*989 18^ 
9 989157 
3443559-989128 
9*989100 
9^89071 



Cosine 



9-989042 
9*989014 
9-98«985 
9*988956 
9-988927 
9-988898 



Taog. Cotang. 



988869 
988840 
968811 
988782 
1-988753 
988721 



9-331803 
9*332418 
9-333033 
9333646 
9*334259 
9-334871 

9-335482 
9-336093 
9*336702 
9-337311 
9-337919 
9*338527 

9-339133 
9-339739 
9-340344 
9*340948 
9-341552 
9*342155 

9-342757 
9-343358 
9*343958 
9-344553 
9-345157 
9-345755 

9-346353 
9-346949 
9-347545 
9*948141 
9-348735 
9*349329 

9-349922 
9*350514 
9-351106 
9-351697 
9-352287 
9-352876 

9-353465 
9-354053 
9*354640 
9-355227 
9355813 
9-356598 

9-.356982 
9-357566 
9-358149 
9-358731 
9-359313 
9*359893 

9-360474 
9-361053 
9-361632 
9-362210 
9*362787 
9-363364 



Sine 



11 I>eg. 



0-672525 
0*671905 
0*671285 
0-670666 
0-670047 
0*669430 
0-668810 

0-668197 
0'667582 
0-666967 
0-666354 
0-665741 
0-665129 

0-664518 
0-663907 
0-663298 
0-662689 
0-662081 
0-6614^3 

0-660867 
0-660261 
0-659656 
0-659052 
0-658448 
0-657845 

0-657243 
0-656642 
0-656042 
0-655442 
0*654843 
654245 

653647 
0-653051 
0-652455 
0-651859 
0-651265 
0-650671 

0-650078 
0-649486 
0*648894 
0-648303 
0-647713 
0-647124 

0*646535 
0-645947 
0*645360 
0644773 
0-644187 
0-643602 

0-643018 
0-642434 
641851 
0-641269 
0*640687 
0-640107 

0-639526 
0-638947 
0-638368 
0-637790 
0-637213 
0-636636 



Cotan.l Tang, j Cosine I Sine 



Sine Cosine 



9-352088 9-988724 
9-352635 9988695 
9-353181 9*988666 
9 353726 9.988636 



9*354271 
9*354815 



9-355358 9-988548 



9-355901 
9*356443 
9-356984 
9-357524 
9-358064 
9358603 

9*359141 
9-359678 
9-360215 
9-360752 
9-361287 
9-361822 

9-362356 
9-362889 
9-363422 
9-363954 
9-364485 
9*365016 

9 365546 
9-366075 
9-366604 
9-367131 
9-367659 
9 368185 



9-36871 lj9 

9*369236 

9-369761 

9*370285 

9-370808 

9-371330 




9-988607 
9-988578 



9-988519 
9-988489 
9-988460 
9*988430 
9-988401 
9-988371 

9-988342 
9-938312 
9-988282 
9-988252 
9*988223 
9-988193 

9-988163 
9-988133 
9-988103 
9-988073 
9-988043 
9988W3 

9*987983 
9-987953 
9-987922 
9-987892 
9 987862 
9-987832 



987801 
987771 
987740 
987710 
987679 
987649 



9-371852 9 987618 
9*372373 9-987588 
9-372894 9 987557 
9-373414 9*987526 
9-373933 9987496 
9 374452 9 987465 

9-374970 9*987434 
9*375487 9-987403 
9 376003 9-987372 
9-S765 19 9-987341 
9 877035 9-987310 
9-377549 9987279 



9*378063 9-987248 
9-378577 9*987217 
9*379089 9-987186 
9-379601 9-987155 
9-380113 9*987124 
9-360624 9-987092 

9-381 134 9-987061 
9-381643 9*987030 9*394614 
9-382152 9-986998 9395154 
9-382661 9-986967 9*395694 
9*383166 9-986936 9*396233 
9-383675 9*9869049*396771 



Tang. 



9-36b364 
9-363940 
9-364515 
9-365090 
9-365664 
9-366237 
9-366810 

9*367382 
9-367953 
9-368524 
9-369094 
9-369663 
9-370232 

9-370799 
9-371367 
9'371933 
9-372499 
9-373064 
9-373629 

9-374193 
9-374756 
9-375319 
9-375881 
9-376442 
9*377003 

9-377563 
9-378122 
9*378681 
9-379239 
9-379797 
9*380354 

9-380910 
9-381466 
9*38^020 
9-382575 
9-383129 
9-38368^ 

9*384234 
9-384786 
9*385337 
9-385888 
9-386438 
9-386987 

9*387536 
9-388084 
9-388631 
9*389178 
9*389724 
9*390270 

9-390815 
9-391360 
9-391903 
9-392447 
9-392989 
9 393531 

9*394073 



Cotaog. 



0*636636 
0-636060 
0635485 
0*634910 
0-634336 
0-633763 
0-633190 

0-632618 

063204 

0*631476 

0*630906 

0-630337 

0-629*768 

0-629201 
0-628633 
0-628067 
0*627501 
0*626936 
0-626371 

0-625807 
0-625244 
0-624681 
0*624119 
0*623558 
0-622997 

0-622437 
0-62 J 878 
0-621319 
0-620761 
0-620203 
0*619646 

0-619090 
0-618534 
0-617980 
0-617425 
0-616871 
616318 

0-615766 
0-615214 
0*614663 
0-614112 
0-613562 
0613013 



0*61246417 
0*611916 16 
0*611369 15 
0-610822 14 
610276 13 
0-609730 12 



0-609185 
0-608640 
0*608097 
0-607553 
60701 1 
0*606469 

0*605927 
0-605386 
0-6048461 
0-604306 
0*603767 
0*603229 



Cotan. I 



Tang. 



60 
59 
58 
57 
56 
55 
54 

53 
52 
51 
50 
49 
48 

47 
46 
45 
44 
43 
42 

41 
40 
39 
38 
37 
36 



35 
3^ 
33 
32 
31 
30 

29 
28 
27 
26 
25 
24 

23 
22 
21 
20 
19 
18 



11 
10 
9 
8 
7 
6 

5 
4 
3 
2 
1 




I 



76 Deg. 






tOQ> SINES, TAKGBKTS, fcc. 



14 Peg. 



Sine 





4 

2 

319 

4 

5 



Cosine 



9-383675 
9*384182 
9-384687 
.385192 
9-385697 
9*386201 
9*386704 



7 9 387207 

8 9-387709 
99-388210 

10 9-388711 



n 

12 

13 
14 
15 

16 
17 
18 

19 
20 
21 
22 
23 
24 

25 
26 

27 
28 
29 
30 

31 

32 

33 

134 

35 

36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
4819 



Tang. 



9*389211 
9-3897 U 

9'390210 
9 390708 
9-391206 
9-391703 
9-392199] 
9-392695 

9393191 
9-393685 
9-394179 
9394673 
9-395166 
9*395658 

9-396150 
9*396641 
9*397132 
9-397621 
9-398111 
9-398600 

9*399088 
9-399575 
9-400062 
9-400549 
9*401035 
9-401520 

9-402005 
9-402489 
9-402972 
9-403455 
9403938 
9-404420 



9.986904 
9-986873 
9*986841 
9-986809 
9-986778 
9-986746 
9*986714 

9-986683 
9-986651 
9-986619 
9-986587 
9,986555 
9-986523 

9*986491 
9-986459 
9-986427 
9-986395 
9-986363 
9986331 

9-986299 
9-986266 
9-986234 
9-986202 
9-986169 
9-986137 

9-986104 
9-986072 
9-986039 
9-986007 
9-985974 
9-985942 

9-985909 
9-985876 
9-985843 
9-985811 
9 985778 
9-985745 

9-985712 
9-985679 
9-985646 
9-985613 
9-985580 
9 985547 



49 
50 
51 
52 
53 
54 

55 
56 
57 

58 
59 
60 



9-404901 
9-405382 



9-405862 

9-406341 

9-406&20 

407299 

9-407777 
9-408254 
2-408731 
9-409207 
9-409682 
9-410157 

9-410632 
9-411106 
9-411579 
9-412052 
9-4 12524 
9-412996 



Cosine 



9-985514 
9-985480 
9-985447 
9-985414 
9-985381 
9-985347 

9-985314 
9-985280 
9-985247 
9-985213 
9-985180 
9 985146 

9-985113 
9-985079 
9-985045 
9-985011 
9*984978 
9-984944 



9-396771 
9-397309 
9-397846 
9-398383 
9-393919 
9-399455 
9-399990 

9-400524 
9-401058 
9-401591 
9-402124 
9-402656 
9 403187 

9-403718 
9-404249 
9-404778 
9-405308 
9405836 
9-406364 

9*406892 
9-407419 
9-407945 
9-408471 
9-408996 
9-409521 

9-410045 
9-410569 
9*411092 
9-411615 
9-412137 
9-412658 

9-415179 
9-413699 
9-414219 
9-41473& 
9-415257 
9 415775 

9-416293 
9-416810 
9^17326 
9-417842 
9-418358 
9-418873 

9-419387 
9-419901 
9-420415 
9-420927 
9-421440 
9-421952 

9-422463 
9-422974 
9423484 
9-423993 
9-424.'>03 
9-425011 

9-425519 
9 426027 
9-426534 
9 427041 
9-427547 
9-428052 



Sine ICotan . 
7^ Peg. 



Tang. 



Sine 



9-413938 
9-414408 
9-414878 
9-415347 
9-415815 

9-416283 
9-416751 
9-417217 
4176841 
9-418150 
9-418615 

9-419079 



Cotang. 

"V603229 
0602691 
0-602154 
0-601617 
0*601081 
0600545 
0-60U010 

0-599476 
0598942 
0-598409 
0-597876 
0-597344 
0-596813 

0-596282 
0*595751 
0-595222 
0-594692 
0*594164 
0*593636 

0-593108 
0-592581 
0592055 
0-591529 
0-591004 
0*590479 

0-589955 
0-589431 
0-588908 
0'588385 
0-587863 
0-il87342 

0-586821 
0-586301 
0-585781 
0*585262 
0-584743 
0-584225 

0-583707 
0-583190 
0*582674 
0-582158 
0-581642 
0*581127 

0-580613 
0-580099 
0-579585 
0-579073 
0-5785601 
0-578048 

0-577537 
0-577026 
0-576516 
0-576007 
0-575497 
0-574989 

0*574481 

0-573973 

0-573469 9-439014 

0-572959 

0-572453 

0-571948 



4w 



15 Peg. 



9 412996 9*984^44 9*438052 
9*413467 9-984910 9428558 



9-420470 
9-420933 
9-421395 

9-421857 
9-422318 
9-422778 
9-423238 
9-423697 
9-424156 

9-424615 
9-425073 
9-425530 

9-425987 
9-426443 
9-426899 

9*427354 
9-427809 
9*428263 
9*428717 
9-429170 
9429623 

9*430075 
9-430527 
9*430978 
9-431429 
9-431879 
9*432329 

9-432778 

9*433226 

9-43367 

9-434122 

9-434569 

9-435016 

9-435462 



9-436353 
9*436798 
9-437242 
9*437686 

9-438129 



Cosine 



9-984876 9-429062 
9-984842 9429566 
9-984808 9-430070 
9*984774 9-430573 
9-984740 9-431075 

9-984706 9-431577 
9-984672 9 432079 
9-984638 9*432580 
9-984603 9*433080 
9-984569 9*433580 
9-984535 9-434080 

9 984500 9-434579 

9-4195449-984466 9-435078 

9-42000719-984432 9-435576 

984397 9-436073 

9-984363 9*436570 

9-984328 9-437067 

9*9842949*437563 
9-9842599-438059 
9-984224 9*438554 
9-984190 9-439048 
9*984155 9*439563 
9-934120 9*440036 

9 9840859-440529 
9-9840509-441022 
9*984015 9*441514 
9-9S3981 9-442006 
9-9839469-442497 
9-9839119*442988 

9-983875 9-443479 
9-9838409-443968 
9*983805 9-444458 
9-9837709*444947 
9 9837359*445435 
9-9837009*445923 

9-9836649*446411 
9*9836299-446898 
9*9835949-447384 
9*983558 9*447870 
9-983523 9*448356 
9-983487 9-448841 

9-98S452 9-449336 
9-983416 9-449810 
9*983381 9*450294 
9-983345 9*450777 
9-9833099-451260 
9-983273 9-451743 

9-983238 9-452325 



9-435908 9*983202 



9*983166 9*453187 
9*983 130 9-453668 
9*983094 9*454148 
9*983056 9-454628 

9*9830229*455107 
9*438572 9*982986 9*455586 

9*9829509*456064 
9*439456 9 982914 9*456542 
9*439897 9*982878 9*457019 
9 440338 9*982842 9*457496 



Sine 



Tang. 



9*452706 



Cotan. 



CoCang. 



0-571442 59 
0*570938 58 
0-570434 57 
0-569930 56 
0*569427 55 
0-56892554 

0-568423 53 

0-567921 52 

0-567420 51 

10-566920 50 

566420 49 
0-565920 48 

0-565421 47 
0-564922 46 
0-564424 45 
0-563927 44 
563430 43 
0-562933 42 

0-562437 4] 
0-561941 40 
0-561446 39 
0-560932 38 
0*560457 37 
0-559964 36 



0*571948 



60 



-^5 



0-559471 
0-558978|34 
0*558486 33 
0-557994 32 
0*557503 31 
0-557012 30 



0-556521 
0-556032 
0*555542 
0*555053 
0*554565 
0*554077 

0-553589 
0*553.102 
0-552616 
0-552130 
0-551644 
0-551159 

0*550674 
0-550190 
0-549706, 
0-549(123 
0-548740 
0-548257 

0*547775 
0-547294 
546813 
0-546332 
0*545852 
0545372 

0*544893 
0*544414 
0*543936 
0-543458 
0-542981 
0-542504 



74 Peg. 



Tang. 



29 
28 
27 
26 
25 
24 

23 

22 

21 

20 

191 

18 

17 
16 
15 
14 
13 
12 

li 

10 

9 

8 
7 
6 

5 

4 
3 
2 
1 




:tnfth TAneuvrti &c. 



019*44033819^9848 9*4574«^ 

9-4579TS 



t 



8»*441S18 

3 9«U1658|i^982733|9 



4 
5 

6 



1 



Mae 



9*440776 



j6Deg« 



l7Deg. 



Coiiiie 



9-998805 

9-982T69{9*45«449 



9«445K>96 9*982696 



9 444535 



9-982660 



9-4489739*982624 

9-44S41o|9^82587 
8 9-443847 
99-444284 



9*4451559 



29-445590 9-962404 



3 

4 
5 
6 

7 

8 



9-446025 9-982367 
9^4464599-982331 
9-4468939-982294 



9^447326 
9-447759 



9982551 

^•982514|9 
0t9'4447<?0|9-962477|9 
962441 



T«ig, 



-456925 
9459400 
9^9875 
^-460349 



9-460823 
9-461297 
•461770 
462242 
9-462715 
9-463186 



9*982257 
9-982220 



9*450345 
9-450775 



9-981998 
9*98196 ( 



9*448191 9*982163 

9 9-446623 9*982146 
to 9-44905419-982 109 
tt 9-449486 9-982072 
12 9*44991 5|9'982035 

13 
14 

!5 
\6 
57 
\S 
19 
\0 

II 
t2 
3 
>4 
5 
6 

7 
8 
9 

1 



9-451204 
9-451632 
9*452060|9 
9*452488 9 
9-452915 9 
9^433342 9 



9*981924 
9*981886 
981649|9 

981812 

9817 

98I737(^ 



9-453768|9-981700 9*472069 

9*454194 9*981662 

9-454649 9*981626 

9-455044 9-981587 9-473457 10*526543 

9-455469 9-9815499-473919 10*526081 

9-455893|9*981512 9*474381 1 10*525619 



9-456316 9-981474 9 474842 



9 456739 9-981436 



9-457384 



1 9-461782 9*980981 
9-462199 9-980942 



19-469032 9*980866 
1 9*463448 9*980827 

9 463864 9*980789 
9^4fi4279 9*980750 



9^64694 
9*465106 
9*465522 



9-463658 
9-464128 
9-464599 
9-465069 
9-465539 
9-466008 

9-466477 
9*466945 
9*467413 
9*467^0 
9-468347 
9-468814 



9*469280 
9-469746 

47021 1 
9-4706761 

471141 
'*471605 



9981361 



9-458006 9-981323 



9*476663 
8|9*45t427|9-981285 9-477142 

9-477601 
9*478059 
9 476517 
9*478975 
719*46052719-981095 9-479432 
B 9*460946 9*981057 9*479889 

} 9-461364|9'9&1019|9 460345 

9-460601 



9-456646 9*961247 
9-459266 9*981209 
9-459666 9*981171 
9-460106 9*981133 



9*98071« 
0-990673 



9475303 



9*457162 9*961399 9-475763 10*52423 



9*481257 



9-462616|9-960904 9-481712 10*5l82i$8 

9*482167 lO-Snea'^ 



9-462621 

9-463075 
9*463529 



9*484435 



:>*980695 9*484887 



9*465935 9*980596 9-465339 10*514661 



C08io4 Sine ] Cotaa. 



^".X. 



CoCing. 

10-542504 
10*542027 
10*541551 
16-541075 
10-540600 
10-540125 
10*539651 

10*539177 
10-538703 
10 538230 
10*537758 
10*537285 
tO-536814 

10-536342 
10*535872 
10-535401 
10-534931 
10-534461 
10*533992 

10-533523 
10-533055 
10-532587 
10-532120 
10-531653 
10-531186 

10-536720 
10-530254 
10*529789 
10-529324 
10-528659 
10*528395 



oiiie 



9-465935 
9*466348 
9-466761 
9-467173 
9*467585 
9-467996 



9*98059 

!W80558 

9-980519 

9*980480 

9*980442 

9*980403 



9*468407 9*980364 



9*468817 



9*469227|9*980286 
9*469637 

9-470046 

9*470455 



9*470863 

9-471271 
9*471679 
9*472086 
9-472492 
9-472898 
[9-473304 

9473710 
9*474115 
9*474519 
9*47*4923 
9-475327 
9-475730 

9-476133 
9*476536 
9476936 
9-477340 
9477741 
9*478142 



10*527931 
9-472532110 527468 
9*472995 10*527605 



10-525158 
10-524697 



9-476223|l0-523777 
10*52331 
10*522858 

10-522399! 
10-521941 
10-521483 
10-521025 



10*5205r.8 
10-520111 

I0'5 19655 
10-519199 
10*518743 



10-517379 

10*516925 
10*516471 



9-483982 10*516018 



10-515565 
10*515115 



nDeg. 



O^ 



9*979579 

9-979539 
9-979499 
9-979459 



9-478542 
9478942 
9*479342 
9*479741 
9*480140 
9480539 



9-488814 
9-489204 
9-489593 
9-489982 



Conine 



•6 9- 



Cosioe I Tang 



485339 
9-485791 
9-486242 
9486693 
9-487143 
9-487593 



9-986325 



9-980247 
9*980208 
9-980169 
9-980130 9*490733 



9-980091 
9-98005219-491627 



9*980012 
9*979973 
9*979934 
9-979895 

9-979855 
9-979816 



9-492073 
9-492519 
9-492965 
9-493410 

9-493854 
9*494299 



9-979776 9*494743 
9-979737 
9-979691 
9-979658 



9*979618 9*496515 



9-979300 9 
9-97926019 
9-979220 
9*97918019 



9*480937 9-979140 9:501797 



9-979l0( 



9-502235 



9*979059 9-502672 
9*979019 9-503109 
9*978979 9*503546 



9*978939 



9-503982 



9*9787379*506159 
9*978696 9-506593 



9481334 
19-481731 
9482128 
^482525 
9-482921 

9483316 
9483712 
9484107 
9484501 
9-484895 
9-4^5289 

9*485682 
9*486075 
9*486467 
9-486860 
9-487251 
9-487 j543 

9-488034 
9-488424[9'97$370l9-5 1 0054 

9-978329 9-510485 

9-97828819-510916 

9*978247 

9-978206 



9-978493 



Sine 



9-48804310*511957 



9*488492 10*511508 
9*488941 10*511059 
9*489390 10*510610 
9-489838 10-510^62 
9-490286] 1 0-5097 14 49 
10*50926714$ 

9*491180|lO*508820 



9 495186 
9*495630 
9*496073 



9-496957 
9497399 
9-497841 
9-498282 



9-979420 9*498722 

9-979380 9*499163 
9-97934019-499603 
•500042 
500481 
9*500920 
•501359 



9-978898 9-504418 

9*978858 9*504854 

9*978817 9*505289 

9*978777l9*505724ll0*494276 

10-493841 
10-493407 

9-978655l9'5O7027l 10*492973 
9*978615 9-507460 10-492540 
9-973574 9*507893 10492107 
9-978533 9-508326 10-494674 



9-508759 



9*978452 9-509191 
9-9784119-509622 



9*511776 



CoUdg. 



10514661 
10514209 
10*513758 
10-513307 
10 512857 
10-512407l55l 



47 
10-508373|46 



10-507927 45 
10-50748144 
10*507035 43 
10*506590 42 

10-506146 41 
10*505701 40l 
10 505257 39, 
10-50481438 
.10-50437037 
10-503927361 

10-50348535 
10 503043341 
10-50260133 
10-502159 3^ 
10 50171831 
10*501278 30 



10:500837 29 
10-500397 26 
10 499958 27 
10*49951926 
10-499080 25 
10-498641 24 

10-498203^ 
10-497765^2 

10*497328 21 
10496891 20 
10-496454 19 
10*496018 18 

10-495569 17 
10*4951461^ 
10*494711 15 



10*491241 
10*490809 

10*490378 
10489946 
10-489515 
10-489084 
9-5 11346d 1 0-486654 



104866S4 



CotaiL 

72D6g. 



Tang. 



60 
59 
58 
57 
56 



54 

53 
52 
51 
501 



14 
1:^ 

12 

11 
10 

8 
7 
6 

5 

4 
3 

i 



I 



LOO. SINE8> TAKOBHTS, 9t^ 



IdDeg. 





1 



9490759 9-978124 

491 147 9^978083 

9-491535 9-978042 

9*491922 9-978001 

619-492308 9*977959 



3 9 

4 
•51 



II 



Sine 



9-489982 
9-490371 



9-978206 
9-978165 



CoHoe 



9-492695 
8(9-493081 
9-493466 
10(9-493851 



Tang. 



Cotaag; 



9-494236 



19 9*494621 

13 9495005 

14 9'4d5588 

15 9-495772 

16 9-496154 

17 9 496537 

18 9-496919 



9-977918 
9-977877 
9-977835 
9*977794 
9-977752 
9 977711 

9977669 
9-977628 
9-977586 
9-977544 
9-977503 
9-977461 



19 9-497301 

20 9'497682|9 
21 9 498064 

22 9-498444 

23 9-498825 
84 9-499904 



25 
26 

27 9 



28 
29 
90 

sitsf 

32 

^2\ 



38 
39 
40 
41 

42|9 



349 
35 

36 



9-977419 
977377 
9977335 
9-977293 
9-977251 
9*977209 



9*499584 9*977167 9*522417 
9-977125 9'529838 



9HI99963 

500342 9-977083 
9^500721 9*977041 
9-501099 9*976999 
.9-501476 9-976957 

50185419*976914 



9*502231 9-9Y6872 



9-502607 
502984 
9-503360|9 



37 9*504110 
9*504485 
9-504860 
9^505234 
9'505608t9 
505991 



5119*509326 9-97606ol9 
52:9-509696 9 9760179 
53{9-5i§065 9*975974|9 
54i 9-510434 



57 
58 



emiiCe 



9*511776 
9-512206 
9-512635 
9-513064 
9-513493 
9-513921 
9-614349 

9*514777 
9515204 
9-515631 
9-516057 
9 516484 
9-516910 



9-517335 10*482665 
9-517761 10-482239 
9-518186 10-4818U 
9-51861010-481390 
9*519034 10*480966 
9-519458 10*480542 



9*519882 
9-520305 
9*520728 
9-521151 
9*521573 
9-521995 



9-976830 
9-976787 
97674519 
9*50373519 976702^ 



9976660 
9*976617 
9*976574|9 
9-9765329 
97648919 
9-976446 



43^9-506354 9*97640^9-529951 
449*306727 9-976361 9*530366 
45 9*507099 9'!>76S18 9-530781 
469^507471 9*9762759-531196 
47 9^507843 9*976232 9*53 1 61 1 
9*50891419-976189 9*532025110 



48 

499*508585| 

50>508956 9*976103 9-532853 



9-975930 9*534504 aO-465496 
5519-510800 9-975887 9'534»16 10*465084 
56 9*51 1 172 9-975844 9535328 S10*464672 



59;9-5 1 22T5 9*975714 y*5365«l 



60. g5l2649 9*975670 9-536972 10*46»98 



^ne 



10-485223 
10-484796 
10484369 
10-483943 
10*483516 
10-483090 



9-51264219 
9*513009 
5)3375 



10-488224 

10*487794 

10-487365 |9 

10-4869361 19-513741 

10-48650 

10-486079 

10*485651 



9'514107 
9*514472 
9-51488'? 9*975408 



9*523259 
9-523680 
9*524100 
9*534520 



10-480118 
10479695 
10*479272 
10*478849 
10-478427 
10*478005 

10*477583 
10*477162 
10-476741 
10-476320 
10-475900 
10-475480 



9-524940 10-475060(i9-523859t9'974302 
9*525360 10*474641 
9-525778 10*474222 
9-526197 10-473803 

526615 10-473385 

527033ll 0-472967 



9*527451 

9-527868 

5282 _ 

•528702 

529J 

9*529535 



9-976146i9'5324d9|i0*46756 1 

10*467147 
10*466^34 
10*466521 



>-533266 
533679 
534092 



9^5^l 1 540 9*975800 9535739 10-4<4<261 
9-51 1907 9-975757 9-53615© ,10-463850 



Ombu* 



liM. 



10*472549 

10-472132 
!85tl0-471715 

10-471298 
1^10*470891 

10470465 



9*545202 
9*515566 
9*515930 
9-516294 
9-516657 
9*517020 

9-517382 
9-517745 
9-518107 
9-518468 
9 5188S9 
9-5191901 

9-519551 
9-519911 
9-520271 
9*520631 
9*520990 
9*521349 

9*521707 
9*522066 
9*522424 



10-465969 9*531614 



10*463439 



TBOg. 



Suae 



975670 
9*975627 
9-975583 
9-975539 
9*975496 
9*975452 



9-974836 

9-974792 

9*974748 

9-97470S 

9-9746599-546931 

.9*974614 9-546735 

9-97457o|9*547138 
9*974<525 



9-974481 
9-5227819-974436 



9-5288K) 9*973671 



9*529161 



9< 

9530565 
9*590915 
19*5(»I265 



[9*532661 
9-533000 
9-S33957 



Goiifie 



Cosine 



»9Peg. 

Tang. 



9*975101 

9-975057 

9-975013 

9-974969 

9-9749259 

9*974880 



9-536972 
9*537382 
9*537792 
9-538202 
9-538611 
9*539020 
9*539429 



9*975365 9*539687 
9*975321 9-540245 
9-975277 9-540653 
9.975233 9-541061 
9-9751899-541468 
9-975140 9*541875 



9*542281 
9*542688 
9*543094 
9*543499 
543905 
9?544310i 



9-523138 
9*52349519-974347 



9-974391 9*548747 



9*974257 
9*974212 
9*974167 
9*974122 
9*974077 



9*524206 

9*524564|9'974212|9 
9-524920 

9*525975|9'974l 22|9^551 
9*525630 



9*525984 9-974032 9*551932 10*448048 23 



9*973997 
9»973942|9*552750(10^7250bl 



9*528458 9*973716 9-554741 



10-470049lt9t-^28105|9*97376ll9554344(lO'44a«56 
10*469634 
10469219 
10*468804 
10*468389 
467975 



8iae 



10*454891 



40 



9-5U715 
9*545119 
9-545524 
9*54593810-454072138 



9*547540 
9*547943 
9-548345 



9-549951 

550352 

9*550752 

153 

9-351552 



9-552351 



9*526339 

9-526693 

9*527046 9*97S897|9*553149|10^44^5]|20 

9-527400|9-973852|9^55d548llO*446452t 

9. 



527753 9*973807 9*553946 10-446054 18 



9*555139 U 
9^7362519*555596 1< 



I0-44i5259| 
^444969 
0^^44446)4114 

9^5a95l3|9*973580|9-555983flO444067 tS 
9*529864 9^^595 9^556399 1^^49671 If 

530915 9*973489 9-556795 1^0^440275 1 1 



»-973444 9*55719» 10^42979 10 
9-973398 9*5575 17 10'442«88i 9 
9-973352 9*557/9f 3 1(H42087 
9-^73307 9^559308 'l«*44tC99 



Cotang. 

10-463028i60 
10-462618 59 
1^462208 58 
10-461799 57 
10-461389 56 
10-460980 55 
10460571 54 

10-460163 53 
10*459755 52 
10-459347 51 
10^458939 50 
10-450532 49 
10-459125 48 

10-457719 47 
10^457312 46 
10-456906 45 
10 45«501 44 
10 456095 13 
10 455690 42 

10455285^1 



10-454476 39 



10*453669 
10*453265 



10*452869 35 
10*452460 34 
10*452C^7 33 
10-451655 32 
10*451253 31 
10*450^1 30 



9*549149 

9-549550 10'45C>i60|29 



37 
36 



10*45004998 
10*449649 271 
10<449949S6 
10^9947 25 
10 443449 24i 



10447649 



22 

81 
80 
19 



17 
16 
15 



9 5il963 9-97326» 9*558709 I0f441297 61 
9^532312 9-973915 9'5i9097 1 ' HO9 flg 



9*973169 9^559491 10^4405011 
9*9731 94 0*559885 li>440tl5 
9-973079 9-560279 10-499791 



9^533704 9^3932 9*560673 KK439327 
9-534052 9-979986 9 561066 iO'489994 



Cetafli. 



mmmmmStm 



Itofr 



1 



108 



1.00. StirC8» TAMOSNtS. ScC. 



aobeg. 



Sine 



9 53405Q 

1 9-534399 

2 9-534'745»'972894 

3 9-535099 
^9-535438 
5 9-335783 
69*536189 



; 7 

8 

9 

10 
11 
la 

13 
14 
15 
16 
17 
18 

19 
20 

21 

22|9 
93 

24 



25 

26|9 

27 

28 

29 

30 



31 

32 

33 
34 
35 
36 

37 
38 
39 
40 

^2 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
59 
60 



9-536474 
9*536818 
9-537163 
9*537507 
9537851 
9-53819419 



9*53'8538 
9-538880 
9*539223 
9539565 
9539907 
9-540249 



9-540590 
9-540931 
9-541272 
541613 
9*541953 
9*542293|9-971870|9 



9-542632 
542971 
9-543310 
9-543649|9 
9*543987 
9*544325 



9-544663 
9-545000 
9*545338 
9*545674 
9-546011 
9*546347 

9-546683 
9 547019 
9-547354 
9-547689 
9-548024 
9*548359 

9*548693 
9-549027 
9-549360 
9*549693 
9-550026 
9-550359 

9-'550692 
9-551024 
9*551356 
9-551687 
9-552018 
9-552349 

9-552680 
9*553010 
9«553341 
9*553670 



9^54329 



CosiDel Tang. 



9.972986 
9-972940 



9*972848 
9 972802 
9*972755 
9-972709 



9*972663 
9-972617 
9*972570 
9*972524 
9-972478 
972431 



9-561066 
9-561459 
9*561851 
9-562244 
9562636 
9*563028 
9*563419 

9-5638 U 
9*564202 
9-564593 
9*564983 
9*565373 
9-5657 



9-972385 

9-972338 
9*972291 
9-972245 
9 97219819 
9*972151 



9*972105 
9*972058 
9-972011 
9^971964 

9*97l9l7|9 



9*971823 
9*971776 
9-971729 
971682 
9-971635 
9-971588 



9*971540 
9-971493 
9*971446 
9-971398 
9 971351 
9-971303 

9-971256 
9-971208 
9-9'/ll61 
9971113 
9-971066 
9 971018 

9-970970 
9-970922 
9*970874 
9*970827 
9*970779 
9*970731 

9-970683 
9*970635 
9-970586 
9:970538 
9-970490 
9970442 

9*970394 
9-970345 
9*970297 
9*970249 



9*970152 



Cosine) [Sine 



6310 



-566153 
566542 
566932 
567320 
567709 
568098 



9-568486 
9568873 
9*569261 
9*569648 
570035 
570422 



9*570909 
9571195 
9*571581 
9-571967 
9572352 
9*572738 

9*573123 
9-573507 
9573892 
9*574276 
9-574660 
9-575044 



Cotang. 



10*438934 
10-438541 
10*438149 
10 437756 
10-437364 
10*436972 
10-436581 

10-436189 
10435798 
10*435407 
10-435017 
10*434627 
434237 



9*554987 
9*555315 



9*556626 9 
9-556953 9 
9-557280 9 
9 557606 9 
9-557932|9 

9*558258 



10*433847 

10*433458 

10*433068 

10432680! 

10-432291 

10*431902 

10*431514 

10*431127 

10-43073'9; 

10-430352 

10*429965 

10-429578 



9-575427 
9*575810 
9-576193 



10-424573 
10-424190 
10-423807 
5765T6tl0-423424 
576959|l0-423041 
10*422659 



9 
9 
9-577341 



9-577723 

9-5781D4 

9 5784861 10 

9-578867 

9-579248110 

9*57^629 



9 

9 

9*580769 

9-581149 

9 

9-581907 



9-554000 9*970200 9*583800 10*416200 



9-584177 

Cotan. 



10*429191 
10-428805 
10^28419 
10-428033 
10427648 
10^*27262! 

10-436877' 
10-426493 
10-4261081 
10 425724 
10*425340 
10-424956 



10-422277 
10-421896 

421514 
10*421133 

420752 
10*420371 



580009 10*419991 

580389110*419611 

10-419231 

10-418851 

581528I10-418472 

10*418093 



582286tl0-417714 
10*417335 
583044110*416956 
5834221 10-41 6578 



10-415823 

Tang. 



zTSi 



Sine 



9-554329 



9-554658 9-970103 



9*584177 
9584555 
9-584932 
9-585309 
9*585686 
9 586062 
9*556299i9 969860{9-586439 



9-555643 9*969957 
9-555971 9-969909 



9586815 
587190 
587566 

9-587941 

588316 

^-969567t9*588691 



-969518 

8909|9*969469 

9-969420 



9*55858319 

9-55 

9-559234 

9-559558 

9-5598B3|9 

9-560207 9 



9*560531 9 
9-560855 9 
9-561 HB 9 
9-561501 19 
9*561824 
9-563146p 

9*562468 9 
9-5637909 
9*563112 9 
9*563433 9 
9-563755 9 
9*564075 9 

9-564396 9 
9*564716 9 
9-565036 9 
9-565356 9 
9*565676|9 
9-565995 



9-566314 
9-566632 
9-566951 
9-567269 
9*567587 



9568222 



9-568856 



9-570435 
9*570751 
9*571066 
9*571380 
9*571695 

9*572009 
9-572323 
9*572636 
9*572950 



Cosine 



9-970152 



9*970055 
9-970006 



S: 



Tang. 



CotlMAg. 



969811 
969762 9* 
9697149* 
969665 
969616 9- 



9-589066 

9589440 

589814 

9*969370|9-590188 

•969321 9-590562 

-969272 9-590935 



9692239 

969173 

9691 24|9 

'969075 

969025 

968976 



968926 
968877 
968827 
968777 
968728 
968678 



968628 
968578 
968528 9 
968479 
968429 9 
968379 



9*968329 



9*968178 
^968128 



9-567904 9-968078 



591308 
9591681 

592054 
9-592426 
9-592799 
9*593171 



9*593542 
9-593914 
9-594285 
9-594656 
9-595027 
9-595398 



9 595768 
9-596138 
9-596508 
9-596878 
597247 
9-597616 



9-597985 



9 9632789-598354 
9-968228 9-598722 



9-968027 



9-5685399-967977 



9*967927 



9*5691729*967876 
9*569488 9*967826 
9-56980*9-967775 

9*5701209 967725 



9-967674 
9-967624 



««#*wp 



69 Peg. 



9-573575 

Cosine 



9-967471 
9-967421 



9*967319 
9-967268 



9-573263 9*967217 
9-967166 



Sine. 



9-599091 
9-599459 
9-599827 

9*600194 
9-600562 
9-600929 
9*601296 
9-601663 
9 602029 

9*602395 
9*602761 
9-603127 



9*967573 9*603493 
9*967529 9-603858 



9-604223 
9-604588 



9*9673709-604953 



9*605317 
9-605682 
9-606046 
9-606410 

Cotan. 



415823 60 



0*415445 



0-415068 58 



59 



0-414^9t 
414314J 



413938 55 



0*413561 



0*413185 
0-412810 52 
0-412434 51 
412059 50 
0-411684 49 
41130948 



0*410934 
0-410560 
0*410186 
0-409812 
0*409438 
0-409065 



0-408692 41 
0-4083 1-940 
0-407946 39 
0-407574 38 
0*407201 37 
0-406829 36 

0-406458 35 
0*406086 34 
0-405715 33 
0*405344 32 
0*404973 
0*404602 



31 
30 

0'404252|29 

0-403862128 

0*403492 

0-403122 

0-402753 

0*402384 



27 
26 
25 
24 

0-4020l5|23 
10-401646 22 
0-401278 21 
0-400909 20 
0-400541 19 
0-400173 18 

0-399805 17 
0-399438 16 
399071 15 
0*398704 14 
0-398337 13 

0*397971 12 

0*39760511 
0-397239 10 
0-396873 9 
0-396507 8 
0-396142 7 
0-395777 6 

0395412 5 

0-395047 4 

6-394683 3 

0*394318 2 

0*393954 1 

0-393590 Q 

1^ 



68 



^ 



!£: 



57 

56 



54 
53 



47 
46 
45 
44 
43 
42 



mimmi'mm 



•s**^ 



12 
13 

Ha 

15 
16 
17 
18 

19 






9-573575 
9-573888 
9-574200 
9 574512 
9 574824 
9-575136 
^•575447 

9-575758 
9'576()69 
9-576379 
I0|d-5Y6689 
9-576999 
9-577309 



{20 
21 
22 
23 
24 

26 
27 
28 
'}9 
50 

31 
52 
33 
34 
35 
36 

37 

i9 

40 
41 

42 



m 



tit 



, 22^ P eg. 



loo. SiKES,- TANGENtg j act. . 

23 iJeg. 



*W 



9 967166 
9 967115 
9-967064 



9-967013 9-607500 



9'96696r 
9-9669l'0 
9-966859 

k?-906908 
9966^56 
9'966705 
9-9fm'>3 
9 966f5r.? 



9-577618f^-^6<^^:99 S|-^MT20'IO 388^850 



9577927 

9-5^8<W6 
9 578545 
9-5'r8853 
9-579162 

9-579470 
9-579777 
9-500085 
9-560592 



9-966393 
9-966344 
9-96€292f9'6 12561 

9-966^40 

9-'9661'88 
9-9661-36 
9-9!^085 
9-P66033 



9-580699l9'9e5981 
9 5^1005 



9-5S1S12 

9-5HI618l9-965'824 



9-5^1924 
9-5-^229 
9-582535 

9-5«%;o 

95BtJl45 



^•583449 99^5511 



9-583754 
9-584t)^8 
9-584361' 



9^^87065 
9'587t386 
9-587688 
^•^5798^ 



44 
*5 

48 

t9^.iS859b 
(6 9-ijSf8^9ei 
.(19-^5^96 
i2D-58^48^ 
539-53^789 



54{^590O8ft i^964'94n 

55^-590iJ87 9-964^4 
J6f9-500^86 9-9e424t) 
j7.^-590984 9«9641«7 
58 9-5912B2 9964133 



60 



9 ^-591580 
9:591878 



Ce^lh6[ S\M 



Ttitig, 



9606410 

9-606773 
9 607137 



9-607863 
9-608225 
9-608588 

9-608950 
9-6093 r2 
9 609674 
9-6P0036 
9-0T0397 



Cotang. 

10 393590 
10-J^3!227 
1 0-392863 
10-392500 
I]l0-392r57 
10-391775 
10-391412 

10-391050 
1-0-390688 
10-390326 
10 389964 
10-389603 



9-610759 30-389241 



9-966*47 9 611480 



9-965772 



9 965929 9^15077 
9'9i55876 9-615435 



9-965'r20 9-6.1 6509 
9-965668[9'6'l-6867 
9-965615 

9-965565 



9965458 
9-965406 
9-965353 



9*584^65 9-9^5301 



9-61*r582 
9-617939 
9 618295 
9-m865i' 
9-61 9008 
9-619364 



9-5H4968 9-9155248 9-^19720 
9-585^2 b-965'l 95 9-620076 
9-585574^ ^'965143 9 6204152 
9-593877 ^-965090 9-620787 
9 586179 9-9^5037 9-621 1*42 
'9'5fmS^ 9-9649*ll9-62r497 



13 9-5*lff6YS3 i)-9fe^9*3 V 9 ^2l'852 



9-9(54 Jf79 
9964826 
9-964773 

i»-^64*720 



9-5»8*fe9 &*964fe66 

^*9«4«St3 

i*-9^45f50 

'964507 

i-964454 

964401; 



9^964080 
9-9640^ 



9 62^i20 

9-622^6l 

9^6522^913 

9-623269 

9-^23623 

9-6^76 
9-624pi30 
9*fi24'6^5 
9-625036 
9-625388 
9-6257ft 

9-626095 
9-626445 
9-626797 
i-627149 
9-627501 
9*627852 



10-388520 
9 611841 1 0-388 139' 
9-612201 '10<J87799 

10-387439 
9-6 W92 J [10-387079 

9-613281 10-3J671 9 
9 613641 10-3^86^591 
9-6r4OW/lO-J86QO0 
9 614359 '10-385641 
9-61471*8 l0 385i?82 
10-384923 

10-384565 
9-615793hO384'207 
^616151 10-3«3849 
'I0-3€f349l 
10-3ief3133 
9-617224 1O'302776J 



Sine 



9-59*547 9 963542 ^-6^100^10'3S8993 51 
9-59404.' 9-963488>63155,$ 'l<^'36864^ M) 
9-5931379963^434 ^ 6^1704: '1 0-3^8^96 19 
9-59:3^21 9'-^es^9 ^-6^53 iO-36^( 947 *» 
^'5*fifftl 9-^635^5 9'-61Jf2f4t)>!rF-3"t^59|j*^ 
:)-5960«l 9 9'6t3271 ^-§3^5t) 
9-5^«J15 9 953217 !?-633^99 
i9-59660$ 9-^63163 5-633447 
9-596903 § 963168 9-63579'5 
9-597t96 9-9)S30'54 9 654U3 



9*3^496 9^9629§l> ^•6:J4490 
9 597783 9-9629'43 ^634836 



9-5986^3l9-9i6289D 9'61351 83 
9^598^68 9 96^^36 9 635532 
9-598^609 962781 9-65!879 
9-59B9'52 9'9'62727 9-656226 

9'-599544^ 9 962672 9 636^72 
9-599536 9 962617 ^'636919 
p-5998*i7 9 962562 9 637265 
P^600l 1 8 9-9«25t)8 9-63T(^ 1 1 
^•6004^9 9*962453 9-6379'56 ' 



9-600700 9'-962398 



Vol.11, 



BtW 



icofeh; 



lO-?8*24l<i! 

10-38''206U 

10-r381'705 

10-381348 

10-380992 

10-3S063e 

10-380280 
1 6*379924 
10-379568 
1*0 379213 
10-378838 
10-37^503 

l6-571^1'4^ 
rO-377793 
1'0'377439 
10-377085 
10-37673 1 
10-376377 

'<> 376»64 
10-375.670 
10-375317 
10 374964 
10-374B12. 
10-374259 

1 0-37391)7 
ld-373555 
10-373^<is 
16572^51 
10«372499 
1 0-372 148 



9-605319 
9-605€06 



Coflrrte_l Ta«ig . 

9591878 9-964026 S^-627852 
9-5921 76 9-963972 9 628203 
9-592473 9-963919 9 628554 
9'39l>7709-963865 ^e'iStfOS 
9-593067 9-963811 9629255 
9-59336519 9^63757 9 6296^?^ 
9-593^59 9^963704 9-62995f 

9-'593f955 9-963650 9-63(1506 
9-59*25 1 f9-963596f9-630^56 



9-6<y)99f> 9-9i5'2l343f9 63W647 
9-601i:80 9-96228\5 ^-63899';! 
9-6013^6 9''9^2233 9639337 
9-601 866 9-962 178 9 659682 
9»602156 9-9621 23 9'640027 
9-602'4S9 9-962067 9-64087< 

9-602728 9'915201 2 9 64071 6 
9 603017 9-9619'57 9'641066 
9 6033<^5 9-961 9t)2 9641 404 
9-603594 9-961 8'46 i^-641747 
9-603882 §''-9617'9'l ^64^091 
9-604'17<y 9'9^173i5 ^^42434 

9^644*57 9-9fel^d1rt ^642777 
9-d04745 9 96162^4 9^643126 
9-605032' 9 961569 9' 643463 



9 961515 
9-961458 



9 665892|9'9614S0^ ^6i%4^ 

9-66151799 9151346 $'644Sb*2 
9-^463 9-961291) 9'64-5l74 
9-6()6T51 HgI^^d 9*6«51f 
9 66703619-^61'17V 9^645«^'^ 



9-6673^2 9- 9*511 23 



9-607607 

9-607892 
9-608177 
^608461 
9-(i68745 
9-6O90J29. 
9 609513 



ia37214Sl60 
1^0-071707 59 
10 2(71446 i8 
10-371095 57 
10-370745 56 
1.0-370394 55 j 
10-370044 54 

ie-369694^3j 
l0-3'6^344 52 



t0-36^^56(>6 

iy-3669f)i is 

1^3«6343f4^ 
tt)-3G^263W3f 

I03^58'57 
f0-3#55l6 



9^643806 



9-961667 

9-9btQll 
9-960$55 
9668^9 
'9'96094C 
9-96078(. 
9-^60730 






I 



10-365162 
10-36481^ 
10-36446$ 
10-364l2t 
10-363774 

^0-3l634^i 
10-3630*1 
10-36*^733 
10 862389 
10^36204#1 



37 

13 

[2f 



9-63S3U^O-S61€9dpQ 



10-361355 
10-361006 Bd 
10^360663 27 
10-36631^526 

10^959973 25 
10 35§62Sfp4 

10-35^284 M 
10 358946 &2 

10-358396 !?1, 

'n>358,253 ino 

10-35790.. -- 

10^357566 (1 81 

V6-357223J17 
10-3568^116 
'tO-te6537]ll5; 
10-356194 



9-64'4l 4^)6^355852 



16-355510 

)6-23iie5^5ll' 
S6-35482dilO 







4 



9-te654B 

9M468bl 
9' 647222 
9-64756*^. 
964796iJ 



9-643241^ 
9-m585 



m 



1i()'35448fl' « 
•10^354143 1 ^ 
1o-35S$6l) 

Y6-3i3i66 

l0-i53il9 
10-332773 
^0-^56^5^ 
10*352097 

10-35*1757 . 
10-351417]1^ 



1 
6 

5 

4 
3 



Dtltm 



Ff 



MO 



24Deg. 



LOC. SINES, TANGENTS. Scc. 



Sine . Cosine 





1 

3 
4 
5 
6 

8 

9 

10 

11 

12 

13 
14 
15 
le 
17 
18 

19 
30 
21 
82 
]23 
24 

25 
26 
527 
28 
29 
30 

31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

^3 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 



9-609313 
9609597 
9 609880 
9-610164 
9-610447 
9-610729 
9-611012 

9-611294 
9-611576 
9-611858 
9-612140 
9-612421 
9613702 

9*612983 
9-613264 
9 613545 
9613825 
9-614105 
9-614385 

9-614665 
9-614944 
9-615223 
9-615502 
9 615781 
9-616060 



9-616358 

9616616 

9-61 G894 

9-617172|9 

9-617450 

9-617727 



9-618004 
9-618281 
9-618538 
9-618834 
9-619110 
9-619386 

9-619662 
9-619938 
9'620213 
9-620488 
9 620763 
9-621038 

9-621J}13 
9 621587 
9-621861 
9-622135 
9 622409 
9622682 

9-622956 
9-623229 
9-623502 
9-623774 
9 624047 
9-624319 



5/^ 

f>6 



57 
58 
59 

SO 



9-624591 
9-624863 
9625135 
9*625406 
9-625677 
9-625948 



9-960730 
9 960674 
9 960618 
9-960561 
9-96050.^ 
9-960448 
9-960392 

960335 
9-960279 
9960222 
9960165 
9-900109 
9-960052 

9-959995 
f 959938 
9-959882 
9-959825 
9-959768 
9-959711 

9-959654 
9 959596 
9-959539 
9-959489 
9-959*i5 
f 959369 



Tang. 



964858) 
9-648923 
9649990 
9-649602 
9649942 
9-650281 
9-650620 

9-650959 
9651297 
9-651636 
9-651974 
9-652312 
9-652650 



652988 
653326 
653663 
654000 
654337 
654674 



9-959310 
9 959253 
9-959195 
959138 
9'959080 
9-959023 



9-958965 
99-58908 
9-9588^0 
9-958792 
9-958734 
9-958677, 

9^58619 
9958561 
9-958503 
9-958445 
9-958387 
9-958329 



9-655011 
9-655348 
9655684 
9-656020 
9 656356 
9-656692 

9657028 
9-657364 
9-657699 
9-658034 
9-658369 
9-658704 

9-659039 
9-659373 
9-659708 
9-660042 
9-660376 
9-660710 

9*661043 
9-661377 
9-661710 
9-662043 
9-662376 
9-662709 



9-958271 

9-958213 

9 958lMl9 

■9*958096 

9-958038 

9957979 



Cosine 



9-957921 
9-957863 
9-957804 
9-957746 
9-957687 
9-957628 

9-957570 
9-9575 11 
9-957452 
9-957393 
9-957335 
9-957276 



663042 
663375 
663707 
664039 
664371 
664703 



9-665035 
9-665366 
9-665698 
9*666029 
9-666360 
9-666691 

9-667021 
966735^ 
9-667682 
9-666013 
9-668343 
9*668673 



Cotatig. 



1 



Sine Cotan. 



65 Deg« 



10-351417 
10-351077 
10-350737 
10-350398 
fo-350058 
1034971V 
H)-349380 

10549041 
10348703 
10-348b64 
10-348026 
10-347688 
10-347350 

10-347012 
10-346674 
10-346337 
10-346000 
K)*345663 
10-345326 

10*344989 
10-344652 
10-344316 
10-343980 
10-343644 
10-343308 

10-342973 
10-342636 
iO-34230J 
1Q*341»66 

io-3;i(iisi 

10-3'V1296 

10«40961 
10-340527 
10-340292 
10-339958 
10-339624 
10-339290 

10*338957 
10-338623 
10-338290 
10-337957 
10-337624 
10-337291 

10 336958 
10-336625 
10-336293 
10-335961 
10-335629 
10-335297 

10-334965 
10-334634 
103343j02 
10-333971 
10 333640 
10-333309 

10-332979 
10-332648 
10-332318 
10-331987 
10-331657 
10 ^331327 

Tang. 



9-625948 9*957276 9 668673 
9-626219 9-957217 9 669002 
9 626490 9-957158 9*669332 
9-626760 9-957099 9-669661 
9*627030 9-957040 9-669991 
9-627300 9-956981 9 670320 



9-627840 
9-628109 
9-628378 
9-628647 
9 628916 
9-629185 

9-629453 
9-629721 
J9'629989 
9*630257 
9-630524 
9-630792 

9-631 059|9 

9-631526 

9-631593 

9 631859 

9-632125 

9-632392 



Sine 



25 Peg. 



9-627570|9-956921 

9-956862 
9*956803 
9-956744 
9-956684 
9-956625 
9*956566 



9-632658 

9-632923 

9*033189 

9-633454|9 

9-633719 

9-633984 



9-634249 

9'634514|9 

9-634778 

9-635042 

9-635306 

9-635570 



9-635834 
9-636097 
9-636360 
9-636623 
9-636886 
9-637148 

9-637411 
9687673 
9-637935 
9-638197 
9*638458 
9638720 

9-638981 
9-639242 
9-639503 
9-639764 
9*640024 
9-640284 

9*640544 
9 640804 
9*641064 
9-641324 
9-641583 
9-641842 



Cosine 



9-956506 
9-956447 
9*956387 
9-956327 
9-956268 
9-956208 



9*670649 

9-670977 
9-671306 
9*671635 
9671963 
9*672291 
9-672619 

9-672947 
9*673274 
9*673602 
9 673929 



9-956148|9-6749ll 

9-95608.9 

9-956039 

9*955969 

9*955909 

9*955849 



9'955789 
9-955729 
9-955669 
955609 
9-955548 
9-955488 



9955428 

955368 
9-955307 
9*955247 
9-955186 
9*955126 



Cosine 



9^55065 
9-955005 
9*954944 
9-954883 
9*954823 
9*954762 

9-954701 
9*954640 
9-954579 
9*954518 
9-954457 
9*954396 

9*954335 
9-?54274 
9-954213 
9^-954152 
9*954090 
9*954029 

9 953968 
9-953906 
9-953845 
9*953783 
9-953722 
9-953660 



Tang. 



9-674257 10-325743 43 



9-674584 



Sine 



9-67523' 
9-675564 
9*675890 
9*676217 
9 67654S 

9-676869 
9*677194 
9-677520 
9-677846 
9*678171 
9-678496 

9-678821 
9-679146 
9-679471 
9-679795 
9-680120 
9680444 

9-680768 
9-681092 
9-681416 
9-681740 
9-682063 
9-682387 

9-682710 
9-683033 
9^683356 
9-683679 
9-684001 
9-684324 

9-684646 
9-684968 
9-685290 
9-685612 
9*685934 
9*686255 

9*686577 
9*686898 
9-687219 
9*687540 
9-687861 
9-6881 82 

Cotan. 



Cola 



ng' 



0*33132'; 
0*330998 
0-330668 
0*330339 
0-330009 
0-329680 
0-329351 

0-329023 
0-328694 
0-328365 
0-328037 
0-327709 
0*327381 

V0*32705S 
0*326726 

0*326398 
0326071 



60 

59 

58| 

57 

56 

55 

5^ 

53 
52 
51 
50 
49 
48 

47 
46 
45 
44 



0-325416 



0-32508941 

0-324763|40 

0*334436 

324110 

0*323783 

0-323457 

0-323131 
0-322806 
0-322480 
0-322154 
0-321829 
0-321504 



0-321179 
0-320854 
0-320529 
0«320205 
0*319880 
0-319556 

0*319339 
0-318908 
0-318584 
0-318260 
0-317937 
0*317613 

0*317390 
0-316967 
0-3166U 
0-31632] 
0-315999 
0-315676 

0-315354 
0*315032 
0*314710 
0*314388 
0-314066 
0*313745 

0*313423 
0*313103 
0*312781 
0-312460 
0*312139 
0*311818 



Tang. 



42 



39 
38 
37 
36 

35 

34 
33 
32 
31 
30{ 

29 
28 
27 
26 
25 
24 

23 
22 
21 
20 
19 
181 

17 
16 
15 
14 
13 
12 

11 
10 



64Deg. 



-fci^ 



^** 





1 
^ 

3 
4 
5 
6 

7 

8 

9 

10 

It 

12 

13 
14 
15 
16 

n 

18 

19 
20 
21 
'22 
23 
24 

25 

26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
46 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 

56 
57 
58 
59 
60 



Sine 



9-641843 
9-642101 
9*642360 
9 642618 
9-642877 
9 643135 
9-643393 

9643650 
9-643908 
9-644165 
9 644423 
9-644680 
9-64493^ 

9645193 
9-645450 
9645706 
9-645962 
9 646218 
9-646474 

9 646729 
9646984 
9 647240 
9647494 
9 647749 
9 648004 



9 648258 
9-648512 
9-64876C 
9-649020 
9 649274 
9-649527 



9 649781 
9 650034 
9650287 
9-650539 
9-650792 
9-651044 

9 651297 
9-651549 
9-651800 
9652052 
9-652304 
9-652555|9 



9-652806 
9-653057 
9 6533f)8 
9 653558 
9-653808 
9-654059 

9-654309 
9654558 
9-654808 
9655058 
9-655307 
9-655556 

9-655805 
9-656054 
9-656302 
9-656561 
9-656799 
9 657047 



Cosine 



26 Peg. 



LOG> S^NES, TANGENTS, kc. 



411 



Cosine 



9-95366Q 9-688 182 



9-953599 
9-953537 
9-953475 
9-953413 
9-953352 
9-^53290 



9 953228 
9-953166 
9-953 104|9 
9-953042 9 
9 952980 
•952918 

9-952S55|9 
9-952793 
9-952731 9 
9 952669 " 
9-952606 
9-952544 



9 952481 

^•952419 

9-952356 

9952294|9 

9 952231 

9952168 

9-9521 06|9 

9952043 

9-951980 

9-951917 

9-951854 

[9951791 



9951728 
9 951665 
9-951602 
9-951539 
9-951476 
9951412 



9-951349J9 
9-951286 
9-951222 
9-951159 
9-951096 
951032 



9-950968 
9-950905 
9-950841 
9-950778 
9-950714 
9 950650 

9 950586 
9-950522 
9 950458 
9-950394 
9-950330 
9950266 



950202 
950138 
950074 
950010 
949945 
949881 



Sine 



63 De 



Tang. 



9-688502 
9-688823 
9-689143 
9-689463 
9689783 
9-690103 



690423 
690742 
691062 
691381 
691700 
•692019 

•692338 
-692656 
692975 
•693293 
-693612 
-693930 



9694248 
9 694566 
9-694883 
-695201 
9 695518 
9 695836 



696153 
9 696470 
9-696787 
9697103 
9697420 
9697736 



9-698053 
9698369 
9'698685 
9-699001 
9-699316 
9-699632 



•699947 
19 700263 
9-700578 
9-700893 
9-701208 
97U1523 



9-701837 
9-702152 
9-702466 
9-702781 
9703095 
9-703409 

9-703722 
9-704036 
9-704350 
9-704663 
9 704976 
9*705290 

9'705a03 
9-705916 
9-706228 
9-706541 
9-706854 
9-707166 



■< " * 



CoUn .| 



Cotang. 

0-311818 
0-311498 
0-311177 
0-310857 
0-310537 
0-310217 
0-309897 

0309577 
0-309258 
0-308938 
308619 
0-303300 
0307981 

0307662 
0-307344 
0-307025 
0-306707 
0*306388 
0-306070 

0-305752 
0-305434 
0-305117 
304799 
0-304482 
304164 

0-303847 
0-303530 
0-303213 
0-302897 
0-302580 
302264 

0-301947 
0-301631 
301315 
0-300999 
O*i30O684 
3QP368 

0-300053 
0-299737 
0-299422 
0-299107 
298792 
0298477 

0-298163 
0-297848 
0-297534 
0-297219 
0-296905 
296591 

0-296278 
295964 
0295650 
0-295337 
0-295024 
0-294710 

0-294397 
0-294094 
0-293772 
0-293459 
0-293146 
0-292834 



27Deg. 



Sine 



Tang. 



9-657047 
9-657295 
9-657^42 
9-657790 
9-658037 
9-658284 



Cosine 



9 658531 9 949494 



9-658778 
9659025 
9-659271 
9-659517 
9-659763 
9-660009 

9660255 
9 660501 
9 660746 
9-660991 
9-661236 
661481 

9 661726 
9-661970 
9-662214 
9-662459 
9-662703 
9-662946 

9-663190 
9'-663433 
9-663677 
9 663920 
9-664163 
9664406 

9664648 
9 664891 
9-665133 
9-665375 
9-665617 
9-665859 

9-666100 
9-666342 
9-666583 
9-666824 
9-667065 
9-667305 

9667546 
9-667786 
9668027 
9668267 
9-668566 
9668746 

9668986 
9669225 
9669464 
9-669703 
9669942 
9-670181 



9-9494'29 
9 949364 
9-^49300 
9-949235 
9-949170 
9-949105 



949040 9-711215 
9 948975 9-711525 
9 9489109-711836 
9-948845 9-712146 
9-948780 9-712456 
9 948715 9-712766 



Cosine 



9-949881 
9 949816 
9-949752 
9-949688 
9-949623 
9-949558 



Tang. 



9-948650 
9-948534 
9-948519 
9948454 
9-948388 
9-948323 

9-948257 
9-948192 
9-948126 
9-948060 
9-947995 
9 947929 

9-947863 
9-947797 
9947731 
9-947665 
9-947600 
9-947533 



9-707166 
9-707478 
9-707790 
9-708102 
9-708414 
9708796 
9-709037 

9 709349 
>709660 
9-709971 
9-710282 
9-710593 
9-710904 



Cotang. 



9-713076 
9-713386 
9-713696 
9-714005 
9-714314 
9-714624 

9-714933 
9-715242 
9-715551 
9-715860 
9716168 
9-716477 

•716785 
-717093 
•717401 
9-717709 
9-718017 
9-718325 



10-292834 60 
10-292522 59 
10-292210 58 
10-291898 57 
10 291586 56 
10-291274 55 
10-290963 54 

10-29065153 
10-29034()52 
10-290029 51 
10-289718 50 
10-289407 49 
10-289096 48 

10-288785 47 
10-288475 46 
10 288164 45 
10 287854 44 
10-287544 43 
10-287234 42 

10 286924 41 
10-286614 40 
10-286304 39 
10-285995 38 
10 285686|3 
10-285376 



9-947467 
9947401 
9-947335 
9 947269 
9-947203 
9-947136 

9947070 

9-947004|9 

9-946937 

9-946871 

9946804 

9-946738 



9-718633 
9-718940 
9-719248 
9-719555 
9-719862 
9-720169 



9946671 
9 946604 
9 946538 
9-946471 
9-946404 
9 946337 



9-670419 9-946270 
9-670658 9-946203 
9-670896 9-946136 
9-671134 9 946069 
9-671372 9-946002 
9-671609 9-945935 



Sine 



9-720476 
720783 
9-721089 
9-721396 
9-721702 
9 722009 



9-722315 
9-722621 
9-722927 
9-723232 
9-723538 
9-723844 

9-724149 
9-724454 
9-724760 
9-725065 
9-725370 
972567 4 

Cotan. 



10 28.5067 
10-284758 
10-284449 
12-284140 
10-283832 
10-283523 

10 28''>215 
10-282907 
10-282599 
10 282291 
10-281983 
10-281675 

10-281367 
10-281060 
10-280752 
10-280445 
10-280138 
10-279831 

10-279524 
10-279217 
10-278911 
10*278604 
10-278298 
10*277991 

10-277685 
10-277379 
10277073 
10-276768 
10 276462 
10-276156 

10-275851 
10-275546 
10-275240 
10-274935 
10274630 
10-274326 



■^H- 



62Deg. 



36 

35 
34 
33 
32 
31 
30 

29 

28' 

27 

26 

25 

24 

23 
22 
21 
20 
19 
18 

17 

16 

15,- 

14 

13 

12 

11 

10 

9 

8 

7* 

6 

4- 

3 

2 

1 





Tang. 



t.! 



}1 



'IB peg, 



poq, yypg, yAy<;^yT$y ly 



a 



5 
6 



10 
12 



14 
13 
1(3 



Sine 



R-67 1 609 9-94^935 
J9-6tl84T9-94^868i9 
^ 9-(?72084 9-9458()0 

9 (5723?! 9-943730 
4ft)'672558 9 945666 

9'67«79i; 9-945393 

9-673032 ^•94533 1 

9-673268 9-945464 
8|^ 673503 9-945396 
9^73741 ^-945328 
9 '$73977 9-945261 
9 674213 9 945193 
9-674 »48 39451^5 

13^6746^4 9 945058 
•' 9-67491 9f9-iU990 

9*675 133 9*944922 

^9 675391' 9-944834 

1 7l9 6756'24 9-944786 

9-J57585gi9-9447l8 



i8 

I 

19 
20 
21 
22 

23 
24 

25 
2^ 
•^7 
28 
29 
30 

'31 
.32 
33 
34 
35 
36 

37 
38 



9 676094 



9-£>4465a 9. 731444 



9-6777JH 



9-679824 



9-680056 9-9434^6 

9/690988 9*943417 

_9'68p519 0-94^:?4? 
39:9-68075^^ 9 ijj3v^9 

;40 ^-68.09.8? 9 943^10 



9-68^1674 



Co^np 



972567 ♦ 

25979 

^•726284 



9 67632^9-944582 
9 676562 9-9445 J 4 
9*676796 9*944446 
9^7703(1 4'944d77 
9-677264 9-^44309 

9 677498 9-944241 



9 944172 



9-67796^9*944104 
9 678197 9-944036 
^•(578430 9 84396 - 
9 678663 9*9438&9 

9.-078895 9 943330 
9-679128 9-9437 
9 679360 9-9436 
^679592 9*§436?4 



Tang. 



Pogng. 



I0 2'»4326 
10-274021 
10-273716 



9-726583 1 0-2734 1 2 



9-726892 
9-727197 
9727501 

9-727805 
9-728109 
'«i-728412 
9 72871^ 
9-729020 
9-729323 

9-739626 

g-729«)29 
9-730233 
9-730535 
9-730838 
9-731141 



9*731746 



9-732048 lQ-267952 



9 943^3 



9-732331 
9-73'i65a 
9-732953 

9-733257 
9-733358 
9-733860 
9-734162 
9-7344^3 
9-7347^4 

9*Y35p66 
9-733367 

9-7i35668 
9-735969 



9 6gl2139-943;jtl 
9 0.81443 9,9430.72 



9*681905 9 942934 
9-682133 9-94'2?64. 
96923^59-942795 
9-6«2j939-942T26 



9 943005 9^73^671 



53 
56 

57 
$8 
5.9 
50 



9-6:82825 9-942656 9-340169 



41 
♦2 

^^ 

^5 
47 

\^ 9*68ya55}9t-942487 
'" 9-683284 9-9425^7 

9-6S3514 9-942,448 
52(9-633743 9*942378 

9-683972 9 942308 
34|9-g8420; 9-942239 

9.-6§?430 9*9421 69 
9- 68465S 9-942099 
9*684887 9-942p29 
ft-685lU 9-941,951 
9-6S5S45 9 94l885i 
9-683571 9-94181G 



9-7d62t)9 
9-736570 

9-736870 
9-737171 
9 757471 
9*737771 
9738071 
9-73?371 



9-73897^ 
9*739271 
i!739570 



9-740468 
9-74Q707 
9741066 
9-741365 
9*741664 
(9-74126? 

9*':(4226^ 
9-742559 
},-74?858 
9-743136 



r0-273l08 
10 27^8Q3 
10-273499 

10-27^^193 
I0 27189J 
10 271588 
10-2712^4 
ln-27098U 
10-5^70677 

10-270374 
10-270071 
10-2697671 
i 0-269465 
10 2691ti^ 
lQ;gG^8^v^ 

10-268556 
10 268254 



10-267^4^ 
10-267347 
ip*267p43 

10-266743 
10-266442 
10-266140 
10-263838 
10-265337 
10-2155230 

10264934 

lA-264633 

10-2^4332 
10-264031 
ip-26373l 
10?63^30 

10*203 |3p 
10-262829 
10 26^529 
lQ-26?22^ 
10-261929 
10-26 10^9 

10-261329 
10261029 
10*260729 

({lQ26tW30 
lb-^60130 

jlp259831 

lb-95953? 

lt)-259233 
10-?58934 
l0-?58635 
^0*258336 
lQ-^38038 

1^57739 

10257441 

10-25'^14^ 
4p 256844 



9 743732 



10 23$^4^ 



29 P^g. 



Sin9 



9 685571 

9-685791? 

9686027 

9686254 

9-686482 

9 6867D9|9-941469 
9-541358 
9-94^29 



9-686936 

9*687163 
9687389 
9-68761^ 
9-687843 
9 68806S> 
9-j5B8293 

9-688521 
9-688747 
9-688972 
9689198 
9-689423 



9-689648 9-94P54 1 

9-689873 9 940481) 
9-690098 9-9>iD409 
9*09032 
9-690548 

9-6907 72|9*940l 96 
9-940125 



9-694120 
9-694342 
9694564 
9-694786 
19*695007 

9-695229 



9 74345410 256346 



9-695.6i71 
9-6i93892 
9-fll96ll3 
9-6963.34 



Co^ifte fTapg. 

9-941819 9 749752 
9*94 174^ 9-744050 
9-941679 9-744348 
9-941609 9-74464^ 
9 941539 9-744943 
9-745240 
9*745539 

9-745835 
9*941238 9 746132 



9 941187 
9-941117 

9-941046 

9-940975 

9 940905 
9*9408^4 
9'94P763 
9-94t)693 
9-040622 



9-690996 

9-691220 
9691444 
9 091668 
9 -69} 892 
9-692115 
9*692339 

9 692562 
9-692783 

9-093008 
9-693251 
9-693453 
9-693676 
9-693^9819:93.9195 



9'94p054 
9-93998? 
9-9399 J 1 
9-939840 
9-939768 
9*93P697 

9-939625 
9-939554 
9-^939482 
9*9394 1 d 
,9-9?933^ 
9-939267 



9 939123 
9939052 
9-93898p 
9-938908 
9-938830 

9*938703 



9 •69543a 9*93969 1 



9*938619 
9-938547 
19-938475 



9-746429 
467^6 
9-747023 
9-747319 

9747616 
9-747913 
9*748209 
9-7485D.3 
9-7488t)l 
9-749P97 

9-749393 
9749689 



9-940338 9*749983 

9*940207 9-75028i 

9-730576 

9*750872 

^751107 

975146? 

9-751737 

9*752p52 

9-75234' 

9*752642 

9*7529i}7 
9-753231 
9-7533'26 
9753820 
9-754ii3 
9-754409 

9-754703 
9-754997 
9-753291 
9-755585 
9-755«78 
9-75^142 

9-756463 
9«736759 
9-757052 
9-757345 
9-757638 



9*938402 »*757931 

9-690554 9-938330 ?l*7^8.224 
9-696775 9.*938258^'jf'585l7 
9-696995>*9?8l85 9*758910 
9-697?.l5 9;9381i3 9-759102 
,19-6974359-939040 9*759393 
9*697654 9*d3.790';[ 9*739687 

9*697874 9-937995 9-759979 
9-0,98094 9-9(3782? $ 760272 
9-698^313 9-937749 ^70950/i 
9^9853? 9-9976.'4C a-760956 
9 09875V9-9376O4;9,-76;i49 
9 698970 9-937^3^ 9-701439 

Co^Uiet PSiir i^^.tafr 

•- .1.111 ■ -*«i » I r I _. ' * L_. ' I ' ■ 



e^ m ^ 



15^30248 
10*255950 
10*2i5652 
10255355 
10253057 
10-254760 
1023446? 

|0-254165 
10*253868 
10-253571 
iO-233274 
10-232977 
10-252691 

10?5£384 
102520^7 
JO-251791 
10-251495 
10 231199 
lp-23P903 

10*250607 
10-250311 
10-251>O15 
i 0-2497 19 
10-249424 
10-249128 

l^i$48833 
10-2,48538 
10*248243 
10-247948 
10-247653 
102^7^58 

10-^706^ 
liD-246769 
10-34i^474 
10!246180 
10-245885 
ip-245391 

1 245.297 
10-243003 
10*244709 
16-244415 
10?44122 
10-2^3828 

10*?43535 
10*sr43241 
10*24fi948 
1024265^ 
10 242362 
10-242069 

10-241776 
10*241483 
io*2f 1 19Q 
10*240.898 
ip-?40fi05 
10-240313^ 

10*2^0021 
10*2397281 
10-2394^6 
10-239.144 
l6-^&832 
lp-23.8501 



60 
^9 
58 
57 
56 
55 

* < 

53 
52 
31 

48 

47 
46 
45 
44 
43; 

*? 
41 
40 
39 
39 
37 

;56 

33 
34 
33 
32 
31 
30 

n 

28 
27 
?6 
25 

24 

?5 

19 
18 

17 
I'O 

15. 

ia 
1| 
U 

10 
9 
8 
7 



doD 



3 
? 

V 





aiieg. 



fJOfl. JMKPS, TANOttWTS, &C. 



4U 



30 Peg. 



ai D^. 



S»i 



CofUie 



19-699189 9 
9-599407 9 
9^699606 9 
9-699844 9 
9-700062 9 
9'7002809 



9 
S 

S 
6 



7 9-70049819 

89-7007169 

99'70093d49 

10 9-701151 

U9-70V368|9 

1« 9^01585 9 



139 



14 

\5 
16 

1^ 
UO 

181 

^3 
94 

125 
tt6 
87 

0819 
B9 

ao 



70I80<2}9 
9-70'201^ 

9'7022:)6l9 
9*70«45'2l9 
9^709669 



9-709885 9|036«IO 



9-703101 

9-70S317 

9-70353319 

9-703749 

9-7039«4 

9704179 



Pl 
32 

33 

34J 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 
5i9 



9-704395 
9 704610 
9704825 
705040 
9 705254 
U-705469 

9-705683 

9-705898 
9 706112 
9*706326 
9'706559 
9-706753 

9^706967 
9-707180 
9«707893 
9-707606 
9-707819 
9-70803«j 

9-708245 
9-708458 
9-708670 
9708882 
9-709094 



937531 



937458 9-76173 V 



937S8JI 

•937312 

937238 

937165 

'937092 

937819 
936946 
936872 
9-936799 
936725 
936652 



956678 
936505 
936431 
936357 
9-936284 



9-936136 
9'93606«i 
935986 
9 935914 
9-935840 
9-935766 



60 



9-709780 
9*709941 
9-710153 
9-710364 
9-7 J 0575 

9-710786 
9 710997 
9-71 1208 
9-711419 



9935692 
9*935618 
99S5543 
9>9d5469 
9»935395 
9-985320 

9-935246 
9-985171 
9-93509T 
9-935022 
9934948 
9-934873 

9-934798 
9-034723 
9*934649 
9-934574 
9-934499 
9-934424 

9-934349 



9-934199 
9-934123 



T««g 



9-761439 



10-238^61 
10^38269 
19-237977 
76231 4110-237686 
10-237394 
to 237103] 
9-763]8ik0-2>68l2 



9 762<?23 
9 

9-762606 
9-762897 



9-763479 
9-763770 
9-764061 
9-764352 
9-764643 
9-764933 

9*765224 
9-765514 

9-766095 
9766385 
9766675 

9766965 

9-767255 

9-767545 

9-767834 

9-7681 

9*768414 



241 



9-766703 
9-768992 
9-769281 
9-769571 
9-760860 
9-770148 

9-77(437 
9-770726 
9^771015 
9-7713()3 
9-771592 
9-771880 

9 779168 

9-77a45' 

9 772745 

9-77303S 

9-773321 

9-773608 

'9 '778896 



9-934274 9-774184 



9-774971 
9-774759 



CotMlg. 



Sine • 



9-7^ 1039 9-9330669-778774 



1U236521 
10236230 
10-235939 
10-235648 
10-235357 
10235067 

i 0-234776 
I0r2344e6 
10-234195 
10-233905 
10-233615 
10-295325 

10-233095 
10-932745 
tl 0-232455 
10-232166 
0-931876 
10-231586 



Co«in« 



9 712050 
9-7J2260 
19 712469 
9-712679 
9-712889 
19-71309819 932609 

9-7133089-932533 



Tang. 



9-932990 9-779060K0 
9-9309149 779346 
9-932836 9-779632 
9'9I^76fii 9-779918 
9-932685 9 780203 
9780489 

9-780775 I0'2 19225 
9-7!85l7l9-f324^T9-78U>60 10 218940 
9-713726 9*933380 9-781346 10-218654 
9•718935*9-9329<^j9-7eI63l 10-218369 
9-714144 9-932S2Bk)-7819l 6 10218084 
9-7 14S5« 9-932151*9-78^201 10*217799 



9-714561 
9-714769 
19-714978 
*J-715186 
9 715394 
9-715602 



10-231297 
10-231008 
10-230719 
10-230429 
10-230140 
10-229852 

10-929563 
10-929274 
10-228985 
10-228697 
10-228408 
10-298120 

10*227832 

10-227543 
10«297255 
10-026967 
10*226679 
10*^i6392 

10-226104 
10*225816 
10-925529 
10*225341 



9^15809 

9*716017 

t9'7 16224 

9*71643219 

9-716639 

9-716846 



9*717053 
9-717259U? 
19-717466 
9-717673 
9*717879 
9-7i8085{P-9S9766 



9-932075 
9-931998 
9-931 92 lj9 
9*93184519 
9-931 768'9 
0-931691 19 



7824e6h 

782771 

783056 

783341 

783626 

783910 



9-931614 
9-981537 
9*931461) 
*931388 
9-931306 
9-931229 



9-931 152 



9-784195 
9-784479 
9-784764 
9786048 
9-785332 
9-785616 

9-785900 



931075,9-786184 
9-9a0998;9-78646B 
9<93092t 
9*930843 



9-718291 

9-718497 
9-718709 
9-718909 
9-719114 
9-71932019 



[9*934048 9-775046 10^224954 
9-70930€l9<933973 9*7753^ i<^224667 

9-7095 1 8|9'»33898 9*775621 10*22^79 
9-933822 9-775908 10-294092 
9-939747[9*776195 
9-933671 9-776482 
9^933596 9-776769 
9 933520 9 777055 

9'93S^k45 9-777342 
9-933369 ^777628 



9 711629 9*93314) 
9-7U8S«9*93306 



9-71932519 

9*719730 

9-719935 

9-790140 

9*720345 

9-720549 



9-720754 
9-720958 
9*7U1162 

[9-72136619-929591 
9-7215709*92*9442 



9-93329S|^777915 
9-933217 



Coiinc 1 



Sine 



9-778201 
9^778488 
9778774 



Cotan. 



10^223805 
10-223518! 
10-223232,' 
10-222945. 

10*929658 
10-922372 
10*292085 
10-291799 
10221512 
10*221226 



9-930088 
9-930611 
9*930533 
9-930456 
9-930378 
930300 



930223 
9*930145 
9*9300671 
9-929989 
9-929911 
9929833 



9-787603 
9-787886 
9*788170 
9-788453 
9-788736 
9-789019 

9*789302 
9 -789585 
9-789868 
9-790151 
9*790434 
9*790716 



Cotang. 



10-221226 6C 
-220940 5£ 
40-22065451 
10-220368 57 
10-220082 $e 
10-219797 5i 
10*219511 54 



0-217514 41 
10 217229 4€ 
10 2 16944 45 
10*216659 44 
10-21637449 
tO-216090 41 



5J3 
5S 
51 
5<! 
4f 
41 



10-215805 41 
10-215521 40 
10-215236 3ti 
10*214952 38 
10-214668 37 
10*21438436 



10-214100 35 
10-213816 34 
10-213532 33 
9-786752 10-213248 Iti 
9-787036 10*212964 31 
9-787319 10212681 30 



10-212397 29 
1021211428 
10-211830 27 
10-211547 26 
10-21 1264 2J 
10 210981 24 



(0-210698 
10-210415 



10-210132 2] 



9-721774 

9-72197«|9*929986 
9-72218] 



9-929755 9*790999 
9-929677 9-'T9l28 1 
9-929599 9-791563 
9*791846 
9 792128 
9-92936419-792410 



•*••••■•• 



^5Sf: 



Tang. 



9 792692 
9-9292U7 9-792974 
6'722385i9'929199 9-793256 
9-722588 9-929050 9-793538 
9*722791 9-92897^9-793819 
9^729994 

9*793197 

9*7234i(M}f9*92a736 
9 793003 9*9286157 
9*723805 9 928578 



9-794«>07' 9-908499 S>*795508 



9-724211) 



CoStDt 



9-998853 9*794101 

9«9288 15 9-T94983 
9-794664 
9*794946 
9-795227 



9-92842<> 9-795789 



10*209849 
10 209566 
10-209284 

10-209001 
10-208719 
10*208437 
10*208154 
10-207872 
10-207590 

10*207308 
10*207026 
10-206744 
10-206462 
10*206181 
10205899 

10-205617 
10205336 
10-205054 
1O204773 
I0r204492 
1(^204211 



Sine \ CQtan> Tang. 
^Uteg. ■ 



2»; 



2C 

n 
le 

11 

H 
M 
U 
U 
H 

11 
N 



1 



14 



32 Deg. 



toe. 8INn, TANGSNTfl. &C 

-— ■ , ^ 



9'72U12 
2 9-724614 
9*724816 
9725(117 
9-7252 IP 
9'72542U 



3 

4 
5 
6 



7 

8 

9 

10 

il 

12 

Id 
U 
15 
16 
17 
18 

19 

20 
21 
22 
33 

25 
26 
27 
28 
29 
50 

31 
}2 
J3 
iA 
>b 
J6 

J7 
36 

II 
^2 

k3 
^5 

>( 
>i 

)2 
>3 
>4 

*5 

>6 

►7 
)8 

►9 
•0 



bine 



Cosine | Tang« 



9.9284J0 
9-988342 



9-795789 
9'796070l 



9-725622|9 

9725823 

9-726t)24t^ 

9 726426 
9'72662( 



9-7357 IS- 
9 735914 
9-7361 OV 

I Cosine 



9 928263 9*796351 
9*928183 9-796632 
9-928104 9-796943 
'^•928025 9-797194 
9-927946 9*797474 



927867 
927787 
927708 
927629 
927549 
927470 



9-726827 
9-727027 
9-727228 
9727 W8 
9 72762H 
9*727828 

9 728027 
9*728227 
9»72«427 
9-728626 
9*728825 
9-729024 

9-729223 
9-729422 
9-729621 
9-729820 
9-730018 
9-730217 

9-730415 
'730613 
9*73081 1 

9*7ai009 
9*781206 
9-731404 

9-751602 
9-731799 
9 731996 
9-732193 
9-732390 
9-732587 

9-732784 

9-732980 

9 733l77j9-9248l^ 

9*733373 

9-733569 

9*733765 

9-733961 
9-734157 



9-927390 
9 927310 
9 927231 
9927151 
9-927071 
9-926991 

9 926911 
9 926831 
9-926751 
9-926671 
9-926591 
9-926511 

9026431 
9-926351 
9*926270 
9*926190 
9 926110 
9 926U39 

9*925949 
9-925868 



9-925707 
9*925626 
9925545 

9 925465 
9-925384 
9-925303 
9-925222 
9-925141 
9-925060 

9924979 
9 924897 



9 924735 
9-924654 
9*924572 

9*924491 



9-9244099*809748 
9*734353 9*924328 9*810025 
9*734549 9924246 9-810302 
9-734744 9-924164 9810580 
9 734939 9*924083 9-81085 

9-735 1 3.5 9-92400 1 9*8 1 1 1 34 
9 755330 9*923^19 9-811410 
9-735525 9-923fl37 9*81 1687 
9-92H755 9-81 1964 
9-923673 9*812241 
9 *>2359 19-812517 



9-797755 
9*798036 
9 798316 
9 798596 
9-798877 
9 799157 

9-799437 
9-799717 
9799997 
9-800277 
9800557 
9*800836 

9-801116 
9*801396 
9-801675 
9-801955 
9-802234 
9*802513 

9802792 
9*803072 
9*803351 
9803630 
9-803909 
9 804187 

9^804466 
9804745 



9*925788 9*805023 



9*805302 
9-805580 
9-805859 

9-806137 
9*806415 
9 806693 
9806971 
9-807249 
9*807527 

9-807805 
9808083 
9-808361 
9-808638 
9-808916 
9 809193 

9*809471 



Sine 



Cotang. 



0-204911 
0*203930 
0*203649 
0*203368 
O-203O87 
0*202806 
202526 

0*202245 
0-201964 
2011584 
0-201404 
0-201123 
0-20084S 

0*200563 
0-200283 
0-200003 
01 99723 
0199443 
0199164 

0-198884 
0*198604 
0*198325 
0-198045 
0197766 
0-197487 

197208 
0*196928 
0-196649 
0196370 
0^196091 
0195813 

0195534 
19525.5 
0-194977 
0-194698 
0*194420 
0194141 

0-193863 
193585 
0-193307 
0193029 
0.192751 
0*19*2478 

0-192195 
0*191917 
0191639 
0191362 
0-191084 
0-190807 

0-190529 
0-190252 
0-189975 
0-189698 
0-189420 
0-189143 

0-188866 
0*188590 
188313 
0*168036 
187759 
0-187483 



Cotan. I Tang" 



^7 Peg. 



33Deg. 



Sine I Cosine 



736109 9-923591 



9*738627 
9738820 
9-739013 
9-739206 
9-739398 
9-739590 

9*739783|9 

9-739975 

9-740167 

9*740359 

9*740550|9 

9740742 



*736303 



9 7364989-923427 



9736692 



9 736886 9923263 



9*737080 
9-737274 



9-737467 
9-737661 

9-737855l9 
9 738048 
9 738241 
9*738434 



9-740934 
9-741125 
9 74131619 
9-741508 
9*741699 



9 921524|9*819410 
9*921441 



9'742080|9-921 

9*742271 

9'742462|9 

9*742652 

9-74284^9 

9-743<)33 



9*74322 

9-743413 

9-743602 

9*743792 

9-743982 

9 744171 



9745494 
9-745683 
t9-74587l 
9*746060 
9*746248 
9-746436 



9923509 



9 923345 



9-923181 
9-923008 



923016 

922933 

922851 

922768|9 

922686 

922603 



9 922520 

9*9224d8|9 

9*922355 

9 922272 

9-922189 

9922106|9 



9*816107 
816382 
9*816658 
9-816933 
9*817209 
817484 



922023 
9*921940 
9-921857|9 
9*921774|9 

921691 

921 



1607 9 



9-817759 
9*818035 
818310 
818585 
818860 
819i;>5 



9 



921357 
9-921274|9 
9*92119019 
9*74188919*921107 



9 920939 9 

920856 9 

9-920772P 

92D686 
9*920604 



9-920520 
9920436 
9-920352 
9920268 
9-920184 
9 920099 



9-744361 9 920015 
9-7445509*919931 
9-744739 9-919846 
9-744928 9*919762 
9-745117 9*919677 
9-7453069*919593 



9919508 
9-919424 
9*919339 
9919254 
9-919169 
9-919085 



9-746624 9-919000 9-827624 
9-746812 9-918915 9-827897 
9-746999 9*91 8830 9828170 
9 747187 9-918745 9-828U2 
6-747374 9918659 9*828715 
9-747562 9*918574 9*828987 



Cosine 



Sine 



Tang. 



9*812517 

9-81279^ 

9-813(n0 

9-8133471 

9 813623 

9*813899 

9-814176 



Cotang. 



814452 
814728 
815004 
815280 
9-815555 
9-815831 



819684 

9-819959 

820234 

820508 

19*820783 



023|9'821057 

821332 

821606 

'821880 

9*822154 

9-822429 



9822703 
9-822977 
9*823251 
9-823524 
9-823798 
9*824072 

9*824845 
9824619 
9-824893 
9*825166 
9-825439 
9-8257131 

9*825966 
9-826259 
9-826532 
9-826805 
9827078 
9*827351 



Ootan, 



0-187483 60 
0*187206 59 
0-1869S0 58 
0-186653 57 
0-186377 56 
0186101 55 
0*18582454 

0-18554853 

0*185272 52 

0*184996 

0*184720|50 

0*184445 

0*194169 



183893 
0*183618 
0183342 
0-183067 
0182791 
0182516 



0-182241 41 

0181965*0 

0*181690 39 
0181415 38 

0-181140 37 

0*180865 36 

0-180590 35 
0-180316 34 
0*180041 33 
0-17976632 
0*179492 31 
0*179217 30 

0-17894329 
0*178668^8 
0*178394 27 
0178120 26 
0*177846 25 

0-177571 ^ 
23 
22 
21 
20 
19 
18 



0-177297 
177023 
0*176749 
0*176476 
0176202 
0175928 



0175655 
175381 
175107 
0-174834 
0174561 
0174^87 

17401411 

0-173741 

0*173468 

0-173195 

0172922 

0*172649 

0172376 

0-1721 

0*171830 

0*171558 

0-171285 

0171013 



56 Deg. 



Tang. 



49 
48 



47 
46 
45 
44 
43 
42 



17 
16 
15 



14 
13 
12 



10 
9 
8 
7 
6 

5 

4 
3 
2 
1 




••<|»>Ma 



hoa, 



34 Peg. 



Sine 



0,9-747562 
1 9 747749 
a 9 747936 

3 9 748123 

4 9-748310 

5 9-748497 

6 9-748683 

7 9-748870 

8 9-749056 

9 9*749243 

10 9-749429 

11 9-749615 

12 9-749801 



13 
14 
15 
16 
17 
18 

19 
20 
21 
22 
23 
24 

25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
56 

57 

^58 

59 



9-749987 
9-750172 
9-750358 
9-750543 
9-750729 
9-750914 

9-751099 
9-751284 
9-751469 
9 751654 
9-751839 
9-752023 

9-752208 
9752392 
9752576 
9752760 
9-752944 
9-753128 

9753312 
9 753495 
9-753679 
9-753862 
9 754046 
9-754229 

9-754412 
9-754595 
9-754778 
9-754960 
9-755143 
9-755326 

9755508 
9-755690 
9'755872 
9-756054 
9-756236 
9-756418 

9-756600 
9-756782 
9 756963 
9-757144 
9-757326 
9 757507 

9-757688 
9-757869 
9-758050 
9-758230 
9-7584U 
9-758591 




Cosine 



9 918574 
9*918489 
9-918404 
9-918318 
9 918233 
9-918r47 



9-828987 
9-829260 
9-829532 
9-829805 
9-830077 
9-830349 



9*918062 9 830621 



9-917976 
9-917891 
9-917805 
9 917719 
9917634 
9 917548 

9-917462 
9917376 
9^917290 
9-917204 
9-917118 
9917032 

9 916946 
9-916859 
9-916773 
9-916687 
9-916600 
9-916514 

9-916427 
9-916341 
9-916254 
9-916167 
9-916081 
9 915994 

9*915907 
9-915820 
9-915733 
9-915646 
9-915559 
9-915472 

9-915385 
9-915297 
9-915210 
9-915123 
9-915035 
9-914948 

9-914860 
9 914773 
9-914685 
9-914598 
9-914510 
9-914422 

9-914334 
9-914246 
9-914158 
9-9140,70 
9-913982 
9*913894 

9*913806 
9913718 
9-913630 
9-913541 
9-913453 
9-913365 



Tang. 



SINES, TANGENT S^ &C> 

3S Peg. 



4U 



9-830893 
9-831165 
9-83 14^7 
9*831709 
9-831981 
9-832253 



832525 
832796 
833068 
833339 
833611 
833882 

834154 
834425 
834696 
834967 
835238 
835509 



9-835780 
9-836051 
9-836322 
9-836593 
9-836864 
9*837134 

9837405 
9-837675 
9-837946 
9-838210 
9-838487 
9-838757 

9839027 
9-839297 
9839568 
9-839838 
9-840108 
9-840378 

9840648 
9-840917 
9-841187 
9-841457 
9-841727 
9*841996 

9-842266 
9-842535 
9-842805 
9-843074 
9-843343 
9-843612 

9-843882 
9-844151 
9*844420 
9-844689 
9*844958 
9-845227 



Cotan. 



Sl5 Dee. 



Cotang. 







0- 
0- 

0* 
0- 
0* 

o- 

0- 
0- 

(> 

0* 
0- 

0- 
0- 

0- 
0- 
0- 

o- 

0- 
0- 

0- 
0* 
0- 
0- 
0- 
0- 

0- 
0- 
0- 
0- 
0- 
0- 

0- 
0' 
0- 
0- 
0- 
0- 

0- 
0- 
0- 
0- 
0* 
0- 

0- 
0* 
0- 
0- 
0* 
0- 

0* 
0- 
0- 
0- 
0* 
0- 



71013 
70740 
70468 
0-170195 
0- 169923 
69651 
69379 

69107 
68835 
68563 
68291 
68019 
67747 

67475 
67204 
66932 
66661 
66389 
66118 

65846 
65575 
65304 
65033 
64762 
64491 

64220 
63949 
63678 
63407 
63136 
62866 

62595 
62325 
62054 
61784 
61513 
61243 

60973 
60703 
60432 
60162 
59892 
59622 

59352 
59083 
58813 
58543 
58273 
58004 

57734 
57465 
57195 
56926 
56657 
56388 

561181 

55849 

55580 

55311 

55Q42 

54773 



Sine 



9*758591 9 913365 
9*758772 9 913276 



9-758952 



9 759312 
9-759492 
9-759672 

9-759852 
9-760031 
9-760911 
9-760390 
9-760569 
9 760748 

9-760927 
9-76U06 
9-761285 
9-761464 
9-761642 



9-7618219-911763 



9-761999 



9-762177 9-911584 



9*762356 
9-762534 
9*762712 
9-762889 

9-763067 
9-763245 



9*763422 9*910956 



Tang. 



9-759132 9*913099 



9-912210 
9*912121 
9-912031 
9*911942 
9*911853 



9-91 1674 



9*911495 
9*911405 
9*911315 
9*9112!^ 

9-911136 



9-763600 
9-768777 
9-763954 

9-764131 
9-764308 
9764485 
9-764662 
9-764838 
9-765015 

9-765191 
9-765367 
9-765544 
9-765720 
9-765896 
9-7660T2 

9-766247 
9766423 
9-766598 
9-766774 
9-766949 
9-767124 

9-767300 
9-767475 
9-767649 



jCoein c Sine 



Cosine 



9 913187 



9*913010 



Tahg. 



9*845227 
9-845496 
9-845764 
9-846033 
9-846302 



9*912922 9-846570 
9-912833 9-846839 

9-912744 9-847108 



9912655 
9-912566 
9*912477 
9-912388 



9-912299 9-848449 



9-911046 9-852199 



9*910866 
9-910776 
9-910686 

9-910596 
9-910506 
9-910415 
9-910325 
9-910235 
9*910144 

9-910054 
9909963 
9-909873 
9-969782 
9-909691 
9-909601 

9^909510 
9-909419 



9-909237 
9*909146 



9-90905^ 9-858069 
9-9089649-858336 



9*908673 
9-908781 



9 7678249*908690 
9-767999 9-908599 
9-768173 9-908507 

9*768348 9 908416 
9-768522 9*908324 



9-768871 9 908141 

9 769045 9-908049 9*860995 

9 769219 9-907958 ^-861261 



9-847376 
9*847644 
9*847913 
9*848181 



9848717 
9*848986 
9-849254 
9-849522 
9-849790 
9-850057 

9-850385 
9-850593 
9850861 
9-851129 
9-851396 
9851664 

9-851931 



9-852466 
9852733 
9*853001 
9^853268 

9-853535 
9-853802 
9-854069 
9*854336 
9*854603 
9-854870 

9-855137 
9-855404 
9*855671 
9855938 
9*856204 
9-356471 

9-856737 
9*857004 



9*9093289-857270 



9*857537 
9*857803 



9*858602 
9-858868 
9*859134 
9*859400 
9-S59666 

9*859932 
9.860198 



9 768697 9-908233 9 860464 10 !39536 



Cot ang. I 

10*154773 6C 
10154504,59 
10-154*«S658 
10-153967 57 
10*153698'56 
10-153430 55 
10153161 54 

10-1528^2 53 
10-152624 52 
10*152356 51 
10*152087 50 
10*151819 49 
10-151551 48 

10-151283 47 
10-15101446 
10-15074645 
10-150478 44 
1015021043 
10-U9943 42 

10-149675 41 
10-149407 40 
10- 14^39 39 
10-148871 38 
10-148604 37 
10-148336 36 

10-148069 35 
10- 14780 1 34 
10 147534 33 
10147267 32 
10-176999 31 
1014673230 

10-146465 29 
10-146198 28 
10145931 27 
10*145664 96 
1 01 45397 «5 
10-145130 24 

10-144863 23 
10144596 SS 
21 
20 
19 
18 

16 
15 
14 

ig 

12 

II 

10 
9 
8 

1 
C 



10-144329 
10*144062 
10143796 
10*143529 

10-143265 
10*142996 
10*142730 
10142463 
10142197 
10*141931 

10-141664 
10;141S98 
10*141 132 
10-140866 
10*140600 
10*140334 

10-1400681 5 
10139809 4 



9-86073010-139270 S 



10-I39(k>5 
10-138739 



^3j[!?«^ 



54 Peg 



a 

i 



T 



-i 



sODet. I arlXg:. 

_ ^(< - --— - 



dKie 



i9^«959S 



CoefM 



9-7«M19<9-JK)7959 !^»6l^61 



PSO'TSfie^'gSlWV 



#-7«W«6'9-9(n774 



9-841792 



9^T6974*> 
|9 -769913 



I 
2 

3 
4 
5 
6 
7 

;8 

19 
M 
II 

23 
94 

9S 
26 
«7 
88 
«9 
30 

31 
38 
SS 
34 
55 
36 



710433 
9*710606 

JJe^-IIOl?*! 
9^7095^2 
9-771 123 



) 



S7 
88 



39 
13 



kS 



9-907591) $869393 

9 9074999*869589 

t^770a60|9-90740^ 9-869d54» 

9^9073:4^863119 
9'9«19«? 9*863385 
9»96rri29' 9-^63650 



9-779A)3 
9-779675 
9*7'72»47 



9-773361 



9*713875 
9'174046 
9»774917 
9'774388 



9-9crr«8'2 



9«6«05810-I3794'^ 



'^901037 d 8»99 1 5 1 (M '^6085 



9-9069*^ ^864»«> lO-IS-.^S'^O 
9HrJ9«f'>906«5^ ^864445 10» 135555 

9-71)4f7O9-9O67tWd'86411Oll0-f35290 
9-77^649 9*9066r7 9'8649't5 
9-771315 9-906575 d'866940 
9*90648«^l>-865.'i05 



9-77 1 987 
9-1791<59^9'9063fJ9ld-8«CW7iD 



0-906896 9*8166035 



9-906304 9-866300 10^1 33700 



9-9061 n 



9-9060t89'866fihltr t0*133l7l 



9-77»M 8 9*905925 9-8»10»4 
9-773l'90 9'905^2|9'8615«} 



9-905739 9iMn623 lO* I3«J77 



9*905179 



9'174558|9'905n85]9-8l^4'^ 
§*77'f729 9'904992 9- 869737 
9«7t4099 9*904898 9^870001 
9'90480449^8t0d65 



9»17A)70 

9*775940 0*9047M 

9*7'r54'l 9*90^1 7 9 870»/93 

9'7755i8t) 9'90«f28l^'87 1 057 



9*'77W59'5*904*«9 



9T7i59en 9-90493S 9t871586 
9-77tt)90 9*904241 9*81H49 
9^6669 9-904147 ?<W^ !« 
9-7764C9 9-90*053 9 B12076 

f^msS^S 9-905959 9*8r?2«40 
9-77W68 9 9058® 9*8^^90fl 
5 »7ie957 9'9«l77t) 5!*ft73l67 
m-'Tfm^ 06 ^9039ni Sj**f 3480 
9'77??59f759'9e95m SW0e94 
9-177444 9-90S487 Sl-81ft95*7 

9[9-7776l99'903i892 8>^*iiftO 
«-T777B| 9*903898 9'874484 
9^777^960 9-90920S 9-87!4747 
9»WB*19 O-SOCWm 9-»7i5WIO 
9T782&t 9*90OOI4|9*87i«YS 



9^84559*901^919 



9^^190^ 



[tOytfie 



il9<TW9fl9-90SY«9N7e06St«01«5937 



XawR" Cofffftg^ 



9-866564 



9'7»KW35|9-96564ft|9'tr61887 1 0-1 3211 3 

9'7737^4|9'905552 9-868 15*> 10*V31 848 

9^905459 9-868416 10» 131584 

9*9053d6 9-86888l> 10-131320 

9'90^im|9-868945 



10'13I055| 
9'869909ilO*W0791 



9*»)ife634 9*8^^2* 10^23674 



9^1^ W 9-902444 SJ-Stf ^52 10- J 23148 
^794CtJ 9-9»2&4W-«l7ll411,0*'l228«6 



»'gpg49 p; 



Cotatr: 



10-138739 
lO 1 38473 
IO-J38208 



lO' 137677 
I0*I37411' 
10> 137146 

IO-f36881 
I(>h3»615 
10' 136350 



9^779463' 

9-779631 

19 779798 9-902 !5Sf9'877640 
'9*779966 9902063 9 ^77903* 
i9-7801 33 9-*^0l 967|9-8781 65 



10*1'35C)2'5 

10'>3476i 

10^134495 

lO* 1 34230 

10133965 



8rrf€f 



9-780300 9 90187-2 ^.^87842S 



9-780467 9^90171' 



101'33436 



10*1329()6 
10-13264^ 



10* 1*30521 
10-130263 
I0*t29999 
10.1 9973 j 



9^705^91 I0>lii947l 
lO'l 29207 

J0»W8943 
9*8715^ 10«1'28679 



10^128415 
l-O^l^l'il 
10'127688 
iO'l 27624 

lO'i^i^fee 

10 W7097 
10-126633 
10126570 
10-126306 
10^1^043 

10-12^780 
\0'l45Bi6 
ld-T9^25;^; 
10-124990 



fi-87^<>t ^0^1^^4463 



Tflttg. 



3^_^<igi__ 



9-18(0634 
9-780601 
9-790<^6b 
9'781'134 
9*78V3ai 
9*78V468 

9'7*1(*.^ 
97811800 
9-781966 
9^782T»3^i 
9*782298 
9-782464 



9*789^30^9005!te5 9-882^01 
9-9<H)435 9'882363 



9'782196 
9-782961 
97031'21 
9*783292 
9-l8»438 

9^763623 
9*76318« 
9'78395S 
9-18^18 

9-784282 
9-l64'44l 

9*t04^12 
9-784176 
9*784941 
9'785105 



9-76723^ 
9'787395 

9^67^7 
9-7^7^0' 
9'7fe78fe3 
9-7flf»045 
9*788^08 
9^88370 



9-1»86^4^ 



;9-789flfeO 
9-78^42 



9 90234'>1^^771lJlO' 
9 90225.'j(9- 877377 



1228861 



^878*91' 



•y-90168r'9-8"#8<k53 l^f21047 
9-901565 9 87921^' 10^1Sto784t52 
9'9(ri490 9-8r79478f 10*12052? 5li 
<^90<394 9-87914^1 10»t3»259 
9-90*298 9-88000^ ^iO* i:i'9997 
9*901202 9^880265 10-TI9735 48 

9'9<M106^ 8805* 16^11947^47 
9-901010^8807$^) 10* l'l92lO 46 
9»900<>149-8«i052!|d*llt94845 
9^90081 8 9* 8dl314p0*l 18666 
9 90072*i 9»381'577 



9^900626 9 881 83l» 1(V-lt8161 



99003S7 



'Q'90O*24<)|9'882H87p0n f 71 1 3 3» 

37 



9-8826^ 



9*90^1 4?4 9-8Wn4« 10-11^852 
9*9(H>04^ 9«888i*l^ 10^1'l6590|36] 

9^89995f 9* 9^361% 10-1 1632B 
9*899854 9'8839341011'6066 
9*899757 9*8841 96 10» 115804 
9 899660 9-884**57 40*1 15543 
9^899564 9'88*4ll^ 10*1 15281 
9*899467 9- 8^84^80 lO-tl5020 

>89937'0 9-88^^^ 10^14758 
9»89921iJ 9-88!5504 lO* Il4496f2« 
9*6991 7r 9-885'?^ 10'114235|27 
9-899078 9-'8860«5 10-1*1397*4 
9*785269|9'898961 9-886*;8^ 40»n3712 
9»Ta5433 9*898864 9*8^654*) V0*1'1 3451 
9'7fe559l 9*898787 9' 86681111 O^n'll 8^9 
9*7857t)t 9-898'6g9 9-88707^ 



10-112928 
9*785^3 9' 89659'it^ 687339 lO'l 12667 
9'78608«< 9-898494 ^8^594 1()-1 12406 
9-78t5252 9-898i597 9-687855 10M'I214:& 
9*7864i6 9*898^ ^•888n6 10111684 

<*'V^&^5^^ ^'098fed2 ^*86Bb1fe tO'lf 1622 
9*166742 «>*8!9«U)4 ^-888^ 10111^61 
4-7^90^ 9-^96»)06 9»'88«900 lO'l 1 1100 
9'78706#-897908 9'889li^ 10'llt)83^ 
9-697iB^0 9'*8lB94i2i l<J*ll05l9 
0'897¥l2 9def9«685 10* 11(^1 8 

g'891^14r^-889948 io-l lt^57 
gi«97'516 0-89Cl2(U 10^0^96 
9'8$l4^g 9'89(>4(?5 \0'U)^6t}5 
9^97320^8907^^ 10lb927i 
91-8197222 9890986 i0109(X14 



9-80Vi2^S "9-691247 



9-7'8»5b2 9'«f97^i ^'89t5Cl7 



989092^9^91768 10-108^5 
9'896fe^'9-»9202^ 1O107912 



9-7»5^18 9*8961'39 9-892289 






9'896ie31 9-892549 
9-896532 9^892810 



10-122625 
10- 122360 
l(>n«097 
10^tai835f56 
55 
10*M1309|54 



53 



44 
10^118423 43 



I0*l'f7899 



10*11763740 



ld-117375 



10'10Sl5i 

io-io«f4!^i 



t0'l077n 
10107451 

io-noYi90 



421 
'41 



39 



35 
34 
33 
32 
31 
SO 

29 



26 
25 
24 



23 
22 
^1 
20 
19 
18 

1 
16] 

15 
14 
13 
12 

11 
10 
9 
8 
7 
6 

'5 
4 

i 



d 






i 



tOfi, SINES, TAfiUKPTLc*, 



»(.«.■ 



38Deg. 



3 
4 
5 
6 

T 

8 

9 

10 

11 

12 

•113 



Sim 



0|9'7e9349|9*896539 9'89«810 
1 9-789504 9*896433 9*893070 
9 9'7696e5 9^96335[9'99333t 

9-78981?? 

9*789988 

9*7901^9 

9'790S10 

9*7904'7I 9*895840)9 894(*>33 
9-89574l|9*89489« 
9-895641 



9-79063fl 
9-790793 
9*790954 
9-791115 
9791275 

9-791436 



15 
16 
17 

18 

19 



149-79\596 



9*791757 
9-791917 
9-798077 



9-79e397 



«0 9*79«dd7 



«1 9*792716 d 894U69*898«70 



fi2j9*792876 9*894346 
23 9*795035 9*894246 
2419-79S195 9*894146 

9-894046 
9^93946 
9 893846 
9*893745 
9-893645 
9*893544 



299-793991 



Cotine 



9*896236 9-893591 
9-896137 9-193851 
9-8960389-694111 
9*895939 9*694372 



9-895152 
9-895542 9-895412 
9-895443 9-895672 
9:895348 9*895932 

9-895244 9*996192 
9*895145 $896452 

9-895045 ^-sseris 

9-8949459*896971 
9-894846 9-897231 



9-79f2i37 9-894746 9*897491 



9-894646 



9-894546 9-898010 



25 9-793354 

26 9-7*3514 

27 9-793673 



28 



9-793838 



30 

31 
32 
33 
34 
35 
36 

37 
38 
39 
40 
41 
42 

43 
44 
45 
46 
47 
48 

49 
50 
51 
52 
53 
54 

55 
5S 



9*794150 



9*79430819*893444 
9-794467 



9-893343 
9-7946269-893243 
9-704784 9-8931421^901642 
9-794942 



9-795101 

9-795259 
9*795417 
9*795575 
9-795733 
9-7958f1 



9-796364 
9-796521 
9-796679 
9*796836 



57 9*798403 9 8908< 



58 9-798660 



9-892839 



9892638 



9*892435 



9 7960499-892334 
9*7962069-892233 



9-892132 



9891929 
9-691827 



9*7969939 891726 

9*79715019*891624 
9*797307 



9*891523 
9*797464 9 891421 9-906043 
9-797621 9-891319 9-906362 
9-797777 9-891217 9906560 
9*797934 9*89 1 1 1 5 9^068 >9 

9-798091 9-8910l3l9*907b77 
9-798247 9'8909tl 



T^Si 



Cotagg. 






9-897751 



9896530 
9-898789 
9*899049 

9899308 
9*899.^68 
9*899827 
9-900087 
9*900346 
9-900605 

9*900864 
9*901124 
9 901383 



9-893041 9-901901 
9*89^940^^2160 



9-902420 



9*892739 9-902679 



9'902938 



9 8925369*903197 



9-903456 
9 903714 

9903973 
9*904232 



9*89200(y 9 904491 



9-904750 
9 905008 
9*905267 

9-905526 
9*05785 



9-89070r 



9-907336 
9-907594 
9*907853 



10-107190 
10106930 
10-106669 
10; 106409 
10*106149 
10*105889 
10-105628 

10-105368 
10-105108 
10-104848 
10-104588 
10104328 
10-104068 

10-103808 
10 103548 
10103288 
10103029 
10- 102769 
10*102509 

10 102249 
10-101990 
10101730 
10'!0I470 
10*101211 
10*100951 

10-100692 
10-100432 
10-lOOlTO 
10-099913 
10-.099654 
10-099395 

10*X*99136 
10*098876 
10-098617 
10-098358 
10-098099 
10-097840 

10097560 
10^)97321 
10-097062 
10 096803 
10'096544 
10-096286 

10-096027 
10095768 
10-095509 
W)*095250 
10-094992 
10-094733 

10^94474 
10-094^15 
10-093957 
10-093698 
10*093440 
10*093181 

10*092923 
10-092664 



39 l>t?g. 



Sine 



9-7968729 890503 9-908369 



9-799028 
9-799184 
9799339 
9799495 
9-799651 
9-799806 



9-799962 0-889785 9 ^ 



9*600117 
9-800272 
9 80042*7 
9 80058-2 
9*800737 

9 80089? 
9-801047 
9-801 '201 
9-801 35(i 
0-801511 
9-801665 

9-801819 
9-801973 



9-802128 9 888341 
9 -€(02282 9-888237 



9 802436 
9'a02589 

9-802743 
9-802897 



9*803050 ^•88'<'''* 8 



9*803204 
9-803357 
9*803511 

9-803664 
9-803817 
9^03970 
9-604123 
9-804276 
9*804428 

9^4581 
9*804734 
9-604886 
9-005039 
9*805191 
9-805343 

9-805495 
980564,7 
9R05799 
9-805951 
[9-806103 
9-806253 

9-806406 
9-806557 
9*806709 
9-806860 
9-807111 
9-807163 

9*807314 
9-607465 



10*092406 9-807615 
100921471 9*807766 
10*091889 19*807917 



Cosine ITang. 



9 890400 9*908628 
9*890298 9 908886 
9*890195!9-90^I44 
9-890093,9 909462 
9 889990;9-9p9660 
9 689888 9-909918 



9-8896829-9 
9'8«9579 9-9 



9-889477 
9-889374 
9 689271 

9*8^9168 
9-989064 
9*888961 
9-888358 
9 888755 
9-888651 

9-888548 
9888444 



9 888134 
9-888030 

9-887926 
9-887822 



9-887614 
9-8875 10 
9-887406 

9*887302 
9867198 
9-867093 



99 
9 9 
9*9 

9*9 
9-9 
9-9 
9-9 
9-9 
9-9 

9-9 
99 
9'9 
9-9 
99 
99 

99 
9-9 
9-9 
9»9 
99 
9-9 

9-9 
9*9 
9*9 



9-8869899 9 
9*886885 9 9 
9*886780 9*9 

9*88667619-9 

9-886571 

9-^^6466 

9-886362 

9*886257! 

9-886152 

9-886047 

9885942 

9-88583 

9*885732 

9-885627 

9-885522 

9-885416 
9*885311 
9*885205 
9-885 i 00 
9-884994 



9-884783 
9884677 



59 9*7987161 9*89060^9*9081 1 1 

60 9-79987S 9<9050S9-906369llO-091631| 




Taog. 



51 Dag. 



9*808067 



Cosine 



99 
^'9 
9-9 
9-9 
9-9 

99 
99 
9-9 



017710-089823 



71341 

7391 

7646 

7906 
8163 
8420 
8677 
8934 
9191 

9448 
9705 
9962 



9-920219 
9-920476 
9*920733 

9-920990 
9-921247 
9-921503 
9-92 i 760 
9 922017 



9-884889 9-922274 



9-922530 
9-922784 



9- W57^ 9-923044 
9-684466 ^-923300 



Cotang,] 

10-091631 
10*09137 
10 091114! 
10 090856 I 
10-090598! 
10-090340 
10-090082 1 



10*089565 
10-089307 
10-089049 
10088791 
10*088533k 

10-0882754 
10-088018 4 
10-087760 4 
10-087502 4 
10-087244 
10*086986|4 

10-O8<5729 
10-086471 4 
10-096213 3 
10-085956 3 
10*085698 3 
10085440 3 

10-0851833, 
10*084925 3 
10 084668 3; 
100844 J 0?^ 
10*084153 3: 
10-083896 3< 

10*063638 2! 
10*083381 2( 



0495 
0693 
0951 
1209 
1467 

1725 
1982 
2240 
2498 
2756 
3014 

3271 
3529 
3787 
4044 
4302 
45601 

4817 
5075 
5332 
5590 
5847 
6104 

6362 
6619 
687710*083123 



9-8843fi0l9-923r557 
9*884244 



10-082866 
10-062609 
10*082352 

10-082094 
10081837 
10 081580 
10-081323 
10081066 
10-080809 

10-080552 

10080295 
10*0S0038 
10-079781 
10079524 
10-<n9267 

10-079710 
10*078753 
10-078497 
10 078240 
10*077963 
10-077726 

10 077470 
10077213 
10076956 
30076700 
10076443 



2' 



2i 
2i 

2; 
2^ 
21 
2( 
il 
U 

V 

n 
\i 
u 

i: 
1^ 

1 

i( 



I 



olTTIT 



G> 






9-9238U10*p76186 
Cotan.l Tang. 



40 Deg. 



vug. 8I»Egy TAMGgyTS» OfC 



I Siii« iCosioe | Taog.* 

L <\.^/\jiA<:'rT n.AoAALt n..\<^noi a 



► 9tiOd067 9'884«54 
9-80831 S 9-884148 

^9-808368 9-884042 
9 808519 9*883936 
9-808669 9-883829 
9-808819 9-883723 
9-808969j9'8836n 

9-809119 9*883510 
9-809269,9-883404 
9-809419 9-883297 
9-809569 9-883191 
9-809718 9*883084 



9-923814 I 
9*924070 10 075930 



9924327 
9*924583 



» 



L 



9*809868 

9'810017 
9-810167 
9-810316 



9-81046.^ 9-882550 9*927915 



9*882443 9*928171 
9-882336 9-928427 



9*810614 
9-810763 

9'810912|9 882299 9*928684 
9 8821219 928940 
9-882014 



9*811061 
9811210 
9-811358 
9-81 1507 
9*811655 

9*811804 
9*811952 
9*812100 
9*812248 
9-812396 
9-812544 

9*812692 
9-812840 
9-812983 
9-813135 
9-&13te3 
9-813430 

9*813578 
9-8.13725 



9-929196 
9*881907 9 929452 
9-881799 9 929708 



9*881692 



9*881554 9-930220 10069780 



9-814019 
9*814166 
9*814313 

3d-814460 
4 9*814607 
i 9*814753 
6 9-814900 



7 9-615046 9-879202 



8 9-815193 

9 9-815309 
[)J9-815485 
li9*815632 
2i9-815778 

9-815924 
9*816069 



3 

5 

519-816361 
7 9-816507 



Cosine 



9-882977 
9*88^871 



9-92484010^)75160 



9-925096 
9*925352 

9*925609 
9925865 
9926122 
9-926378 



9 926634 10 073366 



9*926890 
9*927147 



9*882764 9-927405 
9 882657 9 927659 



9*881477 
9*881369 
9-881261 
9-881153 
9*881046 

9-880938 
9-880830 
9-880722 
9*880613 
9-880505 
9*880397 

9*880289 
9*880180 



9-813872 9'88(X)72 



9*8*79963 
9*879855 
9-879746 

9-879637 
9-879529 
9 879420 
9-87931 1 



9-379093 



9-378875 
9-878766 
9*878656 
9-878547 
9-878438 

9*81621519-878328 
9*878219 
9-878109 



Sine 



9929964 



9-930475 
9*930781 
9*930987 
9-931243 
9*931499 

9*931755 
9-932010 
9932266 
9-932522 
9-932778 
9 933033 

9933289 
9-933545 
9 933800 



9*934311 
9934567 

9*934822 
9*935078 
9-935333 
9 935589 
9935844 



9*878984 9 936355 



9 936611 



10*062879 
9 937377 10-062623 
9*937632 10*062368 

9-957887 10-062113 
9 938142.10-061858 
9*938398 10061602 
i|9*8l6652 9*677999 9*938653 10*061347 
) 9*816798 9-8778909 .93890a 1006 1092 
)i9-816943 9*877780 9-939163 10-060837 



Cotan. 



JL 



41 Deg. 



Cotapg. !| Sine 

0*076186 



10*075673 
10*075417 



10-074904 
10*074648 

10-074391 
10*074135 
10 073878 
10*073622 



9*816943 9 877780 9*939163 
9*8>7088 9*877670 9*939418 
9*817233 9*877560 9*S|39763 
9*817379 9*877450 9*939928 
9*817524 9*877340 9-940185 
9-877230 9*940439 
9*877120 9*940694 

9-8770109*940949 
9*876899 



10-073110 

10^072853 
10*072597 
10*072341 
10072085 
10 071829 
10*071573 

10-071316 
10-071060 
10-070804 
10070548 
10*070292 
10«070O36 



10*069525 
10-069269 
10*069013 
10*068757 
10-068501 

10-068245 
10*067990 
10*067734 
10067478 
10-067222 
10 066967 

10066711 
10066455 



9*934056 10*365944 



10 065689 
10*065433 

100651'78 
10*064922 
10-064667 
10*064411 
10*064156 



9-956100 10 063900 



10-063645 
10*063389 



9 936866 10*063134 
9-937121 



Tang. 



49 D«g. 



9-817668 
9-817813 

9*817958 
9-818103 
9-818247 



9*818392 9*876678 
9*676568 
9*876457 



9-818536 
9-818681 

9*818825 
9-818969 
9-819113 
9*819257 
9*819401 
9*819545 

9-819689 
9-819832 
9*819976 
9-820120 
9-820263 
9*820406 

9*820550 
9*820693 
9*820836 
9*820979 
9*821122 
9-821265] 

9-821407 
9-821550 
9*821693 

9*821835 
9*821977 



9-822120 

9-822262|9-873672 
9*822404 
t0066200l 9*822546(9<d73448 



9*822688 



9-823530 



9*823821 



9-823963 9*872321 
9*824104 9-872208 
9-824245 9*672095 
9*824386 9*871981 



Cosine 



Coiine 



9941204 
9*876789 9*941459 
9-94171S 
9-941968 
9942223 



9 876347 9*942478 
9-876236 9942733 



9*876125 
9 876014 
9875904 



9-875793 9-943752 



9*8228309-873223 
9*82297219 873U0 

9'823] 14 
9*823255 



9*872885 
9*823397 9-872772 



9*8236809-872547 



9*872434 



9 824527 9*871868 
9 824668 9*871755 



9*824808 9*671641 
9 824949 9*871528 9-953431 
9-825090 9-871414 
9*825230 9*871301 



Sine 



Tang. 



9*942988 
9-943243 
9943498 



9-875682 9*944007 
9*875571 9-944262 
9-875459 9*944517 
9*875348 9-944771 
9-875237 9-945026 
9*875126 9.945281 

9*875014 9-945535 
9*874903 9*945790 
9*874791 9*946045 
9*874680 9 946299 
9-874568 9-946554 
9*874456 9*946808 

0*874844 9*947063 
9*874232 9-947318 
9-874121 9*947572 
9-6740099*947827 
9-8738969-948081 
9-8737849*948335 

9-946590 
9*873560 9*948844 

9-949099 
9*873335 9*949353 

9 949608 

9*949862 

9*8729989*950116 



9*950371 
9-950625 



9 872659 9*95087ii 



9*951135 
9*951388 

9*951642 



9*952405 



9-825371 9-871187 9*954183 10045617 
9*82551 1 9*871073 9-^54437 J0043563 



Cotao.. 
48 Deg. 



Cotang. 



53 
52 
51 
50 
49 

48 



10*060837 60 
10*060582 59 
10*060327 56 
10*060072 57 
10 059817 56 
10*05956155 
10*05930654 

16-059051 
10*058796 
10*058541 
10*058287 
10058032 
10-057777 

1005752247 

10-057267 

10*057012 

10*056757 

10056502; 

10*056246 

10*055993 
10 055736 ] 
10055483 
10 055229 
10*054974 
10 054719' 

10*054465 
10054210 
10*053955 
10*053701 
10*053446 
10*053192 

10*052937 
10*052662 
10-052428 
10*052173 
10*051919 
10*051665 

10*051410 
10 051156 
10050901 
10*050647 
10-050392 
10*050138 

10-049884 
10*049629 
10*04937^ 
10*049121 
1004886': 
Ll 0*046612 

10*048356 



9 951896 10048104 
9*952150 tO-047850 



10*047595 



9*952659 10*047341 
9*952913 10*047087 



9-953167 10*046833 

10046579J 

9-953675 10046325 

9*953929 10 046071 



Tang* 



46 
45 
44 
43 
42 

41 
40 
39 
38 
37 
36 

35 

34 
33 
32 
31 

30 

29 
28 
27 
26 
25 
24 

23 
22 
21 
20 
19 
16 

17 
16 
15 
14 
13 
12 

li 

to 



8 



2 
1 





^tO G. SINES, TANGENTS, JCC. 
42 Deg. 



4i< 



I 



6 

8 

9 

10 

11 

IS 

13 
14 
13 
16 
17 
18 

19 

20 
21 
92 
23 

25 
26 
27 
28 
29 
30 

31 
32 
33 
34 
35' 
36 

37 
38 
39 
40 
41 
42 

43 
44 
43 

46 

48 

49 
50 
51 
52 
53 
54 

55 
56 
57 
58 



9-825511 
9-825651 
9-825791 
9*825931 
9-826071 
^19*82621 1 
9-826351 

9*826491 
9-826631 
9826770 
9-826910 
9-827049 
9-827189 

9'827328 
9-827467 
9-827606 
9*827745 



60 



Sine 



CosiDe 



9-871073 
9-870960 
9-870846 
9-870732 
9-870618 
9'870504 
9*870390 

9*870276 
9-870161 
9-870047 
9-869933 
9*869818 
9*869704 



9*827884 ^'869130 9 958754 



9-828023 

9-B28162 
9 828301 



9*828439 9 868670 



9*828578 
9-828716 
9*828855 

9-828993 
9*829131 
9*829269 
9*829407 
9829545 
9*829683 

9-829821 
9-829959 
9-830097 
9-830234 
9-830372 
9-8305O9 

9*830646 
9-830784 
9-830921 
9-831058 
9*831195 
9-831332 

9-831469 
9-831606 
9-831742 
9 831879 
9-832015 
9832152 

9-832288 
9*832425 
^•832561 
)-832697 
9-832833 
9*832969 



9*833241 
9-833377 
9-833512 
59|9-833648 



Tang. I Cotang. 



43 Deg. 



9-869589 9-957739 
9-869474 9*957993 
9-869360 9-958247 



9*869245 



9 869015 

9-868900 
9-868785 



9-868555 
9-868440 
9*368324 

9-868209 
9-868093 
9*867978 
9*867862 
9-867747 
9-867631 

9-867515 
9-867399 
9*867283 
9*867167 
9867051 
9866935 

9-866819 
9*866703 
9-866586 
9-866470 
9-866353 
9-866237 

9*866120 
9-866004 
9-865887 
9'865770 



9-865536 

9*865419 
9-865302 
9-865185 
9-865068 
9*864950 
9-864833 



9*833105 9-864716 



9-833783 



Cosine 



9-864598 
9*864481 
9*864363 
9*864245 
9-864127 



Sinte 



9*954437 10*045563 
9-95469lU0-045309 



9-954946 
9-955200 
9-965454 
9 955708 
9955961 

9-956215 
9 956469 
9-956793 
9*956977 
9-957231 
9*957485 



10-045054 
10-044800 
10-044546 
10-044292 
(0*044039 

10043785 
10-043531 
10*043277 
10K)43033 
10O49769 
10-042515 

10-049261 
10-042007 
10-041753 



9-958500101)41500 



10-041846 
9-959008[10*040992 

9-959262110040738 
10-040484 
10-040231 
10-039977 
10039723 
10-039470 

10-039216 
10*038962 
10-038708 
10*038455 
10038201 
10 037948 

10-037694 
10-037440 
10037187 
10-036933 
10-036680 
10036426 



9*959516 
9*959769 
9960023 
9 960277 
9-960530 

9-96078^ 
9-961038 
9 961298 
9 961545 
9-961799 
9-962052 

9-962306 
9-962560 
9*962813 
9-963067 
9-963320 
9963574 

9-963828 
9-964081 
9.964335 
9-964588 
9-964842 
9-965095 

9-965349 



9*965855 
9-966109 



9-865653 9-966362 



9*966616 

9-966869 
9-967123 



9^967629 
9*967883 
9-968136 

9*968389 
9*968643 



10 035919 
it) 035665 
10-035412 
10 035158 
10*034905 

10034651 



9«965609 10 034398 



10-0^4145 
10033891 
10^033638 
10033384 

10*033131 
10-032877 



9 967376 10032624 



10-032371 
10-032117 
10-031864 

10 031611 
10*031357 



9-968896 10 031104 
9-969149|lD-030851 
9!969403|l0-030597 
9-969656 10030344 



Ctotan.l Tapg* 



47 lyeg. 



9-634054 
9-834189 
9-834325 
9334460 
9 834595 



10036172 9 838742 



Sine 



9*833783 



9*833919 9*864010 



9-834730 9-863301 



98-34865 
9-834999 
9*835134 



9-8352699-868827 



9*835403 
9-835538 



9*835672 9-862471 



9-835807 
9*835941 
9-8360751 
9*836209 

9-836343 
9-836477 
9-836611 
9-836745 
9-836878 
9-837012 

9*837146 
9-837279 
9-837412 
9*837546 
9-837679 
9-837812 

9-837945 
9-838078 
9-838211 
9-838344 
9*838477 
9 838610 



9*838875 
9*839007 



9*839404 

9-839536 
9*839668 
9*839800 
9-839932 
9-840064 
9-840196 

9-8^0328 
9-840459 
9*840591 
9-840722 
9 840854 
9*840985 

9-841116 
9-841247 
9-841378 
9841509 



Cosine 



9-864127 



9-863892 
'9-863774 
9 863656 
9*863538 



9*8634199*971175 



9 863183 
9-863064 
9-862946 



9-8627099-972695 



9-862590 



9*862353 
9-862234 
9*8621 r5 
9*861996 

9-861877 
9-861758 
9-861638 
9 861519 



9-861280 

9^61161 
9 861041 
9-860928 



9-860682 
9-860562 

9-860442 
9-860322 
9-860202 
9*860082 



9*859842 

9-859721 
9-859601 
9*859480 



9*839140 9-859360 
9-8392729*859239 



9-841771 



Gosine 



9 859119 

9-858998 
9*858877 
9*858756 
9*858695 
9-858514 
9*858393 

^-858278 
9 858151 
9*858029 
9-857908 
9-857786 
9*857665 

9-857543 
9*857422 
9-857300 
9-857178 



Tang. 



9-969656 
9*969909 
9-970162 
9-970416 
9-970669 
9-970922 



Cotang, 



9971429 
9-971682 
9*971935 
9 972188 
9*972441 



9-972948 
9973201 
9-973454 
9*973707 
9-973960 
9*974213 

9-974466 
9-974720 
9*974973 
9-975226 



9*8614069-975479 



9-975732 

9*975985 
9-976238 
9*976491 



9*8608089-976744 



9-976997 
9*977250 

9*977503 
9-977756 
9-978009 
9*9<Td262 



9*859962 9-978515 



9-978768 

9*979021 
9-979274 
19*979527 
9-979780 
9*980033 
9-980286 

9-980538 
9-980791 
9-981044 
9-981297 
9*981550 
9*981803 

9-982056 
9-982309 
9-982562 
9-982814 
9-983067 
9-983320 

9-983573 
9*983826 
9'984079 
9*984332 



9-841640 9*857056 9-984584 



9-856934 



Sine 



9.-984837 



Oqtan. 



46 Deg. 



0*030344 
0-030091 
0-029838 
0*029584 
0-029351 
0-029078 
0-028825 

0-028571 
0028318 
0-028065 
0-O27812 
0027559 
0027305 

0027052 
0*026799 
0-026546 
0-026293 
O-026040 
0025787 

002553* 
0-025280 
0025027 
0-024774 
0-024521 
0-024268 

0-024015 
0*023762 
0*023509 
0023256 
0*023003 
0-022750 

0*022497 
0-022244 
0*021991 
0*021738 
0-021485 
0*021232 

0-020979 
0*020726 
0-020473 
0*020920 
0*019967 
0*019714 

0019462 
0*019209 
0-018956 
0-018703 
0-018450 
0-018197 

0-017944 
0-0n691 
0*017438 
0017186 
0-016933 
0-016680 

0-01 64S7 
0*016174 
0-015921 
0-015668 
0-015416 
0-015163 



Tang* 



6C 

5S 
58 
57 
56 
55 
54 

53 
52 
51 
50 
49 
48 

47 
46 
45 
44 

43 
48 

41 
40 
39 
38 
37 
36 

35 
34 
33 
32 
31 
30 

29; 
28 
27 
26 
25j 
241 

23! 
22; 
21 
20| 
19j 
181 

17j 
16 
15* 
14 
13 
12 

I 

11 
10 

9 
8 

7 

6 

5 
4 
3 
8 
1 




YA^^ 



«.An«r« •«<« 



M. Ai«w&ii 1 9> m 



no 
ti 

18 
19 

u 

II 

16 
17 

18 

19 
90 
81 
88 

83 

84 



9*845018 
9*84514'7 
H7 <»*845876 



899<84I333 9 



Sine 



9-841711 
9*841908 
848033 
3i9'848163 
848394 
519-848484 
9-848555 

9-049685 



89 



9*843078 
9*84aa06|9«559«8|9*9876l8 



8*843984 9*8548509-989134 10-010866 



9*8441 14 9*854787 9*989387 



9*8U848 

9*844378 
9'844508 
9*844631 

9*84476019*854109 
9-8UI89 9*853986 



9*854460 

9-854356l9*990l45|lO-009855 
9 85483819*9903^8 10-009602 

10^009349 



85 

86 



9-853868 

9-853738 

9-853614 

|88|9*845805|9853490 

-853566 

-858848 



309-845868 9 



31 



9-845790^9 
3ai9'845919 

33 9-846047 

34 9*846175 
359*846304 
36 9*846438 

379*846560 



S99'S46688 



999^6816 9*898192 
4D|9*$4«M449^1997 
41 



439*84788^9^51688 
44t9'847454 9^851497 
9-8475889^51378 



47 
48 



9^47836 9 
9*847964 9 



49 9-848091 



512 9 



SS 
54 



55 9-848858 

56 9*84«979 
579*849106 
58 9*849238 
d9 9*849359 



m 9*8494^5 9-849«8(!il 



OosilWi 



9*988189 



8-848486 9.855MI 

9-848585 9*8558199-988978 

9-848785 9-855096 

9*843855 9-854978t9*988888f 10-01 



9*843336 



44Deg. 



Co8ine 



9-856934 

9*856818 

9-85669019 

9*856568 

9-856446 

9-85638319 

9*856801 



9-856078 9-986607 
8|0*848815f9*855956 9 986860 
919-848946 9*855833 *9 -9871 18 

9-8557119-987365 



9-855465 9*987871 



Tmg, 



9984837 
9*985090 

985343 
9*885596 
9*985848 

-986101 
9-986354 



10-011877 

10-011684 

9-988689110^11571 

1118 



9-854608 9*989640 10*010360 



8-989893 



9*990651 
9*990903|10<MI9097|36 



853118 
9-858994 
9-858869 
9-852745 
9-853680 
9-858496 



9-991156 
9*991409 
9-991668 
9*991914 
9*998167 
9-998490 

9-998678 

9*992985 

9*99317 

9-993431 

9-993683 

9-993936 



9*858371 9-994189 
9*858247 9-994441 
9*994694 
9*994947 
9-847071l9*851872|9 995199 
14819^47199 9*851747 9-995458 



46 

46t9*8497e9<9<^1246{9^99646d 



'8511219-996715 
S50996 9-996968 



9-850870 9 
890745 9< 



509<6488l$9 

; 51 9'848945 9-850619 19*997726 
848«78 9*850498 9*997979 



9*848599 9^50868 9*998231 
9*8487d6 8-850842 9*998484 



8-64973^ 
8*84961 1 



S\m 



997281 
997473 



9-8501 16 9-998737 
9*849990 d«998989 
9 849864^-999242 



10-015163 
10-014910 
10-014657 
10*014404 
10*014152 
10K)13899 
10*01^646 



10*013393 53 
18*018140 58 
10*018888 51 
10<018635|50 
10*018382 
10*018189 



10^10613 



10-010107 



10*008844 
10*008591 
10*008338 
10*008086 
10*007833 
10-007580 

10007328 
10*007075 
8|10*006822 
10006569 
10006317 
10-006064 

10-005811 
10*005559 
10*005306 
I0-O65053 20 



18-004801 
10-004548 



9*99570^10*004895 
9-9»9957 



10*004043 
9^9962l0p0'0t)3790 
10'063537 
10003285 
1^*0030381 



l'0'002779 
10*002927 
10-082274 
10*002021 
10*00 n69 
10-001516 

10O01263 
10 001011 
100007^ 
10*080505 
K)»0002i5 



9-99M95 
9-999*^47 
1000000llO*000000 

Ootan. [ Tafa] 



60 
59 
58 
57 

ye 

55 

54 



49 
48 

47 
46 
45 
44 
43 
48 

41 
40 
39 

3I 



35 
34] 
33 
32 
31 

; 

28 
27 
26 
25 
24 

23 
22 
21 



19 
18 

17 
16 
15 
14 

rs 
12 

11 
9 

8 
7 
6 

5 
4 

3 
2 
1 

;o 



45 Peg, 



Ji 



KNDOF YOUII* 
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